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PEEFACE. 


I HAVE endeavoured in the following Treatise to exhibit the 
subject in a simple manner for the benefit of beginners, and 
at the same time to include in one volume all that students 
usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation^ which are of more 
recent origin ; these methods which are of a less elementary 
character than the rest of the work, are placed in separate 
Chapters, and may be omitted by the student at first. 

The examples at the end of each Chapter, will, it is hoped, 
furnish sufficient exercise on the principles of the subject, 
as they have been carefully selected with the view of illus- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The properties of the parabola, ellipse, and hyperbola, have 
been separately considered before the discussion of the general 
equation of the second decree, from the belief that the subject 
is thus presented in its most accessible form to students in 
the early stages of their progress. 

L TODHUNTER. 

St John’s Colleqs, 

1855. 



In the fourth edition the work has been carefully revised, 
and a large amount of new matter has been introduced, 
chiefly relating to the more recent methods of investigating 
the properties of the conic sections. The work was originally 
designed for early students, and in the additions which have 
been made this object has been constantly regarded. 
Accordingly great attention has been given to the explanation 
and illustration of the principles of the methods which arc 
employed ; so that it will be easy for a student hereafter to 
dcvelopc these principles to any required extent. 

The favour with which the work has been received in- 
dicates that it has been found adapted for the purpose of 
elementary instruction; and the hope may be expressed that 
the improvements now effected will increase its utility. 

J/ay, 1 86 ;. 
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PLANE CO-ORDINATE GEOMETRY. 


CHAPTER I 

CO-ORDINATES OF A POINT. 

1. , In Plane Co-ordinate Geometry we investigate the 
properties of straight lines and curves lying in one plane 
by means of co-ordinates ; we commence by explaining what 
we mean by the co-ordinates of a point 





Let 0 be a fixed point in a plane through which the 
straight lines X! OX, Y'OY, are drawn at right angles. Let 
P be any other point in the plane ; draw FM parallel to 0 F 
neeting OX at M, and PN parallel to OX meeting 0 F at 
V". The position of P is evidently known if OM and ON 
-re known; for if through JV^and M straight lines be drawn 
>arallel to OX and OF respectively, they will intersect at P. 

The point 0 is called the origin; the straight lines OX 
nd OF are called axes; OM is called the abscissa of the 
oint P; and ON, or its equal MP, is called the ordinate of 
le point P. Also OM and MP are together called co-ordi- 
ates of the point P. 

2. Let OM= a, and ON—h, then according to our dcfi- 
itions we may say that the point P has its abscissa equal to a, 
id its ordinate equal to h ; or, more briefly, the co-ordinates 
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CO-OBDINATES OF A POINT. 
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of the point P are a and b. We shall often speak of the 
]>oint which has a for 'itsi abscissa and b for its ordinate, as 
th£ point (a, h). 

A distance measured along the axis OX is however 
most fre([uently denoted by the symbol or, and a distance 
measured along the axis OYhy the symbol y. Hence OX 
is called the axis of x, and OF the axis of y. Thus x and y 
are symbols to which we may ascribe different numerical 
values corre8jx)nding to the different points we consider, and 
we may express the statement that the co-ordinates of the 
|K>iiit P are a and i, thus ; fur the point P^ a and y = i. 



4. The straight lines XOX, Y'OYy being indefinitely 
produced divide the plane in which they lie into four com- 
partinentH. It becomes therefore necessary to distinguish 
points in om» compartment from points in the others. For 
this purpost* the following convention is adopted, which the 
reader has already si»en in w’orks on Trigonometiy ; straight 
lim‘s measured along OX are c<msidered positive and along 
t>A" negative ; straight lines measured along 01" are con- 
sidered positive, and along OY' negative. (See Trigonometry, 
Cliap. IV.) If then we produce PN to a point Q such that 
NQ — NP, we have for the point (?, = — a, y=b. If we 
produce PM to li so that Mli = MP, we have for the point 
iJ, x = a, y — — b. Finally, if we produce PO to S so that 
OH » OP, we have for the point S, x^^ a, y = — 



POLAR CO-ORDINATES OF A POINT. ^ 

5. In the figure in Art. 1 we have taken the angle YOX 
a right angle ; the axes are then dolled rectangular. If the 
angle YOX be not a right angle, the axes are called oblique. 
All that has been hitherto said applies whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated; this remark applies 
both to our investigations and to the examples which are given 
for the exercise of the student. 

6. Another method of determining the position of a point 
in a plane is by means of polar co-ordinates. 

Let 0 be a fixed point, and 
Let P be any other point ; join 
OP; then the position of P is 
detennined if we know the an- 
gle XOP and the distance OP, 

The angle is usually denoted by 
0 and the distance by r, 

0 is called the pole, OX the initial line; OP the radius 
vector of the point P, and POX the vectorial angle, 

7. The positum of ang point might be expressed by 
positive values of the polar co-ordinates 6 and r, since there 
is here no ambiguity corresponding to that arising from tlie 
four compartments of the figure in Art, 4. It is however 
found convenient to use a similar convention to tliat in 
Art. 4 ; angles measured in one direction from OX are con- 
sidered positive and in the otlier negative. Thus if in the 
figure XOP be a positive angle, XOQ will be a negative 
angle ; if the angle XOQ ho a quarter of a right angle, we 

TT 

may say that for XOQ, 0 = — It is, as we have shited, 

not absolutely necessary to introduce negative angles, Imt con- 
venient; the position of the straight line OQ, for instance, 
might be determined by measuring from OX in the positive 

TT 

direction an angle = 27r — — as well as by measuring in the 

negative direction an angle = ^ . 

o 


ox a fixed straight line. 
, 1 ’ 
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LENGTH OF THE STRAIGHT LINE 


Also positive and negative values of the radius vector are 
admitted. Thus, suppose •the 

TT 

cO-ordinates of P to be , and 
4 

a, that is, let XOP = ^ and 

OP =* a ; produce PO to P\ so 
that OP = OP, then P may 
bo determined by saying its 

TT 

co-ordinates are / and — a. Thus when the radius vector is 
4 

a negative (juantity, we measure it on the same straight line 
as if it liad been a positive (juantity but in the opposite direc- 
tion irom 0. 

Hence if ^ represent any angle and c any length the 
same point is determined by the polar co-ordinates /3 and 
— c as by the polar co-ordinates w ^ and c. 

8. Let X, y denote the co-ordinates of P referred to OX 
as the axis of x, and a straight line through 0 at right angles 
t6 OX as th(^ axis of y. Also let 0 and r be the polar co- . 
ordinaUis of P. If we draw from P a perpendicular on OXy 
we sec that 

a; = r cos 0, and y = r sin 9. 

Tln^sc eejuations connect the rectangular and polar co-ordi- 
nates of a i>oint. From them, or from the figure, we may 
deduce 

a:* -I- y* = r*, ~ = tan 6. 

SC 

We proceed to investigate expressions for some geome- 
ti’ical (juantities in terms of co-ordinates. 

9. 2o find (VI expression for the length of the straight 
line joining two points. 

Let P and Q be the two points ; co the inclination of the 
axes OXy OY. Draw PM, (*> A" parallel to OY; let x,, y^ he 
the co-ordinates of P, and y^y those of Q. Draw PR 
parallel to OX. Then, by Trigonometry, 

P (*/* = PP* -f- QP* - 2PP . QR cos PRQ 
Ui*-^2PR.QR cos <». 




JOINING TWO POINTS. 
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But PR = — ajj , and QR = y* — ; therefore 

P^= (a;,-a-,)’+ {y.-y,)’ + 2V,-*,) {y,-y,) C0S»...(1), 
and thus the distance PQ is determined. 

If the axes are rectangular, we have 

P<7=K-x.)’ + (y.-y,)’ (2). 



The student should draw figures placing P and Q in the 
ilifferent coinpartnionts and in different positions ; the eejua- 
tions (1) and (2) Avill be found universally true. 

From the equation (2) we have 

PQ’ = <+y,’+a-,/ + 3/,*-2 (a^,a:,+ y,y,) (3). 

The following particular cases may be noted. 

If Pbe at 0 then x^ = 0 and yj= 0 ; thus PC/=x^+i/^. 

If P be on the axis of x and Q on the axis of y, then 
t/j = 0 and 0-3 = 0; thus PCf = + y.^\ 

Let 0,, rj be the polar co-ordinates of P, and 0,, r, those 
of Q; then, by Art. 8, 

x,=^i\cosd^, yj=r^sin^j, 0:3= cos ^3, y^=r^Hin0^ 
Substitute these values in (3) and we have 
PQ*= r*+ r,* - 2r,r3 cos 

This result can also be obtained immediately from the tri- 
angle POQ formed by drawing straight lines from P and Q 
to the origin.* 
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10. To find the co-ordinates of the point which divides in 
a given ratio the straight line joining two given points. 



Let A and B be the given points, a*,, ;/, the co-ordinates 
of Ay and x^y y, those of B\ and let the given ratio be 
that of Wj to n^. Suppose C the required point, so that 
AG : CB :: n ^ : 71 ^. Draw the ordinates ALy BMy CN ; and 
AR parallel to OX meeting CN at />. Let a?, y be the co- 
ordinates of C, 

It is obvious from the figure that 

LN_AD_AC 
NM DR "" CB ’’ 

£r — iTj _ r?, 

— X 7 \ ’ 

, 

«,+«, 

«^V.+ n.y. 

^ «. + «. 

In this Article the axes may be oblhpie or rectangular. A 
simple case is that in which we require the co-ordinates of the 
point midway between two given points ; then and 

y=Hy.+y.)* 


that is, 

therefore 

Similarly, 
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11. To express the area of a triangle in tenns of the co- 
ordinates of its angular points. • 

Let ABC be a triangle ; let y, be the co-ordinates of 
A ; those of a?,, y, those of C. Draw the ordinates 

AL, jBJI/, CK The area of the triangle is c<]ual to the 
trapezium trapezium JffCA"]/— trapezium AGNL. 



The area of the trapezium ABML is J LM [A L + 

This is obvious, because if we join BL w(^ <lividc the trape- 
zium into two triangles, one having AL for its base and the 
other BMf and each having LM for its height ; 

thus, trapezium ABML = i (ar, — a?,) {y^ + yj ; 

also, trapezium BCNM = \ x.^ (y.^ -f ; 

and, trapezium A CNL = J (^s ~ ^x) iVx + > 

therefore triangle ABC 

= - «,) (y. + y,) + {«, - *.) (y, +y,) - (*. - «.) (y.+y.))- 

This expression may be written more symmetrically thus; 
i{(ar,-x,)(y,+ y.) + (ar,-xj (y, + y^) + (x,-x,)(y.+ y,)l...(l). 

By reducing it, we shall find the area of the triangle 

= h - ajj'. + *.y. - ^.y.l (2)- 

If the axes be ohlimie and inclined at an angle the area 
of the trapezium ABmL == J LM (AL + BM) sin », and simi- 
larly for the other trapeziums. Thus the area of the triangle 


8 LOCUS OP AN EQUATION. 

will be found by multiplying the expressions given above 
by sin . 

However the relative situations of A, B, C may be changed, 
the student will always find for the area of the triangle the 
expression (2), or that expression with the sign of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expres- 
sion (2), and changing the sign of the result if it should prove 
negative. 

Locus of an equation. Equation to a curve. 

12. Suppose Jin c(|uation to be given between two unknown 
quantities, for example, y — aj— 2 = 0. We see that this 
equation has an indefinite number of solutions, for wo may 
assign to x any value we please, and from the c(|uation deter- 
mine the corresponding value of?/. Thus corresponding to 
the values 1, 2, of .t, we have the values 3, 4, 5,... of y. 
J^ow suppose a line, straiglit or cui-vcd, such that it passes 
through every point determined by giving to x and y values 
that satisfy the equation y — a?— 2 = 0; such a line is called 
the locus of the equation. It wdll be shewn in the next 
(chapter that the locus of the ecpiation in question is a straight 
line. W(j shall see as w<* proceed that generally every equa- 
tion between the (juantities x and y has a corresponding locus. 

But instead of starting with an etjuation and investigating 
what locus it represents, we may give a geometrical definition 
of a curve and deduce from that definition an appropriate 
equation ; this will likewise ap|x>ar avS we proceed ; we shall 
take successively different curves, define them, deduce their 
equations, and then investigate the properties of these curves 
by means of their equations. We shall in the next Chapter 
begin with the equation to a straight line. 

The connexion between a locus and an equation is the 
fundamental idea of the subject and must therefore be care- 
fully considered ; we shall place here a formal definition 
which we shall illustrate in the next Chapter by applying it 
to a straight line. 

The equation which expresses ike invariable relatton 
which exists between the co-ovdinates of every point of a 
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curve is called the equation to the curve ; and the cun% the 
co-ordinates of every point of whtgh satisfy a given equation^ 
is called the locus of that equation, 

13. The student lias probably already become fixmiHar 
with the division of algebraical equations into equations of 
tlie first, second, third... degree. When we speak of an 
equation of the degree between two variables we mean 
that every term is of the form A afy^ where a and /3 are zero 
or positive integers such that a-f )8 is equal to n for one or 
more of the terms but not greater tlian n for any term, and A 
is a constant numerical (piantity ; and the equation is formed 
by connecting a series of such terms by the signs 4- and — , 
and putting the result = 0. 

EXAMPLES. 

1. Find the polar co-ordinates of the points whoso rect- 
angular co-ordinates are 

(1) a:=l, y = l; (2) a^ = -l,y = 2; 

(3) 0'=-!, = (4) x=~l, ^ = -1; 

and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are 

(1) = (2) r=3; 

(3) 5 = r = -3; (4) r = -3; 

and indicate the points in a figure. 

3. The co-ordinates of P are — 1 and 4, and those of Q 
are 3 and 7 ; find the length of PQ. 

4. Find the area of the triangle formed by joining the 
first three points in Example 1. 

5. .4 is a point on the axis of x and B a point on the 
axis of y ; express the co-ordinates of the middle point of 
A Bin terms of the abscissa of A and the ordinate of B; shew 
also that the distance of this point from the origin =« 4 AB, 
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6. Transform equation (2) of Art. 11 so as to give an 
expression for the area of a triangle in terms of the polar 
co-ordinates of its angular points. Also obtain the result 
directly from the figure. 

7. A and B are two points and 0 is the origin ; express 
the area of the triangle A OB in terms of the co-ordinates 
of A and J5, and also in terms of the polar co-ordinates of 
A and B, 

8. At Bf C are three points the co-ordinates of which are 
expressed as in Art. 11 ; suppose D the middle point of AB) 
join CD and divide it at G so that CO = 2GD: find the 
co-ordinates of G, 

9. Shew that each of the triangles GAB^ GBC^ GAC, 
formed by joining the point G in the preceding Example to 
the points A, B^ C, is e(|ual in area to one-third of the 
triangle ABC, See Art. 11. 

10. A and B are two points ; the polar co-ordinates of A 

are r, ; and those of B are 0^, A straight line is drawn 
from the origin 0 bisecting the angle A OB ; if C be the point 
where this straight line meets AB shew that the polar co- 
ordinates of C are 0-^ (0 -f 0 ) and r = ^ ^ 

‘ * T'j -f Tg 

11. Find the value of CD^ and A/)* in Example 8 in 
terms of the co-ordinates there used ; and sliew that 

AC* + 5Cr' = 2C7J5*-|-2Ai>*. 

12. Find the value of OA*, GB^, and GC\ in Example 9 
in terms of the co-ordinates there used ; and shew that 

3 ( (7A* + ff JS* + GC') = AS* + + CA\ 



( n ) 


CHAPTER IL 

ON THE STRAIGHT LINE. 


14. To find the equation to a straight line. 



We shall first suppose the straight line not parallel ti» 
either axis. 

Let ADD be a straight line meeting the axis of y at B. 
Draw a strcVight line OE through the origin parallel to ABl). 
In ABD take any point P; draw PM parallel to OY, meet- 
ing OX at M and OE at Q, 

Suppose OB = c, and the tangent of EOX = m ; and h‘t 
ar, y be the co-ordinates of P; then 

y = PJf = PQ + QM^ OB^ QM 
= c -f OM tan QOM = c mx. 

Hence the required equation is 
y = ^nx -f* c. 

OB is caUed the intercept on the axis of y ; if the straight 
line crosses the axis of y on the negative side of 0, c will be 
negative. 
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EQUATION TO A STRAIGHT LINE. 


We denote by m the tangent of the angle QOM or BAO, 
that is, the tangent of^the angle which that part of the 
straight line which is above the axis of x makes with the 
axis of X produced in the positive direction. Hence if the 
straight line through the origin parallel to the given straight 
lino falls between Ol'^and OX, rn is the tangent of an acute 
angle and is positive; if between OX and OX produced to 
the left, m is the tangent of an obtuse angle and is negative. 
So long as we consider the same straight line m and c remain 
unchangeable, they arc therefore called cemstant quantities or 
constants. But x and ?/ may liave an indefinite number of 
values since we may ascribe to one of them, as x, any value 
we please, and find the corresponding value of y from the 
equation y==ma'-\-c \ x and y are therefore called variable 
quantities or variables. 

If tlie straight line pass through the origin, c = 0, and the 
e<juation becomes y = mx. 

15. We have now to ermsider the cases in which the 
straight line is parallel to one of the axes. 

If the straight line be parallel to the axis of a?, 7n = (), and 
the equation becomes y =■ c. 

If the straight line be parallel to the axisof ?/, m becomes 
the tangent of a right angle and is infinite; the preceding 
investigation is then no longer applicable. We shall now 
give separate investigations of these two cases. 

To investigate the equatim to a straight line parallel to one 
of the axes. 



Y 

D 



B 

1 

■c 

1 


A 


X’ 

0 

J 

If X 

1 

r 




First suppose the straight lino parallel to the axis of x. 
Let BC ho the straight line meeting the axis of y at Z?; sup- 
pose 0JS==6. 
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Since the straight line is parallel to the axis of a*, the or- 
dinate PM of any point of it is eqiii^l to OB. Hence calling 
y the ordinate of any point P, we have for the equation to the 
straight line y = h. 

Next suppose the straight line parallel to the axis of y. 
Let AD be the straight line meeting the axis of x at A ; su};- 
pose OA = a. Since the straight line is parallel to the axis of 
y, the abscissa of any point of it is OA, Hence calling ,c 
the abscissa of any point, we have for the ecpiation to the 
straight line x = a. 


1 Ch Wo have thus shewm that any straight line whatsoever 
is represented by an e(iuation of the first degree; wc? shall 
now slu‘w that any e(|uation of the first degree with two 
variables represents a straight line. 

The general e([uation of the first degree with two variables 
is of the form 

A,c-\-By+ (7 = 0 (1), 

A^ P, (7 being finite or zero. 

First supposed not zero ; divide by 7/, then from (I) 


a A 


( 2 ). 


Now we have seen in Art. 14*, that if a straiglit line bo 
drawn meeting the axis of y at a distance — from the 


origin and making with the axis of x an angle of wliich the 
tangent ^ (-) e([uation to this straight 


line. Hence (2), and therefore also (1), represents a straight 
line. 

If -4 = 0, then by Art. 15 the straight line represented by 
(1) is parallel to the axis of x. 

If 7? = 0, then (1) becomes 

Ax+C^O, 

a 

or x = 


and from Art. 15 Vfe know that this etjuation represents a 
straight line parallel to the axis of y. 

Hence the eejuation -4x-hPy+ C=0 always represents a 
straight line. 
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17. Equation in terms of the intercepts. The equation to 
a straight line may also h% expressed in terms of its intercepts 
on the two axes. 



Let A and B be the points where the straight line meets 
the axes of x and y respectively. Suppose OA = a, OB = h. 
Let P be any point in the straight line ; x, y its co-ordinates ; 
draw FM parallel to OY. Then by similar triangles, 



PM AM 

OB ~ AO’ 

that is, 

y a— X 
'b~ a ’ 

therefore 

a 0 

18. It will bo a useful exercise for the student to draw the 


straight lines corresponding to some given equations. Thus 
suppose the tMiuation !2y + = 7 proposed ; since a straight 

line is determined when two of its points are known, we may 
lind in any manner we please two points that lie on the 
straight line, and by joining them obtain the straight line. 
Suppose then aT= 1, it follows from the equation that y = 2 ; 
hence the point which has its abscissa == 1 and its ordinate = 2 
is on the straight line. Again, suppose a; = 2, then y = J ; the 
point which has its abscissa = 2 and its ordinate = ^ is there- 
fore on the straight line. Join the two points thus deter- 
mined, and the straight line so fonned, produced indefinitely 
both ways, is the locus of the given eejuation. The two points 
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that will be most easily determined are generally those in 
which the required straight line cuts the axes, Snpjx)se x = {) 
in the given equation, then y = |,* that is, the straight line 
passes through a point on the axis of y at a distance | from 
the origin. Again, suppose y = 0, then x — that is, the 
straight line passes through a point on the axis of x at a dis- 
tance ^ from the origin. Join the two points thus deter- 
mined, and the straight line so formed, prothuuMl indefinitely 
both ways, is the locus of the given equation. What we have 
here ascertained as to tlie points where the straiglit line cuts 
the axes, may be obtained immediately from tlie ecpiation ; 
for if we write it in the form 



2 ;/ 

7 


= 1 , 


and compare it with the ecpiation in Art. 17, 


we sec that a = | and h = 

Again, suppose the e(|uatiou ?/ = « proposed. Since this 
equation can be satisfied by supposing .7; = () and ?/==(), the 
origin is a ])oint of the straight line which the e(| nation n‘pre- 
sents; therefore we need only determine one other point in it. 
Suppose a; = l, then y = l ; here .another point is determined 
and the straight line can be drawn. The straight line may 
also be constructed by coin|Kiring the given equation with 
ihe form in Art. 14-, 

y = inx. 

This we know represcmts a straight line passing througli the 
origin and making with the axis of x an angle of which the 
tangent is m. Henci* y = x represents a straight line pissing 
through the origin and inclined at an angle of 45® to the 
axis of X, 

Similarly the equation ?y = — re represents a straight line 
inclined to the axis of x at an angle of wdiich the tangent is 
— 1 ; that is, at an angle of 135 . Hence this equation repre- 
sents a straight line through 0 bisecting the angle between 
Oi'and OX produced to the left in the figure to Art. 14. 
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19. The student is recommended to make himself tho^ 
roughly acquainted with thp previous Articles before proceed- 
ing with the subject. In Algebra the theory of indeterminate 
equations does not usually attract much attention, and the 
student is sometimes perplexed on commencing a subject in 
which he has to consider one equation between two unknown 
([uantities, which generally has an infinite number of solutions. 

Our principal result up to the present point is, that a straight 
line corresponds to an ecpiation of the first degree, and the 
student must accustom himself to perceive the appropriate 
straight line as soon as any e(juation is presented to him. The 
straight line can be determined by ascertaining two points 
through which it passes, that is, by finding two points such 
that the co-ordinates of each satisfy the given equation, and 
the straight line being thus determined, the co-ordinates of 
any point of it will satisfy the given equation. 

20. Equation to a sUxiight line in terms of the perpendicular 
from the origin^ and the inclination of this j^^'^'P^f^dicular to the 
axis. 



Let OQ be the perpendicular from tlic origin 0 on a 
straight line AH, Take any point P in the straight line; 
draw PM perpendicular to OA^ MN perpendicular to OQ, 
and PR perpendicular to MN, Suppose OQ^p, and the 
aaiglc QOA-=^oi, Let x, y be the co-ordinates of P\ then 
OQ^ ON^NQ^ ON^PR 

= 03f cos QOA -f PJ/sin PMR 
a= a; cos a -by since. 


BELATIONS BETWEEN THE CONSTANTS. 
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Therefore the equation to the straight line is 
a? cos a + y sirfa 

21. We have given separate investigations of the dif- 
ferent forms of the equation to a straight line in Articles 14, 
17, 20 ; any one of these forms may however be readily de- 
duced from any other by making use of the relations whicli 
exist between the constant quantities. 

The quantity which we have denoted by h in Art 17, 
that is OB^ is denoted by c in Art. 14; 

therefore J = c (!)• 

In Art. 17, 

“ = tan BA 0 = tan (tt — BAX) « — tan BAX ; 
in Art. 14 we have denoted the tangent of BAX by m, 


therefore -s — m (2). 

a ^ ^ 

In Art 20, OA cos a = OQ, and OJ?sina= OQ ; that is, 

= a cosa = & sin a (3); 

therefore from (2) and (3), ?n = — cota (4). 

Also if the equation 

Ax By + C7 == 0, 


represent the straight lino under consideration, then by 


Art. 16, 

A C j 

0 ^); 

therefore ^ = cot a, and (6). 


By means of these relations we may shew the agreement 
of the equations in Arts, 14, 17, 20, or from one of them 
deduce the others. 


T. c. s. 


2 
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OBUQUB CO-OBDINATES. 


22. The student may exercise himself by varying the 
figures which we have used in investigating the equations. 
Thus, for example, in the figure to Art. 17, suppose the point 
P to be in BA produced, so that it falls heUm the axis of x. 
We shall still have 

PM_^ PM_x-a 
OB~ AO' b a * 

Now since P is below the axis of a?, its ordinate y is 
a negative quantity, hence we must^not put PM—y but 
PM = — ?/, because by PM we mean a certain length esti- 
mated positively. Thus 


y a? — a 
b a 


and therefore, as before, 


^+• 1 = 1 . 

a b 


Oblique Co-ordinates. 

23. Equation to a straight line. 

We shall denote the inclination of the axes by w. 

Suppose first, that the straight line is not parallel to 
either axis. Let ABD be a straight line meeting the axis 
of y at B, Draw a straight line OE through the origin 
parallel to ABD. In ABD take any point P; draw PM 
])arallel to OF, meeting OX at if and OP at Q. Suppose 
OB^c, and the angle QOM^a. 



Let X, y be the co-ordinates of P; then 

y = Pif = PQ + QM^ OB^ QM. 



EQUATION TO A STRAIGHT LINE. 
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But 


QM 


sma « rmr ajsma 

; therefore QM=^-r- 


OM sin (ft) —a) 

Hence the required equation is 
opsins 


sin (o) — a) ' 


y= 


sin (ft) — a) 


+ c. 


If we put m for - 


sma 


sin (ft) — a) 


the equation becomes 


y^7nx + c, 

as in Art. 14. The meaning of c is the same as before ; m is 
the ratio of the sine of the inclination of the straight line to 
the axis of x to the sine of its inclination to the axis of y. 
Since sin a is always positive, in will be positive or negative 
according as sin (ft) — a) is positive or negative ; thus as before 
m will be positive or negative according as the straight lino 
through the origin parallel to the given straight line falls 
between 0 Y and OX, or between 0 Y and OX\ The mean- 

ing of m coincides with that in Art. 14 when ® = 2 » 

m = tan a. 


24. Since 


771 = 


sma 


sin (ft) — a) ^ 


therefore 

m (sin ft) cos a — cos g) sin a) = sin a ; 

therefore 

7)1 (sin ft) — cos ft) tan a) = tan a ; 

therefore 

, m sin CD 

tana=, . 


1 4- Vl COB ft) 

Hence 

m sin ft) 

sma— ^^^i^.2r7ico8a-hm*) ' 


1 -f W cos ft) 


cos a •** M ^ i i\ • 

± V(1 + 2m cos (0 -f m ) 


Since sin a is positive, we must take the upper or lower 
sign according as in is positive or negative. 


25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art. 16 
with the requisite change in the meaning of the constant 

2—2 



20 EQUATION IN TEBMS OF THE PERPENDICULAR. 

26. To find the equation to a straight line in terms of the 
perpendicidar from the origin^ and the inclinations of the per- 
pendicular to the axes. 



Let 0(3 be the perpendicular from the origin on a straight 
line AB\ let OQ-p, OA=^a, OB — h, If we suppose 
QOA = a, we have QOB = cd — a ; denote this by ^ ; then 

0 0 = a COS a ; therefore a = - " - . 

cos a 

0 0 = 6 cos ; therefore b = — . 

^ ^ ’ cos p 

Substitute ill tlio equation, Art. 17, - + v = 1, and we 

a 0 

obtain x cos a + y cos ^ =jt 7 . 

27. The following form of the equation to a straight line 
is often useful. 



Let Q be a fixed point in any straight line ABf h, k its 
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co-ordinates; let P be any other point in the straight lino; 
X, y its co-ordinates; let ^P*=r, •and the angle BAX^cn, 
Draw the ordinates PM, QN ; and QR parallel to OX ; then 

a; — A sin (ft) — a) . i V — ^ sin a 

1 as I suppose, and = ; — = n suppose, 

r smft> r smca ir 


thus 


1c 

I n 


r. 


For the equation to the straight line it is suflScient to put 
- but it is useful to remember that each of 

I n 

these quantities is equal to r. 

The constants I and n are connected by a certain con- 
dition. For, by Art. 9, 

(aj — Kf + (y — i)* + 2 (a? — A) (y — k) cos g) = r* ; 
substitute for a; — A and y — k: thus 


Z* + n* 4- 2 Zm cos 10 = 1 . 


If the axes are rectangular, I and n become respectively 
cos a and sin a, that is, the cosines of the inclinations of the 
straight line to the axes of x and y respectively. 


In the preceding figure P falls to the right of Q and a: — A 
is positive. If P were to the left of Q then a? — A would be? 
negative. Thus since a; — A = Zr, the product Zr must be 
capable of changing its sign ; this leads us to consider r as 
positive or negative according to circumstances. When there- 
fore we write the equation to a straight line under the fonii 

a? — A y — k 


and ascribe to Z and n the values given above, we conclude 

that each of the expressions — ^ — and is nvmerically 

equal to the distance between the point (A, k) and the point 
(x, y), but that the sign of each expression will depend upon 
the relative positrons of the two points. 
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POLAB EQUATION TO A STRAIGHT LINE. 


Polar Co-ordinates. 

28. Polar equation to a straight line. 



Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line, Pauy point in the straight 
line. Suppose OQ=p, and the angle QOX = a. Let r, d 
be the polar co-ordinates of P; then 

OP cos POQ; 

that is, p = r cos {6 — a). 

This is the polar equation to the straight line. 

29. The polar equation may also be derived from the 
equation referred to rectangular co-ordinates. Let 

Ax -f By +(7 = 0 

be the equation to a straight line referred to rectangular co- 
ordinates. Put r cos 0 for x, and r sin 0 for y, Art. 8 ; thus 


Arcos 0 + Pr sin 0 + (7 = 0 (1) 

is the polar equation. This equation may be shewn to agree 
with 

p = rcos(^ — a) (2). 


For by Art. 21 we have 

and 

B P sin a 
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Hence (1) becomes 

cot a r cos 0 + r sin 0 
which agrees with (2). 


sm a 
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30. The equation to a straight line passing through the 
origin is, by Art, 14, 

y = mx. 

Put f cos Q for X and rsin^ for y\ the equation then 
becomes 

r sin ^ = m r cos 0 ; 

therefore tan 6—m\ 

therefore 5 = a constant ; 

this is therefore the polar equation to a straight line passing 
through the origin. 


31. We will collect here the different forms of the equa- 
tion to a straight line which have been investigated. 


y=mx + c. 

Arts. 14 and 23. 

X = constant, or, y = constant, 

Arts. 15 and 25. 

a b 

Arts. 17 and 25. 

a; cos a + y sin a — p = 0, 

Art. 20. 

sin a 

y = ; 

^ sin (w — o) 

Art. 2a 

ic cos a + y cos /8 — ^ = 0, 

Art. 2G. 

a; — A y — A • 

Art. 27. 

|» = roo8(^ — a), 

Art. 28. 

Ar (x»0 + Brsmd (7=0, 

Art. 29. 

0 = constant, 

Art. .30. 
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i^JUIPLES. CHAFTEB IL 


EXAMPLES. 

Draw the straight lines represented by the following 
equations : 

(1) ^ + 2a! = 4; (2) 2y-a!=2; 

(3) y+a! = -2; (4) a:-2y = 4; 

(5) y + 2® = 0; (C) l = cos(<?-^); 

(7) * = 1; (8) e = 

(9) d*0; (10) 6 = 1 . 
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CHAPTER III 


PKOBLEMS ON THE STRAIGHT LINE. 


32. We proceed to apply the results of the preceding 
Articles to the solution of some problems. 

To find the form of the equation to a straight line which 
passes through a given j>oint 

l*et ajj, y, be the co-ordinates of the given point, and 
suppose 

y = »ia? + c (1) 

to represent the straight line. Since the point (a:,, y,) is on 
the straight line, its co-ordinates must satisfy (1) ; hence 

( 2 ). 

By subtraction, 

y-y^^m{x-x^ {^) ; 

this is the required equation. 


33. The equation (3) of the preceding Article obviously 
represents what is required, namely, a straight line passing 
through the point (a?j, y^). For the equation is of the first 
degree in the variables jc, y, and therefore, by Art. 1 (), must 
represent some straight line. Also the equation is obviously 
satisfied by the values y^y^\ that is, the straight 

line which the equation represents does pass tli rough the 
given point The constant m is the tangent of the angle 
which the straight line makes with the axis of x, and by 
giving a suitable value to m we may make the o(iuation (3) 
represent any straight line which passes through the assigned 
point. 

The geometrical meaning of equation (3) is obvious. For 
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EQUATION TO A STRAIGHT LINE 


let AB be any straight line passing through the given point 
Q. Let P be any point, on the straight line ; cr, y its co- 



ordinates. Draw the ordinates PJf, QN ; and QR parallel to 
OX\ then 

PR 

= tangent PQR 

that is, - — = tan BAX = m, 

a?, 

which agrees with equation (3). 

34, In Art. 32 we eliminated c between the equations (1) 
and (2) and retained m ; we may if we please eliminate m 
and retain c. From (2) 


Sul)stitute in (1), thus y =*= -- ^ a? + c ; 

therefore yx^ — xy^ + c (x — = 0. 

This equation obviously represents a straight line passing 
through the given point, because it is an equation of the first 
degree and is satisfied by the values = y = y^, 

86. To find the equation to the straight line which passes 
through two given points. 

Let a?. , yj be the co-ordinates of one given point ; a? , y, 
those of tne other; suppose the equation to the straight line 
to be 

( 1 ). 


y ssfnx+C 
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Since the straight line passes through y,) and (x,, 


y, = «ix, + <f (2). 

y, = «ix, + c (3). 

From (1) and (2) by subtraction, 

y-y, = m(x-x,) (4). 

From (2) and (3) by subtraction, 


y,-yj = m(x,-x,), 

hence tn =• . 

— a? 

a t 

Substitute the value of m in (4) and we have for the 


required equation 



We may also write the equation thus, 

(x, - a!,) (y - y,) = (y. - y.) (a; - »,) (0). 


Some particular cases may here be noted. Suppose , 
then (6) becomes (x,^ — x^) (y— y.)=0, therefore y = y, ; the 
required straight line is thus parallel to the axis of x. Simi- 
larly if we suppose then ((i) becomes (a?— a? )=0, 

therefore x^x^\ thus the required straight line is parallel to 
the axis of y. Lastly, suppose the point (a?j, to be the 
origin ; hence a?, = 0 and y, = 0 ; thus (0) becomes xjf = y^. 
The student should illustrate these particular cases by figures. 

3C. The equation (G) of Art. 35 becomes by reduction 
+ ^tVx - ^xy% + - ^ty = 

If we compare the expression on the left-hand side of thi» 
equation with the expression in brackets in equation (2) of 
Art 11, we see the only difference is that we have x and y in 
the place of x^ and y, respectively. Thus the equation 
informs us that the area of the triangle formed by joining 
y)> (®i» y^* (®i» y^ vanishes, as should evidently be the 
case since the vertex (a;, y) falls on the base, that is, on the 
straight line joining (a?„ y,) to (a?,, y,). 
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PARALLEL LINES. 


87. To find ike equation to ike straight line wkick passes 
ikrougk a given point and divides the straigkt line joining 
two oiker given points in a given ratio. 

Let Qiy k) be the first given point ; let (arj, y^), (a^g, yj be 
the two other given points ; let the given ratio in which the 
straight line joining the last two points is to be divided be 
that of n to n ^ ; then, by Art. 10, the co-ordinates of the 
point of division are 


Wj + rig * Wj-hrig 

Hence by equation (5) of Art. 35 the equation required is 


= (a:- A); 

+ 


or y — Z; 


.Ti*) 

?i,(Xg-A)+ng(arj~A) 


(x-h). 


38. To find ike form of ike equation to a straigkt line 
wkick is parallel to a given straigkt line. 

Let the equation to the given straight line be 


y = c, (1), 

and the equation to the other straight line 

y^mX'\-c ( 2 ). 


Since the straight lines represented by (1) and (2) are 
p^llel, they must have the same inclination to the axis of 
x\ hence 

ma= Wlj. 

Thus (2) becomes 

y *= m^x + c. 

The quantity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a given 
straight line. 



INTERSECTION OP STRAIGHT LINES. 5S 

89* To determine the co-ordinates of the point of inters 
section of two given straight lines. 

Let the equation to one straight line be 


+ ( 1 ), 

and the equation to the other 

y = + (2). 


The co-ordinates of the point where tlie straight line? 
intersect must satisfy hoik equations ; we must therefore find 
the values of x and y from (1) and (2). Thus 


X — 






these are the required co-ordinates. 


40. To find the condition in order that three straight lines 
may meet at a point 

Let the equations to the straight lines be respectively 
ij = m^x + c^...(l), y = »n,® + c,... (2), y = m, a: + (3). 


The co-ordinates of the point of intersection of (1) find 
(2) are 


X 







If the third straight line passes through the intersection 
of the first and second, these values must satisfy (8J, Hence 
the necessary and sufficient condition is 

m, — Wjj — Wj 

that is, 

- c^m^ -f- ejn^ - -f ~ 0. 
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ANGLE BETWEEN GIVEN STRAIGHT LINES. 


41. To find the angle between two given straight lines. 



Let ABC be one straight line and DEC the other ; let 
the equation to the former be ^ = m^x + c,, and the equation 
to the latter y = mjc + c,. 

Then tan ^ = tan ( CDX) 


_ tan C AX— tan CDX _ 
i -i- tan CAlX tan CDX ^ 1 + * 

From this we may deduce 


cos-4CjD = 


1 -f 


sin A CD = ■ 


m, — wio 


/Kl + m.*)(l+0}- 
42. To find the foim of the equation to a straight line 
which is perpendicular to a given straight line. 

Let y = mx + c be the equation to the given straight line, 
and y = ni x c the equation to another straight line. Then 
the tangent of the angle between these straight lines is 
m — m 
i H-mm' * 

If these straight lines are pe]:j)endicular to each other, 

1 + mm' «s 0: therefore m'» — — . 

m 


Hence v * he' 

^ m 

represents a straight line perpendicular to the straight line 
. y=sm«-hc. 
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43. The result of the last Article may also be obtained 
thus. 



Let AB be the given straight line, so that tan BAX sc m. 
Let CD be a straight line perpendicular to AB\ then 

tanDCA— — tan2>(70 = — cot = — - . 

7n 

Hence the equation to CD is 


where c'= OD. 

44. To find the eqmtion to the straight line which passes 
through a given pointy and is peipendicular to a given straight 
line. 

Let ajj, be the co-ordinates of the given point, and 


y = c (1) 

the equation to the given straight line. The form of tl 
equation to a straight line through yj is 

= ( 2 ). 


If (2) is perpendicular to (1), we have m'm +1 * 0. 
Hence the required equation is 

1 
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STRAIGHT LINES WHICH MARE 


45. To jM ike equations to the straight lines which pass 
through a given point and make a given angle with a given 
straight line. 



y = mx-hc. 

Suppose CD and CE the two straight lines which can be 
drawn through C, each making an angle /8 with AB, Then 

tan CDX^ tan {BAX+ /9) « ^ , 

' 1 - m tan /8 


tan CiLY=:~tan CJE4 «= - tan G8 ~ , 

^ l-fwtan;3 

Hence the equation to CD is 

2 , m + tan/8 , 

and the equation to CE is 

, w-tani8 , 

y 

l*fwitanp' 

46. The following particular cases of the preceding results 
may be noted. 


(1) Suppose w-O; then the given straight line is 
parcdlel to the axis of x. The required equations then are 

y - A; « tan^*(aj - A), and y - = - tan /8 (« - A). 
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( 

(2) Suppose w = 00 ; then the given straight line is 
parallel to the axis of y. And since 

^ 1 + ^ tan /8 

771 + tan p _ m 

1 ~ m tan ^ ^ . a * 

— tan p 
m 

we have when tw = x , and therefore = 0, for the iMpiation 

to CDj y ^ /j *” ^0 ~ y® (*® *“ ^0* 

tail p 

Similarly the ecpiation to CE becomes y — i = cot yS(x— //}. 


(3) Suppose ni = tan y9. In this case the ctpuition to CD 
becomes ~bin 2y9(a?-A). 

The equation to CE becomes y — & = 0, so that CE is 
parallel to tlic axis of x. 


(4) Suppose 771 = cot /3. The equation to Cl) may 1)0 
w'ritten in the form {y — k) (1 — 7/1 tan /3) = (rn + tan fi) (./.* — It), 
and we see that when 771 = cot yS the l(‘ft-hand side is zero; 
thus the reijuired e({uation is then a? — A = 0. 


The equation to CE becomes y — A = 


cot )8 — tan 0 


(x-h) 


cos* 8 — sin* 8 
2 cos 8 siu7® 


{x — ?i) = cot 28 ft). 


(5) Suppose 771 = — tan yS. Then thc^ ei^uation to CD 
becomes y — /c = 0 ; and the ecpiation to CE becomes 


(6) Suppose 77i = — cot/8. Then the equation to CD 
becomes y -^k^ ^ — cot 2/3 (a? — A), 

The equation to (7JP may bo yrritten in the form 
(y — A:) (1 + TO tan /8) = (to - tan {x - /<), 

T. c. s. 


3 
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and we see that when w = — cot ^ the left-hand member Is 
zero ; thus the required equation is then a? — A = 0. 


(7) Suppose ^ . The equation to CD may be written 

A 


- m cot ^4-1 


{x — A). 


When iS * 5- we have cot )8 = 0 ; thus the equation 
becomes 

Similarly the equation to CE takes the same form ; and thus 
the result agrees with that of Art. 44. 

We have discussed these particular cases as an example of 
the manner in which the student should test his comprehen- 
sion of the subject by applying the general formulae to special 
(examples. He will find it useful to illustrate these cases by 
figures. 


47. To find ilte length of the perpendicular drawn from 
a given point upon a given straight line. 

Let AB be the given straight line ; D the given point ; 
A, h its co-ordinates. Let the equation to AB be 

y = inX'Yc (1). 
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The equation to the straight line through 2) perpendicular 
to AB is, by Art. 44, 

( 2 ). 

Let X.. V, be the co-ordinates of E\ then, by Art. 9, 

(3). 

It remains then to substitute for a\ and their values in 
(3). Now, since x^, are tlie co-ordinates of E, which is 
the point where (1) and (2) meet, we have 

y^ = ma\ + c, and {a\ ^ h ) ; 

7/4 

therefore mx -f c = Z: — ~ (a\ — h), and x - ^ j 

7 mk--mVi — mc m ,, , , 

thus — A = 4 „ — = {k — mil — c). 

^ 1 + 1 + wr ' ^ 

7 1 / 7\ '»rih-itc-k 

Also Vi — A) = , . .. 


therefore by (3) DE^ 


m‘ }j r .. . (fc — mA — c)* {k-mh-cY 

- in-T,?)' 1 + — 1 + ... — 


Hence 


EE = 


k — mh — c 


V(l+'wO ' 

The radical in tlie denominator may be taken with ilie 
positive or negative sign, according avS the numerator is posi- 
tive or negative, so as to give for DE a positive value. 

We may also obtain the value of DE ihm ; draw the ordi- 
nate DM meeting the straight line AB at //; then 

DE^DII sin DIIE^ DU cos II AM. 

Now OM = A ; therefore HM = mh + c, and DM = k ; 
therefore DH = k mh c. 

1 

Also tan HAM = m ; therefore cos HAM * 


therefore 2>£= 


h—mh —c 

7(1+^’ 


V(l + i»’) 


3—2 
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Hence if on the straight line y — mx — c = 0 a perpen- 
dicular be drawn from the point (Aj, &,) and also a per- 
pendicular from the point the ratio of the first 

perpendicular to the second is equal to the numerical ratio 
of — m/q — c to mh^ — c. 


48. To find the length of the straight line drawn frorn a 
given point in a given direction to irieet a given straight line. 

Let (h, Jc) be the given point ; and suppose a straight line 
drawn from this point at an inclination a to the axis of x to 
meet the straight line 

Jx + By-hC = 0 ( 1 ). 

Let r be the required length; y, the co-ordinates of 
the point where the straight line drawn from {h, k) meets (1) ; 
then, by Art. 27, 

x^ — h^r cos or, i = r sin a (2). 


But is on (1), 

tluTcfore A {h -1- r cos a) + + r sin a) + (7 = 0 ; 

. Ah-^nk^C 

therefore r = — - . - - — . 

A cos a + siu a 


49. In this Chapter we have used equations of the fomi 
i/ = m.r-fc to represent stniight lines. The stiuleiit may 
exercise himself by solving the problems by means of the 
more symmetrical forms of the equation to a straight line, 

Ax'^^By-^ (7=0, ^ — 1 = 0, iccos a-f^^sin a-“j[) = 0. 


The results of course can be easily comparcid with those wo 
have obtained. For example, if in Art. 47 we represent the 
given straight line by the equation 0, the result 

® mh c 

obtained should cohjcidc with the value of ,,, whenfoi 

V(l + wr) 

A G 

m we write — ^ and — ^ for c ; that is, the result must be 


Ah + Bk-t- G 
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Similarly, if the given straight line be represented by 
X cos a 4- y sin a — = 0, 

we shall find for the perpendicular on it from (/i, k) 

+ {h cos a + A sin a — j^). 

Thus if the equation to a straight line be in the form 
X cos a + ^ sin a — p = 0, 

the length of the perpendicular drawn from a point on this 
straight line is tlu' numerical value of the expression on the 
left-hand side of this equal ion ^ when for x and y are substituted 
the co-ordinates of the (jiren point, Tliis rt^sult is of siu4i gnjat 
importance that we sluill proceed to examine it more cIosi?ly. 


50. We may however previously obsi'rve that if tlie etpia- 
tion to a straight line he givaui in any form, w(^ can immedi- 
ately transform it so that it may be ex})ressi‘d in terms of the 
length of the perpendicular from the origin and thcj inclination 
of this perpendicular to the axis of x. For example, siij)pose 
the ecpmtioii to be 

2./- -f 4-4 = 0. 

Change the sign of even/ term so that the last term may be 
negative; thus the eipiatioii becomes 

-2x-3y~4 = 0. 

Divide by ^ (2^ -f- 3*) ; thus 

_ ^ =0 
vi'i V13 ■ 

This is of the form 


and cos a = — 


X cos a 4- y sin a — p = 0, 

Vl3’ ^“V13' 


In this example a is an angle lying between tt and 


3ir 

2 • 


Any other example may be treated in a similar manner, 
the rule being the following. Collect the tenns on one side, 
and if necessary, change the signs so that the equation may 
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he in the form Ax + Bf/— (7=0, where C is positive; then 
divide by •/(A *+£‘) ; thus the equation becomes 

I % A. 

V(^' + V(^* + ^) ” ’ 

this is of the required form, and 

A • _ -B _ C 

“ ” ^/(A’‘ + 7 /) ’ ***“ ® “ + B^’ + 

Tims every equation representing a straight line may be 
brought to the form a;cosa + y.sin a— p = 0, where p is a 
positive quantity, unless the straight line passes through tlie 
origin, and then p = 0. 

When we use the equation x cos a + y sin a — p = 0 ‘i(;e shall 
always suppose p positive. 

51 . The straight line whose equation is 
X cos a + y sin a --p = 0 

might be called ^^the straight line (j), a),’* since the constants 
p and a determine the straight line ; but when there is no risk 
of confounding it with another straight line, it may be more 
shortly called the straight line a,” and the ecjuation may be 
expressed shortly, thus, “ a = 0.” 

We shall now give another investigation of the expression 
for the length of the perpendicular from a given point on the 
straight line (p, a). 

Let AB represent the straight line (7?, a), 0 the origin, P 
the point (t, ?/), so that P and 0 are on opposite sides of AB. 
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Draw OQ, PZ perpendicular toAB, and PM parallel to OY; 
through M draw a straight line parallel to AB, nieotiiig OQ 
and PZ, produced if necessary, at Q* and Z' respectively. 

Then OQ ^ OM cos a = xcosa; PZ* = PJ/sin a sin a ; 
PZ= OQ -^PZ 0(> = a?cosa + ysina--p. 

If P and 0 be on the same side of AB we shall obtain for 
bhe length of the perpendicular 

p — x cos a — y sin a. 

It will be found that these results will hold for all varieties 
)f the figure. 

52. Or we may proceed as follows. 

Let d7Cosa+y sina— p = 0 (1) 

je the equation to a straight line, and lot x\ y be tin* co- 
ordinates of the point from which a perpendicular is drawn 
ipoii the straight line; it is required to find the longtli of 
:his perpendicular. The e(|uation to any straight line wliich 
[s parallel to (1) and on the same side of the origin, may bo 
written thus, 

X cos cc -f y sin a — p' = 0 (2), 

where p' is the perpendicular from the origin upon this straight 
line. If this straight line pass through the point (.x*', y), we 
must have 

X cos a + y' sin a — p = 0 ; 
therefore p' = x cos a -H y' sin a. 

The length of the perpendicular from {x, y) on (1) will Ikj 
o'— p if the point and the origin are on different sides of the 
straight line, and p — p if they are on the same side ; that is, 

x! cos a + y sin a — p 
in the former case, and in the latter case 
p — a;' cos a — y sin or. 

If the straight line parallel to (1) be on the opposite side 
jf the origin, its equation will be 

X cos (tt *f a) + y sin (tt -f a) — p' = 0, 
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*where p is the lengt.h of the perpendicular from the origin 
upon it. If this straight line pass through the point [x, y) 
we must have 

X cos a + y sin a -f p' = 0 ; 
therefore p = — x cos a — y sin a. 

The length of the perpendicular from {x\ y) on (1) will be 
the sum of p and p^ that is, 

P’-x cos a — y sin a. 

Wo may now suppress the accents on x and y, and we 
liave the same conclusion as before. 

r)S. Tims tlie length of the perpendicular from the point 
(.r, y) on the straight line 

X cos a + y sin a — p = 0 

is /r cos a + y sin a — or xgq% ol-~ y sin a, 

according as the point (ar, y) and the origin are on different 
sides of the straight lino or on the same side of it. 

The student will perceive tliat we speak here of the point 
{x, y) and the straight line « cos a + y sin a — /) == 0, and that 
Ave use tlie same symbols x, y, in speaking of the point and of 
tlvo straight line. But w'e do not mean that the point (a?, y) 
is to be on tlic straight line, that is, we do not mean the x and 
y which iue co-ordinates of the point (a?, y) to have the same 
values us they have for any point in the straight line 

X cos a -f y »in a — y = 0. 

We might use .r , y' as eo-ordinates of the point to prevent 
confusion, but it is found convenient to adopt the notation 
here used, as the advantages more than compensate for the 
increased attention which is required from the student in dis- 
tinguishing the difterent meanings of the symbols. 

54. We have in Art. 51 left the student to convince him- 
self by drawing the figures in different ways, that the length 
of the perpendicular from the point (o', y) on the straight line 
(p, a) is always ± (xcos a-f y sin a—p), the upper or lower 
sign being taken according as (j?, y) and the origin are on 
dij^erent Sides, or on the same side of the straight line (p, a). 
W e may also arrive at the result imperfectly, thus. We may 
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first shew, as in Art. 47, that the length of the porpoii- 
dicular must always be equal to one of the two expressions 
± (cT cos a 4- y sin a—;)), and may then proceed to distinguish 
the cases. Now the expression cos a -f ?/ sin a— ;> is 7ieija- 
tive when the point {x, y) is the origin, because it becomes 
then —p) also this expression cannot change its sign so 
long as (.r, y) is taken on the same side of tlie straight lino 
(p, a) as the origin became it cannot change its sign without 
passing through the value zero^ «and it cannot vanish until the 
point (^, y) is on the straight line. Hence the expression re- 
mains negative so long as {x, y) is on the same side of tlui 
straight line (p, a) as the origin. Similarly, if the expression 
is positive when the ]>oint (.r, ?/) has any one position on the 
other side of the straight lino (p, a), it will continue positive 
so long as (.r, y) is on that side of the straight line ; and it 
may be easily shewn that the expression can bo inado posi- 
tive by suitable values of x and y ; lu'noe it is always positive 
while (x, y) is on the opposite side from the origin. Wo call 
tliis an imperfect method, because the sentence in italics on 
which the method depends, has i)robably not sufiicienlly at- 
tracted the student’s attention up to this period of his studies 
to produce pcjrfect conviction. 

55. If the equation to a straight line be a; cos a-f // sin a=(), 
so thatp = 0, we shall still have ± (.rcos a-f y sin «) as the 
length of the perpendicular from the point (.v, y) on it. Wo 
may discriminate as follows : let the ec[nation bo so written 
that the coefficient of y is positive; then for j)olnts on the same 
side of the straight line as the positive part of the axis of y, 
the perpendicular is a; cos a -fy sin a; for points on the oth(‘r 
side it is — (jjcosa-fy sin a). This is easily shewn by eorri- 
j)aring a few figures, or as in Art. 54. 

Oblique Axes. 

5G. The results in Arts. 32 — 40 hold whether the axes 
are rectangular or oblique; in Art. 33, however, in must have 
that meaning which is required when the axes arc oblique. 

To find the angle between two straight lines referred to 
oblique axes. 

Let tt> be the angle between the axes ; y = mp) -I- c, the 
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I 

equation to one straight line; the equation to the 

other. Let a^, be the angles which these straight lines 
make with the axis of x; and /8 the angle between them. 

By Art. 24 

^ m, sin (o , sin g> 

tan a = ~ " J tan a = - , ® 

^ 1 4- cos 01 ® 1 + m cos o) 


Hence tan or tan (a, -- aj = 


TWg sin Q) sin o) 

i + m cos 0 ) 1 4- i/i, cos o) 

j ^ 771 sin* o) 

(1 4-?WiCOs co) (1 4- Wjj cos cd) 


__ (m,^ — mj sin cd 

1 4- (rn^ 4- 77iJ cos o) 4- * 

Hence the condition that the straight lines may be at right 
angles is 

1 4- (wij 4” wj cos o) 4- = 0. 


57. To find the length of tlw perpendicular drawn from 
a given point on a straight line. 

We shall proceed as in the latter part of Art. 47 ; the 
stiulent may also obtain the result by the method in the 
former part of that Article. 


D 



Let AB he the given straight line ; D the given point; 
hy h its co-ordinates. 

Let the equation to AB be y = ww; 4- c. 

Draw parallel to OF, and perpendicular to AB\ 
then 


DE^DHmiDHE. 
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- r COS 0— r, cos5, 

therefore . * ^ 

?\ cos t/j — cos 

After reduction we obtain 


r sin r^sin 0^ 
sin 0^ — sin 0^ * 


rrj sin ( 0 ^ - 0 ) 4 - sin (0^ - + r^r sin (0 - - 0. . . (6). 

This equation has a simple geometrical interpretation; for 
if we draw a figure and take 0 for the origin and A, By Pior 
the points (r,, (r,^, (r, 0), respectively, we see that 

ecjuation (fi) is the expression of the fact that one of the tri- 
angles OAPy OBPy OABy Is cqual in area to the sum of the 
other two. 


/>9. We have seen that a straight line is the locus of an 
equation of the first degree; as we proceed it will appear that 
if an equation be of a degree higher than the first, the cor- 
responding locus will bo generally some curve ; we may notice 
hero some exceptional cases. 

Suppose the equation 

ic* — 4aa; + 4a* + 0 

be proposed ; this equation may be written 

Hence we see that the only solution is 
y =r 0, a; = 2a. 

Thus the corresponding locus consists only of a single 
point on the axis of x at a distance 2a from the origin. 

Again, suppose the equation to be 

No real values of x and y will satisfy this equation ; in 
this case then there is no corresponding locus, or as it is 
usually expressed, the locus is impossible. Thus, the locus 
corresponding to a given equation may reduce to a single 
point, or it may be impossible. 

CO. We have seen that the equation to a single straight 
line is always of the Jirst degree ; an equation of a higher 
degree than the first 'tiiay however represent a locus consist- 
ing of two or more straight lines. For example, suppose 

= 0 ( 1 ); 

therefore y^x (2), or y = ~ or (3;. 
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If the co-ordinates of a point satisfy ciV/icr (2) or (3), they 
will satisfy (1) ; that is, eveiy point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
comprised in (3) is also comprised in (1). Hence (1) repre- 
sents two straight lines which pass through the origin, and 
make respectively angles of 45** and 135® with the axis of x. 

Again take the general equation of the second degree be- 
tween two variables 

ax^ -F 1x1/ + cy* + tir -f cy +/= 0 ; 
and let us determine when it represents two straight linens. 

We have 

cy* + (5a: -f c) y + >f /= 0. 

Hence considering this as a quadratic (‘(piation in y, and 
solving in the usual way we obtain 

_ hx + e \/{{hx -f «)* — 4c {ax^ -f dx -f /)) 
y 2c" “ 2c ’ 

The expression under the radical sign is 

Q/ — 4ac) 4- 2 {be — 2cd) x + e^ — 4fcf; 

if this expression is an exact square with rcs))cct to x it is 
obvious that the proposed equation of the second (l(‘gi'ee, 
breaks up into two equations of the first degree between 
X and y, and so represents two straight lines. 

The condition which is nccc.ssary and sufficient to ensure 
that the expression under the radical sign is a perfect sijuare 
with respect to x is, by Algebra^ Chapter xxii, 

(be — 2cdf = (5* — 4ac) (c* — 4c/). 

61. An equation which only involves one of the varia- 
bles, represents a series of straight lines parallel to om* of the 
axes. Thus, if there be an equation f {x) = 0, we obtain by 

solving it a series of values for x, as a; = a,, x=^r/,^ and 

each of these equations represents a straight line parallel to 
the axis of y. Similarly / (j/) = 0 represents a series of 
straight lines parallel to the axis of x. 


An equation of the form 



0 represents a series of 


straight lines passing through the origin ; for by solving the 
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equation we obtain a series of values for , as ^ = w., ^ = m,,. . . 

* X X ^ X ^ 

and each of these equations represents a straight line passing 
through the origin. Of course if an equation / {x) = 0, 

f{y) = 0, or f roots, the corresponding 

locus is impossible. 

The equation Ay^ + Bxy + Co? = 0 may be put in the form 

\x) X 

V 

Since this is a quadratic in ~ we obtain two values for it, 

suppose Sind ^ = hence the equation generally 

represents two straight lines passing through the origin. If 
be less than 4.46', then w/, and are impossible, and the 
on/?/ solution of the given ecjuation is a; = 0, y = that is, 
the locus is a single j^oint, namely, the origin, 

62. It is obvious that if the locus represented by an 
equation f{x, 2/)=0 passcjs througli the origin, the values 
X = 0, y = 0 must satisfy the ecjuation. We can thus imme- 
diately determine by inspection whether a proposed locus 
passes through the origin or not. 

63. In Art. 39 we determined the co-ordinates of the 
point of intersection of two given straight lines : the pro- 
position may obviously be generalised. Let f^ (x, y) = 0, 
f (.r, y) = 0, represent two curves, then the co-onlinates of 
the points where they meet will be determined by solving 
these simultaneous equations. It may be shewn that if one 
equation be of the degree and the other of the the 
number of common points cannot exceed mn, (See Theory 
of Eqwdions, Chapter xx.) 

64. We will exemplify the Articles of this Chapter by 
applying them to demonstrate some properties of a triangle. 

The straight lines drawn from the angles of a triangle to 
the middle points of the opposite sides meet at a point 
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Let ABC be a triangle, D, E, F the iiiidtllc points of the 
sides ; take A for the origin, AB for the direction of tlic axis 



A F ii X 

of ir, and a straiglit line through A at right angles to AB for 
the axis of y. Let AB = a, and lot x\ y be the co-ordinat(‘s 
of G Since 1) is the middle point of CB, the abscissa of L) is 

J {x + a) and its ordinate (Art. 10) ; since E is the middle 
point of AGf the abscissa of E is and its ordinate ; since 


F is the middle point of AB^ its abscissa is and its onli- 
nate zero. Hence by Art. 35, 

the equation to AD is y = V (1) ; 

(pc f/) 

the e(piation to BE is y = -)-■ (2j ; 


V { 

the equation to CF is y = •— -r - ' (3). 

Jt X “• (t 


To find the point of intersection of (2) and (3) we put 

y ix- d) _ y (2x - a) 

X — 2a 2x --a ^ 

therefore {x — a) {2x — a) = (2a; — a) {x — 2a) ; 

therefore 3aa; = a {x +a); therefore a; = J {x + a). 

Substitute this value of x in (2) and we find y = • 


We have thus determined the co-ordinates of the point 
of intersection of (2) and (3) ; moreover we see that these 
values satisfy (1) ; hence the straight line represented by (Ij 
passes through the intersection of the straight lines repre- 
sented by (2) and (3), which demonstrates the prox) 08 ition. 
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The straight lines drawn from the angles of a triangle 
perpendiadar to the opposite sides meet at a point. 

The equation to BG is (Art. 35) 

hence the equation to the straight line through A pei'pcn- 
dicular to BG is (Art. 44) 

y = _ ---a; (4). 

/ 

The equation to AG is y = hence the equation to 
the straight line through B perpendicular to AC is 




The strcaight line through C perpend icuhir to AB will be 
parallel to the axis of y, and its equation will be (Art. 15) 

x=x ((>). 

Now at the point of intersection of (5) and ((>) wc have 

f X f f y. 

X^X, y = -a); 

and as these values satisfy (4), the straight line represented 
by (4) passes through the intersection of the straight lines 
rej)resented by (5) and (6). 

The straight lines drawn through the middle points of the 
sides of a tnangle respectively at right angles to those sides 
meet at a point. 

The equation to the straight line through D at right 
angles to BG is 


?/ X '-a f a 4 - x\ 


The equation to the straight line through E at right 
angles to GA is 
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The equation to the straight line through F at right angles 
to AB is 



(9), 


Now at the point of intersection of ( 8 ) and ^^9) we have 

2’ ^ 2 yV2 2 ;’ 

these values satisfy ( 7 ) ; hence the straight lines represented 
by (7), ( 8 ), and (9), meet at a point. 

Let us denote by P the point of intersection of the throe 
straight lines in the first proposition, by Q the point of inter- 
section of the three straight lines in the second proposition, 
and by R the point of intersection of the three straight lines 
in the third proposition ; we will now sliew that Q, and li 
lie in one straight line. The co-ordinates 

of P are a? = J (a?' -f a), y = ; 


of Q are o; = x\ 
of R are a: = ^ , 


(a -a-') 

y 2 2y 


Hence the equation to tLc straiglit line passing throngli 
Pand Q is' 

y* y' ^ X ■ha\ 




In thi^ equation put ^ | » then 

f r 

X y 

x{a-x') y' y y x'{a-x) 
therefore y 2 ^-- + 3 + g = ^ -hj " ' 

Hence the point R is on the straight line represented 
( 10 ), for the co-ordinates of B satisfy (lb). 


m es 


4 
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EXAMPLES. 

1. Find the equations to the straight lines which pass 
through the following pairs of points : 

(1) (0, 1), and (1, - 1). (2) (2, 3), and (2, 4). 

(3) (1, 1), and (- 2, ~ 2). (4) (0, ~ a), and (0, - b). 

2. Find the equations to the straight lines which pass 
through the point (4, 4) and are inclined at an angle of 45® 
to the line y = 

3. Find the equations to the straight lines which pass 
through the point (0, 1), and are inclined at an angle of 30® 
to the line y -f iz:; = 2. 

4. Find the equations to the straight lines which pass 
througli the origin and are inclined at an angle of 45® to the 
straight line a; == 2. 

i). Find the equations to the straight lines which pass 
through the origin and are inclined at an angle of 60® to the 
straight line -f- y 

C. Find the angle between the straight lines aT + y=l, 
y = a* -f 2 ; also find the co-ordinates of the point of intersec- 
tion. 

7. Find the angle between the straight lines a;-f-y V3=0 
and “ y VS = 2. 

8. Find the angle between a; + 3y = 1 and a; — 2y = 1. 

9. Find the equations to the straight lines passing 
through a given point in the axis of a;, and making an angle 
of 45® with the axis of x, 

10. Find the equation to the straight line which passes 
through the origin and is perpendicular to the straight line 
a; + y=2. 

11. Find the perpendicular distance of the point (1, — 2) 
from the straight line a; 4- y — 3 = 0. 

12. Find the length of the perpendicular from the point 

(a, 5) on the straight line ~ 1 ~ 
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13. Find the co-ordinates of the point of intersection of 

^ f/ SC y 

the straight lines » + ? = 1 and ^ + - = 1. 

® a b ha 

14. Find the equation to the straight line which passes 
through the point (a, 6), and through the intersection of the 

30 ^ *P 

straight lines - -f - = 1 and , + - = 1. 

® ah ha 

15. Shew what loci are represented by the equations : 

( 1 ) ( 2 ) 

(3) = (4) 

(5) + + (0) a‘(y — a) = 0. 

16. Interpret 

(1) (x’-a)(y-5) = 0, 

(2) (.r-a7-h(y"t)*=^0, 

(3) (.r - ^ -f tt)* -f (a; + y~a)® = 0. 

17. What straight lines are represented by the equation 

— 4r y + = 0 ? 

18. Shew tliat 3//* — Hxjj — 3.'/ + 30x’ — 27 = 0 represents 
two straiglit lines at right angles to one another. 

19. Find the ecjuations to tlie diagonals of the four-sided 
figure, the sides of which are represented by the eejuations 

^=4, y==5, y = j’, y=2j7. 

20. ABCDEF is a regular hexagon ; take A for the 
origin, AB as axis of .r, and a straight line through A at 
right angles to AB as axis of y ; find the equations to all the 
straight lines joining the angular |X)ints of the hexagon. 

21. Given the co-ordinate.s of the angular points of a 
triangle, find the equation to the straight line which joins the 
middle points of two sides. 

22. Find the tangent of the angle between the straight 
lines 

y — mx = 0 and 7 »y + a? * 0, 
when referred to oblique axes. 


4—2 
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23. Shew that whether the axes be rectangular or oblique 
the straight lines y 4- a; = 0 and y — a? = 0 are at right angles. 

24. Given the lengths of two sides of a parallelogram 
and the angle between them, write down the equations to the 
two diagonals and find the angle between them ; taking one 
of the corners as origin, and the two sides which meet at that 
corner as axes. 

25. In the figure to Art. 75, take BA and BC as the axes 
of X and y\ suppose BA^a, BO^c\ and let A, h be the 
co-ordinates of I)\ then form the equations io AC, BD, 
AD, CD, 

20. With the notation of the preceding Example, find 
the co-ordinates of the middle point oi AC and those of the 
middle point of BD, and form the e(piation to the straight 
line passing through these two points. 

27. With the same notation find the co-ordinates of the 
middle point of EF, and thus shew that this point lies on 
the straight line joining the middle points of AC and BD, 

28. If = 1 and -> + = 1 be the equations to two 

straight lines, which with the co-ordinate axes (rectangular or 
obli(iue) contain equal areas, and x , y be the co-ordinates of 
the point of their intersection ; shew that 

y\J-v ^ 

X a a 

29. What points on the axis of x are at a perpendicular 
distance a from the straight line ~ 4- * 1 ? 

30. Fonn the equation for determining the abscissa of a 
point, in the straight line of which the equation is ^ + 

whose distance from a given point (a, /3) shall be equal to a 
given straight line c. Shew that there are in general two such 
points, and in the particular case in which those points coincide 
c*(a‘-hi’) = (ai8 + 5a~aJ)*. 

31. Find the tangent of the angle between the two straight 

lines represented by the equation Ax^ 4- Bxy 4- = 0. 
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I 

32. Find the points of intersection of the straight lines 

a? 4 ' 2 y— 5 = 0 , 7 = 0 , and y — a ?— 1 = 0 ; and shew 

3 

.that the area of the triangle formed by them is ~ . 

33. The area of the triangle formed by the straight lines 
y=^x tan a, y — x tan y = x tan 7 -f* c, 

. c* sin (a — ) 8 ) cos* 7 

2 sin (a - 7 ) sin (yS ~ 7 ) ' 

34. Given the equations to two parallel straight lines, 
find the distance between them. 

35. Determine the angle between the straight lines 

“ = 4 cos 0 + 3 sin 0, ~ = 3 cos 0 — 4 sin 6, 

r r 


3G. Interpret F {6) = 0 ; for example, sin 30 = 0 . 

37. If the axes be inclined at an angle o), the condition 
that the straight lines Ax + liy -f (7 = 0 , Ax + By + C" = 0, 
may be equally inclined to the axis of x in opposiUi direc- 
tions is 


B jr 

A^A' 


2 cos «. 


38. In the preceding Example, if besides being equally 
inclined to the axis of x the straight lines pass through th(^ 
origin and are perpendicular to one anotluT, the etjuation to 
the straight lines is x^ + 2xy cos &> + y* cos 2 ft> = 0 . 

39. Two parallel straight lines are drawn at an inclina- 
tion 6 to the axis of x through the two points whose co-ordi- 
nates are a, 5, and a, 1) \ slicw that the distance between 
these straight lines is (U — h) cos 0 — (a — a) sin 0 . Hence 
determine the rectangle whose sides pass through four given 
jioints, and whose area is given. 

40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed straight 
lines at right angles to each other in the plane of the square; 
shew that the extremities of the other diagonal will at the 
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same time move upon two other fixed straight lines at right 
angles to each other. 

41. AB and BG are two straight lines at right angles to 
each other, is a fixed point, B moves along a given straight 
line, and AB to is a given ratio; determine the locus 
of 0. 

42. OX and OY are fixed straight lines meeting at any 
angle ; a straight line of given length slides along OX, and 
another straight line of given length slides along OY, Find 
the locus of a point which is so taken that the sum of the 
areas formed by joining it to the ends of the moving straight 
lines is constant. 

43. Shew that the straight lines FG, KB, AL, in the 
figure to Euclid I. 47, meet at a point. 

44. If on the sides of a triangle as diagonals, parallelo- 
grams be described, having their sides parallel to two given 
straight lines, the other diagonals of the parallelograms will 
meet at a point. 

45. If from a fixed point 0 a straight line be drawn 
OABCD... meeting at A,By G, I),,., any given fixed straight 
lines in one plane, and if 

J. _ 1 1 1 

0X~ OA^ OB^ OC^’" 

X being a point in OA, the locus of X is a straight line. 

46. Shew that the area of the triangle contained by the 
axis of y and the straight lines y = m^x -f Cj, y = mjv 4- Cj,, is 

2 (r/i, — Wj) * 

47. Determine the area of the triangle contained by the 
straight lines y = m^x 4- Cj, y = m^x 4 - 0 ,, y = m^x 4- c,. 

48. The area of the triangle formed by the three straight 

he y ac ah . 

lines y=*(nr--^,y = ^ar--^,y = ca;--^, is 

{a — J) (6 — c) (c — a) 

8 • 
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CHAPTER IV. 

STRAIGHT LINE CONTINUEm 

65. We have seen that each of the equations 

+ (7=(), jA X y C 

represents a straight line. We will now interpret the equa- 
tion 

+ C \ [Ax + J5'y + C') - 0 (1), 

where X is some constant quantity, 

I. Equation (1) must represent some straight line, because* 
it is of the first degree in the variables x, y. (Art. 10.) 

II. The straight line represented by (1) passes through 
the intersection of the straight lines represented by 


+ ( 2 ), 

= 0 (3). 


For the values of x and y which satisfy simultaneously (2) 
and (3) will obviously satisfy (1) ; that is, the point at which 
(2) and (3) intersect lies on (1). 

III. By giving a suitable value to the constant \ the 
equation (1) may be made to represent any stniight line 
which passes through the intersection of (2) and (3). 

For let x^^y^ denote the co-ordinates of the point of inter- 
section of (2) and (3) ; suppose any straight line drawn through 
this point, and let x^, y, be the co-ordinates of another point 
m it. Now we have already shewn in II. that the straight 
line (1) pas.ses through (^,,yd; we have therefore only to 
shew that by giving a suitaWe value to X the straight line 
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(1) can be made to pass through y,), because two straight 
lines which have two common pomts must coincide. Substi- 
tute for X and y respectively in (1), and determine X so 
as to satisfy the equation. Thus 

+ C"‘ 

Now use this value of X in (1) ; then the equation 

represents a straight line passing through [x^, y^ and {x^, y^. 

We have thus shewn that by giving a suitable value to X, 
the equation (1) will represent any straight line passing 
through the intersection of (2) and (3). 

CG. The preceding Article is very important, and com- 
monly presents difficulties to beginners. The student should 
not leave it until he is thoroiiglily familiar with the three 
propositions which are contained in it. The first proposition 
is obvious. To demonstrate the second proposition the student 
may, if he pleases, actually find the values of x and y which 
satisfy simultaneously Ax^By^C=^ 0, and Ax\liy\ (7'=0, 
and convince himself, by substituting these values, that they 
do satisfy Ax'\-By~^C-\-\{Ax‘k-B'y ‘\-C')=0. There is, 
liowever, no necessity for solving the first equations, because 
it is evident that values of x and y which make Ax'^By-^ C 
and Ax’\’B*ii-\‘ C' vanish simultaneously must also make 
Ax^^By+C + \{A *x + Ify 4* C) vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding Article is usually the most dif- 
ficult : the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving different values 
to X, different straight lines are represented, and that we can 
thus obtain as many straight lines as we pleasSy but this does 
not shew that we can by a suitable value of X in (1) represent 
any straight line passing through the intersection of (2) and (3). 

For example, if the straight lines (2) and (3) be BSE and 
FSG respectively, it might have happen^ that all the straight 
lines represented by (1) fell within the angle F8D and none 
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within F8E, It requires to be demonstrated then that by 



giving to X a suitable value in (1) \vc can obtain the equation 
to any straiglit line through S, 

G7. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for example, in Art. 51 we have used the 
vsymbol a as an abbreviation for a? cos a -fy sin a — In 
like manner we may denote such expressions as lly-k-C, 
or . 

y-nix-^c, -f“ — 1,... by single symbols, as v,... a,,.. 

Now it will be soon that the demonstration in Art. 05 applies 
to any form of the equation to a straight line fis W(‘ll as to 
the form 0=0 which we have used. Hence the 

result may be enunciated thus : if w = 0 and v = 0 be th(j 
equations to two straight lines, an<l X a constant quantity, 
the equation ii + Xu=0 will represent a straight line passing 
through the intci-scction of tlie two straight lines ; and by 
giving a sxiitable value to X, the equation will represent any 
straight line passing through the intersection of the two 
straight lines. 

6*8. If w = 0 and z; = 0 be the equations to two straight 
lines, then as we have shewn, w4-Xi;=0 will represcuit a 
straight line passing through their intersection ; it is sometimes 
convenient to use the more symmetrical form la + mv = 0, 
where I and m are both constants. It is obvious that what han 
been said respecting the first form applies to the second ; in 

fact the second is deducible from the first by writing for X. 

It must be remembered throughout this Chapter that I, m, 
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constants, though for shortness we may omit to 
state it specially in every Article. 

69. Similarly if a = 0, v = 0, a; = 0, be the equations to 
three straight lines, and i, m, n be constants, the equation 
Za + fna + nt4; = 0 (1) 

will represent a straight line. Moreover, by giving suitable 
values to Z, m, n we may in general make this equation re- 
present any straight line whatsoever. For suppose we wish 
this equation to represent the straight line passing through 
(ajj, and {x^, y^). Let a,, denote the values of a, a, 
w respectively when we put for x and for y; and let a,, 
be the respective values when x^ and y, are put for x 

and y respectively. Then determine the values of ~ and ™ 

from the equations lu^ + mv^ + nw^ = 0 and Za^-h mv^+ wa;,= 0 ; 

suppose we thus find ~ , and ^ = r ; substitute these values 

in the equation a*f^t; + ^tas=0, and we obtain 

U |/ 

a -f ^ V -h r a; = 0, or Xa + fta + w == 0, 

A A 

which represents the straight line passing through the points 
y,) and (*„ y,). 

We have said al)Ove that the equation (1) can in general 
be made to represent any straight line, because there are 
exceptions wliich we now proceed to notice. 

When the straight lines represented by a = 0, = 0, and 

w = 0 meet at a point, the equation (1) represents a straight 
line which necessarily passes through that point. For since 
the three given straight lines meet at a point, a, v, and w 
vanish simultaneously at that point; therefore Za+wv + aa; 
also vanishes at that point, so that the straight line repre- 
sented by equation (1) passes through that point. 

When the three given straight lines are parallel the equa- 
tions u=«0, v»0, w = 0 will of the forms 

Ax + By+C^^O, Aa? + JBy+ + J5y+ C,«s0, 
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and thus equation (1) may be reduced to 
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and this equation represents a straight line parallel to the 
given straight lines. 

Thus if the three given straight lines meet at a point or 
are parallel, equation (1) will not represent any straight line ; 
for the straight line represented by equation (1), in the former 
case passes through the point at which the given straight 
lines meet, and in the latter case is parallel to the given 
straight lines. 

We may shew that there is no other exception. For the 
general investigation is always conclusive except when \ ft, 
and V all vanish, that is, when 


VjW, - = 0, = 0, = 0 ( 2) . 

We shall now shew th.at when equations (2) are satisfied, 
the three given straight lines either all meet at a point or an* 
parallel. 

First suppose that the points (j;,, y,) and (x,, y,) are not 
on any of the three given straight liiujs ; so that none of the 
quantities u^y Vj, w^y w,, r,, vanish. 

V w 

From the first of equations (2) we have ~ — ; hence by 

Art. 47 it follows that the ratio of the perpend fculars from 
{x^y yj and (x , y^) on the straight line i; = 0, is the same as 
the ratio of the perpendiculars from the same points on tlie 
straight line w = 0. Hence it will follow geometrically either 
that the straight lines v = 0 and w^i) are both parallel to the 
straight line joining {x^y and (a;^, yj, or else that these three 
straight lines meet at a point. Similar results follow from the 
second of equations (2), and from the third of erjuations (2). 
Hence in this case if equations (2) are Batisfi(.‘d, th(i three 
given straight lines either meet at a point or are parallel. 

Next suppose that one of the two given points is situ- 
ated on one of the three given straight lines; suppose for 
example that =0. Then from the first of equations (2) it 
follows that eitner Vj « 0 or w, = 0. Suppose we take v, = 0. 
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Then from the second and third of equations (2) we deduce 
either that = 0 or else that tc, = 0 and v, = 0 ; in the former 
case the three given straight lines all pass through the point 
(ajj, yj ; in the latter case the straight lines v = 0 and «/ = 0 
both pass through the two points yj and (iCj,, y,), that is, 
two of the given straight lines coincide so that all three will 
reduce either to two intersecting straight lines or to two par- 
allel straight lines. Suppose we take = 0 in conjunction 
with iCj = 0. Tlien the straight line w = () passes through the 
given points yj and yj. From the third of equa- 

tions (2) we have ; and thus the straight lines u = 0 

and V = 0 either meet on the straight line joining the points 
(•^i» .Vj) (^21 or are parallel to this straight line ; that 
is, the straight lines tA = (), ^ = 0, and either meet at a 
point or are parallel. 

70. Let a = 0, ;3 = 0 be the equations to two straight 
linos expressed in terms of the perjf^endiciilars from the origin 
and their inclinations to the axis of a; (see Art. 50), so that a 
is an abbreviation for iccosa + yHina— Pj, and ^ is an abbre- 
viation for cos^-f y sin/3 — we proceed to shew the 
meaning of the equations a — /8 = 0 and a + /3 = 0. 



Let SA be the straight line a « 0, and SB the straight line 
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/8 = 0 ; let iSi(7 bisect the angle ASB^ and SD bisect the sup- 
plement of A SB; the angle DSC is therefore a right angle. 
Take any point P in SO and draw the perpendiculars *PJ/, 
PN on SAj SB respectively. If x, y be the co-ordinates 
of Py the length of PM is a by Art. 54, and the length of PN 
is /8. Since S'C'bi.sccts the angle A8B, PM — VN; therefore 
for any point in SG yfo have ^ = that is, the eijuation to 
SCisoi = l3. 

Similarly, the equation to SD is a » — /8. 

Thus a — /8 = 0 and a*f^==0 represent the two straiglit 
Hues which jwisa through the intersection of a — O and /:? = () 
and bisect the angles formed by these straight lines. 

The student must distinguish between the straight lines 
a — /3 = 0 and a + /9 = 0; the following rule may be used: 
the two straight lines a = 0, /3 = 0, wdll divide the j)lane in 
w'hich they lie into four compartments ; ascertain in which of 
these compartments the origin of co-ordinates is situated ; 
a — /3 SB 0 bisects that angle between a = 0 and ^ = 0 in which 
the origin of co-ordinates lies. This is obvious from tlie in- 
vestigation in the preceding Article and the remarks in Arts. 
53, 54. 

The equation a + = 0 represents a straight line such 

that X is numerically equal to the ratio of the perpendicular 
from any point of it on a = 0 to the perpendicular from the 
same point on /9 = 0. If X is positive the straight line 
a-|-X^ = 0 lies in the same two of the four compartments 
just alluded to as the straight line a-f;3 = 0; if X be negative 
the straight line a 4- X/9 = 0 lies in the same two coujpart- 
ments as the straight line a — =0. From the figure we see 
that PM^ PSiSAXi PSM and PN^PSmxPSN; hence X or 

PM ^mPSM .1 X- r • c 

— ~ rrrrr\ that IS, X expresses the ratio of the sine of 
FN sin. ^ 

the angle between a = 0 and a + X)8 » 0 to the sine of the 
angle betw’een /J = 0 and a + X^ = 0, 

71. We shall continue to express the equation to a 
straight line by the abbreviation a == 0 when the equation is 
of the form ^rcosa-H^sii^a- when we do not wish to 
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restrict ourselves to this form, we shall use such notation as 

w=aO, t;s»0, = ...... 

Let w = 0, i; = 0 be the equations to two straight lines, 
the axes being rectangular or oblique; then w — Xv = 0 and 
+ Xv = 0 represent two straight lines passing through the 
intersection of the first two. Suppose, as in Art. 70, that 8Ay 
8B are the first two straight lines and 80, 8D the second 
two ; then will 

sii^CS^^sin^iSA 

si n CM 


For by Art. 57 it appears that if p be the perpendicular 
from a point [x,y) on the straight line u = 0, then p^fiu, 
where /t is a constant quantity ; similarly if p denote the per- 
pendicular from the same point on i; = 0, then p = pv, where 
fjd is a constant quantity. Hence the equation w — Xv = 0, or 

P ^ =- 0 shews that ; thus we see that numerically 

fi fi P . [ 

without regard to algebraical sign 

sin C8A __ X/A 
sin G8B ~ fi/ 

sin 1)8A __ \/jL 

/ ' 

sin D8A 


Similarly, 


therefore 


sin IJ8B 
sin C8A 
sin C8B 


sin B8B ’ 


72. We will apply the principles of the preceding Arti- 
cles to some examples. 

Let a = 0 , )3 = 0, 7 = 0 be the equations to three straight 
lines which meet and form a triangle, and suppose the origin 
of co-ordinates within the triangle; then the equations to 
the three straight lines bisecting the interior angles of the 
triangle are, by Art. 70, 

^-7 = 0.. .(1); 7 -a = 0...{2); a-i8*0...(3). 

These three straight lines meet at a point; for it is 
obvious that the values of x and y which simultaneously 
satisfy ( 1 ) and (2) will also satisfy (3). 
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Again the equations to the three straight lines which 
pass through the angles of the triangle and bisect the angles 
supplemental to those of the triangle are 

/9 + 7 = 0...(4) ; 7 + a*0...(5) ; a + /3 = ()...(G). 

It is obvious that (3), (4), and (5) meet at a point ; simi- 
larly (5), (G), and (1) meet at a point; so likewise (4), (C), 
and (2) meet at a point. 

In all our propositions and examples of tliis kind, we 
shall always suppose the origin of co-ordinates within the 
triangle, unless the contrary be stated. 

73. If a = 0, ^ = 0, 7 = 0 bo the ecpiatioiis to throe 
straight lines which form a triangle, tlion uni/ straight 
line may be represented by an e(| nation of tln^ form 
la + + ^7 = 0 ; for the exceptional cases noticed in 

Art. G9 cannot occur here. 

Let a, 6, c denote the lengths of the sides of the triangle 
which form parts of tlie straight lines a = 0, /3 = 0, 7 = 0 re- 
spectively. Take any point within the triangle and join it 
with the three luigular points; thus wo obtain three triangles 

the areas of which are re.spcctively — , and — . 

Hence aa + 07 = a constant ; 

the constant being in fact twice the area of the triangle 
taken negatively. 

This result holds obviously for any point within the tri- 
angle determined by a = 0, ^ = 0, 7 = 0. It will be found 
on examining the different cases wliich arise that it is also 
true for any point without the triangle. Hence it is uni- 
versally true. 

Suppose we require the equation to a straight line par- 
allel to the straight line la + 717 » 0. 

This required equation may be written i!2+W)8-}-n7’fi=0, 
where A: is a constant. (Art. 38.) 

Or, since aa -f 6)84 cy is a constant, the required equation 
may be written, Aa + 4 W7 4 A;' (ax 4 4 C7) = 0, where 

A;' is a constant 
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74. The straight lines represented by the equations 
= 0, will meet at a point, provided lU'\‘Viv-^nw 
is identically =0; Z, m, n being constants. For if 

lu-^^mv^nw^O identically , we have always. 


Hence the equation 0 may be written — — == 0, 

that is, the straight line w; = 0 is a straight line passing 
through the intersection of u = 0 and v = 0. 


75. The following example will furnish a good exercise 
in the subject. 


F 



Let ABCD be a (quadrilateral ; draw the diagonals AC, 
BD ; produce BA and CD to meet at E, and AD and BC 
to meet at F\ join EF, forming what is called the third 
diagonal of the quadrilateral. Suppose 



the equation to AB, 

( 1 ), 

t;= 0, 

BC, 

(2). 

w; = 0, 

CD, 

( 3 )- 


We propose to express the equations to the other straight 
lines of the figure in terms of w, v, w, and constant quan- 
tities. Assume for the equation to BD 

Ztt — mv = 0 (4), 

and for the equation to CA 

mv--nw>st 0 , 


( 5 ). 
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These assumptions are legitimate^ because (4) represents 
some straight line passing through J?, whatever be the values 
of the constants I and m ; by properly assuming these con- 
stants, we may therefore make (4) represent BV, Also (5) 
represents soim straight line through (7, and by giving a 
suitable value to n, we may make it represent CA. We may 
if we please suppose one of the three constants m, n, equfd 
to unity, but for the sake of symmetry we will not make 
this supposition. The equation to AD is 

Zw — mtJ 4- ww = 0 (6) ; 

for (G) represents a straiglit line passing through the intersec- 
tion of — wr = 0 and w = 0, that is, a straight line through 
D\ also (6) represents a straight line passing through the 
intei’section of = 0 and mv — nw = 0, that is, a stmight line 
through A, Hence (G) represents AD. The equation to 
EF is 

Zu + nio = 0 (7) ; 

for (7) obviously represents some straight lino through E, and 
since U + nw = lu — mv + mo + (7) represents some straight 

line through F. Hence (7) represents EF. 

Lot G be the intersection of AC and BD, The equation 
to EG is 

Zm — nw = 0 (8) ; 

for (8) represents a straiglit line passing through the inter- 
section of (1) and (3), and also through the intersection of (4) 
and (5). The equation to FG is 

lu — 2mv + nw = 0 (9) ; 

for (9) represents a straight line passing through the inter- 
section of (4) and (5), and also through the intersection of (2) 
and (G). 

Suppose produced to meet at //, and AC and 
EF produced to meet at K ; then it may bo shown that the 
equation to -4// is 2Zw— mi>4-»w=0, that to CU is mt;+nw» 0| 
that to KB is hi-Vmv^O, that to KD is Za — mp + 2nw » 0. 

We have introduced this example, not on account of any 
importance in the results, but as an exercise in forming the 
equations to straight lines. We proceed to another example* 

T. G s. 5 
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76. If there be two triangles such that the straight lines 
joining the corresponding angles meet at a point, then the in- 
tersections of the corresponding sides lie on a straight line. 



Let j4J5(7be one triangle, AB C' the other triangle ; let 8 
be the point at which the straight lines AA\ BB\ CO' meet. 
Let the equation to BG be u = 0, to CA t; = 0, and to AB 


w = 0. Assume for the equation to 

Ji fu + wv + tiw = 0 (1), 

and to O' A lu -}- fn!v + nw? = 0 (2). 


It is shewn in Art. 69 that the equation to B' G' may be 
written in the above form, and by the method of that Article 
it may be shewn that by giving suitable values to the con- 
stants ly m\ we may make (2) represent C'A\ We will now 
shew that the equation to AE may be written in the form 
Zw-I- + = 0 (3). 

The constant n' may be obviously determined, so as to 
make the straight line represented by (3) pass through A ; 
let w' be so detennined ; it remains to shew that tlie straight 
line (3) will pass through E. From (1) and (2) it follows 
that equation 

(? — i) tt + (fn — w') V == 0 (4) 

represents some straight line through G ' ; but (4) obviously 
represents a straight line passing through the intersection of 
BG and OA, Hence (4) is the equation to CC\ 

Again, the straight line represented by (3) by supposition 
passes through A ; hence from (2) and (3) we see that 

(m' - m) t; + (n - n ) «; = 0 (5) 

is the equation to AA. 
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The equation (f — Z) w -f (n — n ) u; = 0 (6) 


represents a straight line passing through the intersection of 
BG and AB, that is, through B ; and from (4) and (5) it fol- 
lows that this straight line passes through the intersection of 
GG' and AA\ that is, through 8. Hence (6) is the equation 
to SB. 

Now from (1) and (3) it follows that the straight lines re- 
presented by these equations meet on the straight line (6). 
Hence (3) is the equation to A' 

The required proposition now easily follows: for the 
straight line represented by 

Zw 4- wv + WM? = 0 (7) 

passes through the intersection of BC and B'C\ of GA and 
G'A\ and of AB and AB ; that is, these three intersections 
are on the same straight line. 

Conversely, if there be two triangles such that the inter- 
sections of the corresponding sides lie on a straight lino, then 
the straight lines joining the corresponding angles meet at a 
point. To prove this we may begin with the equations to 
BGy GA, AB, BG\ C'^'as before, and assume (3) as the 
equation to some straight line through A . Then (7) will re- 
present the straight line passing through the intersection of 
-6(7 and B>G\ and of GA and GA'\ now (3) is the equation 
to a straight line passing through the intersection of AB and 
(7) ; hence (3) must be the equation to AB\ Then from the 
form of (1), (2), and (3), it follows immediately that (7(7' 
passes through the intersection of AA and BB\ 

It may be shewn also that the equation to the straiglit 
line which passes thrBugh the intcrsc^ion of AB and A O', 
and of AG and A'B', is 

lu-\-mv + nw = 0 (8). 

And the intersection of (8) with BG will lie on the 
straight line 

Z + mv 4 - nw = 0 (9), 

Similarly the straight line joining the intersection of BA 
and B (7' with the intersection of BG^niB* A meets GA on (9). 
And also the straight line joining the intersection of GA and 
G*B with the intersection of GB and CA meets AB on (9). 

5—2 
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The two triangles considered in this Article are said to be 
homologous ; the point at which the straight lines joining the 
corresponding angles meet is called the centre of homology, 
and the straight line which contains the intersections of the 
corresponding sides is called the axis of homology, 

77 . The equation + = 0 represents a straight line 

passing through the intersection of the straight lines w = 0, 
t? = 0. Hence if there be a series of straight lines the equa- 
tions of which are all of the form w -f Xv = 0, and differ merely 
in having different values of the constant X, all these straight 
lines pass through a point, namely, the intersection of m = 0 
and 1? = 0. 

78 . The student is recommended to make himself very 
familiar with the preceding Articles of the present Chapter, 
as they contain the essential principles of a subject which has 
received much attention during the last few years. When 
these principles are mastered no difficulty will be found in 
following the numerous investigations in which they have 
been applied. 

The name trilinear co-ordinates is often applied to the 
subject which has been brought before the notice of the stu- 
dent in the present Chapter ; and it is easy to explain the 
appropriateness of the term. Let there be any fixed triangle 
ABC, which maybe called the triangle of reference; take 
any point P in the plane of the triangle, and let a, 7 denote 
the perpendicular distances of P from BC, VA, AB respec- 
tively : then a, jS, 7 may be called the three co-ordinates of 
the point P. We shall consider a as j^sitive when P is on 
the same side of BC as A is, and as negative when P is on 
the opposite side of P( 7 ; and a similar rule will be adopted 
with respect to the signs of B and 7. 

The three co-ordinates of a point are connected by a rela- 
tion ; for a% -I- + C7 is equal to twice the area of the tri- 
angle ABC. See Art, 73 . 

It will be seen that the meanings here assigned to a, )8, 7 
correspond with those already adopted in this Chapter, except 
that the signs are reversed. Thus to connect trilinear co- 
ordinates with the common co-ordinates we may suppose a to 
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stand for p — re cos a — y sin or, and make similar suppositions 
with respect to /8 and 7. 

Formulce which involve trilinear co-ordinates may be in- 
vestigated immediately from the definitions without any re- 
ference to the common co-ordinates ; or they may be investi- 
gated with the aid of the common co-ordinates. The latter 
method is naturally suggested by the plan of an elementary 
work like the present; and accordingly we have in substance 
adopted this method in the present Chapter. We will now 
discuss briefly a few more applications of trilinear co-ordi- 
natas ; the student should also exercise himself by the ex- 
amples at the end of the Chapter. 

I. To find the angle between two given straight lines. 

Let Xa -f- /t/S 4- J'y = 0 and Xa -f == 0 be the e(jua- 

tions to the straight lines. 

If we express the first equation in rectangular co-ordinates 
it becomes 

(7- (X cos a-f /i cos/3 -hi/ C0S7) x— (X sin sin ;9-f 1/ siny) y = 0, 

where C is a constant. 

The second equation may bo put into a similar form. 

Let (f) denote the angle between the two straight lines; 
— fX 

then, by Art. 41, tan 6 =-_ j, where 

^ 1 + m?n 

Xcos Of 4- /a cos 4- 1/ cos 7 

X sin a4'/x8in /3-I- i/sin 7 ' 

, , X' cos a 4- fdf cos/8 4- p cos 7 

and m = - ^ , . - , . 

X sma+/Xr smp-h 1/ 81117 

Hence, substituting and reducing, we find tan <f> is equal 
to a fraction of which the numerator is 

{fjip--fjLp) sin (7- ff) -h (i/X'— i/'X) sin (2 —7) 4- (X/i'— Xfi) sin 
and the denominator is 
XX' 4- A4 /a' 4 - w 4- (a^^'4' fiv) CO.S (7 — 0) 

4- [pX 4- pX) cos (a - 7) 4* (X/a' 4- Xfi) cos {0 — a). 

Now we can expre.s8 the angles 7-/3, a— 7, /3 — a in 
terms of the angles of the triangle of reference. For suppose 
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we take any point within the triangle of reference and draw 
perpendiculars on the sides; then the angle between the per- 
pendiculars on AB and AG the supplement of A : thus 
either 7 - /3 = 180® - ^ or )3 -- 7 = 180® - A. It depends on 
the position of the axis of x in the rectangular co-ordinates 
which of these cases holds. 

We shall thus find that 

cos (7-^8) = — cos cos(a-7)=--cos^, cos(y8— a) = - cos(7, 
sin (7— )8) = ± sin A, sin (a— 7) = + sin JS, sin ()3 — a) = + sin (7 ; 

and in the second line we must take the upper sign in all 
three cases, or the lower sign in all three cases. 

Thus finally tan^ is equal to the following expression 
with the double sign prefixed. 

fjbv) sin A 4- sin B 4- (X/a'— V^) sin C 

W' ixfjL'\-vv — [fiv 4“ ^ v) cos .4 — (i' V 4- v\) cos B — (X/i' 4- X'/x) cos C 

Again, by Art. 41, 

jL _ 

“ 7(rTm*)V(i +♦»'*) * 

Proceeding in the same way we find that sin is 'equal to 
a fraction of which the numerator is 

4 ( (jiv— /Mv) sin A 4- (j'V — v\) sin B 4 {Xfi — X'/x) sin C], 
and the denominator is the product of 

>v/(X® 4 M* + — 2/XI/C0S-4 — 2*'Xcos7?— 2X/XCOS C) 
and \/(X'®4 /x'*4i^'*— 2/xV cos A — cos 7?— 2X'/x' cos (7). 

II. To find the condition that two straight lines may he 
at right angles. 

The value of tan must be infinite, and thus the deno- 
minator of the fraction obtained for tan <f) must be zero. 

III. Let ABC be the triangle of reference ; and suppose 
the straight line denoted by ia4 w/8 4 n7 = 0 to cut the sides 
♦of the triangle at D, E, irrespectively. 

At D we have a = 0, and therefore 4 117 = 0. Here 
denotes the length of the perpendicular from Don AC, so that 
/S « CD sin C ; and 7 denotes the length of the perpendicular 
from D on AB, so that 7 « BD sin B. 
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Thus m CD sin (7 s= — nBD sin B. 

Similarly at E we have 

/3=0, 7 = ^^sin-4, a=Ci?sinC; 
therefore nAE sin -4 = — i CE sin C. 



And at i^we have 

7 = 0, a = - BE sin B, ^ = AFmi A ; 
therefore IBF sin B = mAF sin A. 

Hence by multiplication we obtain 

CD.AE.BF^BD. CE.AR 

See Appendix to Euclid^ Arts. 56... 58. 

IV. Let ABC ha the triangle of reference: we shall 
shew how the constants Z, n in the equation to a straight 
line Id + -f 717 = 0 may be expressed in terms of tho sides 
of the triangle and the perpendiculars from its angles on the 
straight line. 

Let p, q, r denote the perpendiculars drawn from A, B, C 
respectively ; any two of them will be considered to be of the; 
same sign or of contrary signs according as they fall on the 
same side of the straight line or on contrary sides. 

Proceeding as in III. we have 

mCHsin 0^ — nBDAxiB\ 


but 

CD r 

£D~ q' 

therefore 

mr sin C=nq sin B, 

therefore 

mre = nqb. 

Similarly 

npa = Ire, 

and 

Iqh 
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Hence 


A ^ 

jpa qb'^rc* 


and the equation to the straight line becomes 


jpoa + j J)3 + r C7 = 0. 


V, 7 b find the length of the perpendicular drawn from 
a given point on a given straight line. 

Let (a', 7 ) be the given point, and Xa + /x )8 + = 0 

the given straight line. 

By Art. 49 the perpendicular distance is 
Xa' 4- fi0 4- vy’ 

where — -4 =X cos a 4- cos /8 4* 1^0087, 

— B = X sin a 4- sin )3 4- sin 7. 

Thus -4*4-i5*== 


X* 4- f*'*+ v*+ 2fiv cos(/3 — 7 ) 4- 2vX cos (7 — a) 4* 2X^ cos (a — / 8 ) 
ssX* 4 ft* 4 V* — ifiv cos A — 2v\ cos B — 2X/i cos (7. 


VI. Suppose we take for the fixed point the vertex A of 
the triangle of reference, so that / 8 ' = 0 and 7 ' = 0 ; and use 
the values of /, fw, n found in IV. Thus the length of the per- 
pendicular from A on the straight line pad 4 gh^ 4 * rcy = 0 is 

^ 

\/(pV 4 rV — 2qrbc cos A — 2rpca cos B — 2pqah cos G) ’ 

and this perpendicular is equal to p. Moreover if A denote 
the area of the triangle of reference a a = 2 A. Hence finally 

4A*=^V4-j*J*4-rV— 25 'r 6 ccos. 4 — 2 / 7 ?cacosB— cos (7, 

This relation then must hold between the lengths of the 
perpendiculars drawn from A^ B, C on any straight line. 
Substitute for cos A, cos B, and cos C their values in terms of 
the sides of the triangle ; then the result may be put in the 
form 

a* {p - q) {p - r) + h* (q - r) (q ~ p) +<^{r-p){r-q). 

This may be easily verified. For we see that if it be 
true for one straight line it must be true for every parallel 
straight line, since it involves only the differences of the per- 
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pendiculars jt>, q, n It will be suflScient then to shew that 
the result is true for every straight line which passes through 
an angular point of the triangle. 

Take any straight line through A, suppose it to make an 
angle 0 with AB^ and an angle <f> with AC; so that 

+ ^ + 

Then j) = 0, y = csind, r = Jsin<^, 

We have then to shew that 

+ rV — 2qrhc cos A = 4A*. 

The left-hand member 
== 6V (sin* 6 -f sin* <f> — 2sm0 sin <f> cos A) 

= {sin* 6 + sin* -f- 2 sin 0 sin ^ cos (^ + ^)} 

= 6V {sin* d (1 - sin* (^) + sin* (1 - sin* 6) 

+ 2 sin 6 sin 4> cos 6 cos 
= &*c* {sin*d cos* 0 4- sin*^ cos® d + 2 sin d sin ^ cos d cos 
= i*c*sin*(d-f.<^) = t*c*sin*^. 

This establishes the required relation. 


VII. We have seen in Art. 09 that every straight line 
can be represented by an equation of the form 


h -f 4- wy *= 0. 

We shall now shew conversely that every equation of this 
form, with a single exception, will represent some straigljt 
line. 

Develope the equation as in I. ; then we see that it must 
represent a straight line except when 

Z cos a + wi cos ^ + n cos 7 = 0, 
and Z sin a + m sin ^ -f- n sin 7 = 0. 

Eliminate n ; thus 

Z sin (7 — a) 4 m sin (7 - ^ = 0 ; 


Z 


m 


therefore . - ^ , 

sin (7-/9) Bin (a -7)’ 

and in the same way we find that each of those is equal to 

n 

sin (/9 — a) ’ 



74 CO-OEDINATES. 

tjr wkat is shewtt in L we have 
^ ^ n 

sin sin sin (7* 

It follows that Za4'W/8 + n 7 = 0 mK always denote a 
straight line except when Z, m, and n are proportional to 
sin J, sin J?, and sin 0, that is to a, 6, and c. 

And we have seen that aa + + cy expresses double the 

area of the triangle of reference, so that it cannot be equal 
to zero. 


VIIL In the equation -4a; + jBy + (7 = 0, suppose that 
A and B diminish indefinitely while C remains constant. 
The straight line represented by the equation then moves 
away to an indefinite distance from the origin ; for the inter- 


G 


cepts on the axes are — ^ and 


G 

B' 


In like manner if Z, m, n are in proportions to each other 
which differ infinitesimally from the proportions of a, h, c the 
straight line Za 4* + wy «= 0 is situated at an indefinitely great 
distance from the triangle of reference. For abbreviation it is 
usual to speak of the equation aa + hj84-cy = 0 as denoting 
a straight line at an infinite distance, or a straight line at 
infinity; very often the equation is said to represent the 
straight line at infinity, which is open to the objection that 
it seems to imply that there is some definite position towards 
wliich tlic straight line tends as it moves away from the 
triangle of reference. 


IX. To find the equation to the straight line which passes 
through two given points. 

Let (otj, y,) and (a., /3,, y,) be the two points. Then, 
as in Art. 35, assume for the equation to the straight line 

Za + + wy = 0. 

Thus Zsfj + + ay^ = 0, 

and Za, + m/9, + ny, = 0. 

Hence we deduce 

I 


m 


n 
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and tlie required equation is 

a ifiiJt - ^.7.) + 0 (7A ~ 7.*,) + 7 (««,^» “ “ 0. 

Hence the condition which must hold in order that the 
point (a,, j8 , may be on the straight line which joins the 
points (a„ 7J and (a„ 7.) is 

«»08i 7* - ^*7i) + (7A - 7A) + 7s (« A - ^i ) « 0. 


X. Denote the condition just obtained by TssO for 
abbreviation. The expression for the same condition in com- 
mon rectangular co-ordinates is by Art. 36 

- ^s^s + ^J/i - ® 

which we will denote by (7=0. 


We may infer that if we transform from trilinear co-ordi- 
nates to common rectangular co-ordinates the condition 2^= 0 
will become (7=0; so that, whether the three points are in 
the same straight line or not, T can only diflFcr from C by 
some constant factor which does not depend on tlic cr)-()rdi nates 
of the points. But, by Art. 11, when the three points are not 
in the same straight line G expresses double tlie area of tlio 
triangle which can be formed by joining them. Hence we 
conclude that the area of this triangle can also bo expressed 
by kT, where k is some constant. 


Wc may find the value of Jc by considering a particular 
case. Let the three points be the vertices of the triangle of 
reference ; so tliat we may take ^0, 7, = 0, = 0, = 0, 

=z0, J3^ = 0. Thus T reduces to which is equal 

to ; therefore k = A ; therefore it= . 
faoc abc oA“' 


Hence the area of the triangle formed by joining the 
points (cfj, 7,), (23, /3,, 7,), and (a„ /Sg, 7,) is 

|a. 0,7, - ^,7,) + 0x (7,«, - 7,«,) + 7, («A “ «A)| • 


XI. The student should carefully notice in this subject 
that geometrical theorems may often be obtained by inter- 
preting equations which naturally present themselves in our 
investigations. For example in Art. 72 we have shewn the 
meaning of the equations /9 + 7 = 0, 7 + a«0, a-hj8 = 0: 
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we are naturally led to consider the meaning of the equation 
a + /8 + 7 = 0. The straight line thus denoted passes through 
the intersection of 7t=0 and a = 0, and through two 
analogous points. Hence we have this result : the straight 
lines which pass through the angles of a triangle and bisect 
the supplemental angles meet the respectively opposite sides 
in three points which lie on a straight line. Similarly we 
may interpret the following equations ; 

i9 + 7~a = 0, 74-a--)9 = 0 , a + i8-7 = 0 . 

XII. It is very easy to pass from trilinear co-ordinates to 
common oblique co-ordinates. Suppose we have any equation 
between a, y 9 , and 7 ; wc can express 7 in terms of a and 
by means of the relation ai + + 07 = 2 A, and thus trans- 
form the given relation into one involving only a and j8. 


i> 



Let -47 ? (7 bo the triangle of reference. Suppose CA the 
axis of £t, and CB the axis of y. Lot P be any p(dnt ; a:, ;/ 
its co-ordinates. Draw PJI parallel to BO, meeting A G at J/. 
Then if a and /3 refer to the point 1 \ wc have 
j8 = Pil/sin ( 7 =ysin C\ 

and similarly a = arsin ( 7 . Thus if we substitute xsmC 
for a, and 7/ sin C for fi, we finally transform the equation into 
one involving the common oblique co-ordinates x and y. 


EXAMPLES. 

1. Find the equation to the straight line passing through 
the origin and the point of intersection of the straight lines 


a^b ^ 




1 . 


2. A, A' are two points on the axis of x, and 7 ?, P' two 
points on the axis of y, at given distances from the origin ; 
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AB and AB* intersect at P, and AB and A*B at Q ; find 
the equation to the straight line FQ, and shew that tlic axes 
are divided harmonically by it. 

3. If a = 0 , = 0 , 7 = 0 be the equations to the sides 

of a triangle ABC opposite the angles A, B, C, prove that 
asinJ — ^smjB =0 is the equation to the straight lint‘, 
bisecting AB from C. 

4. Prove by means of such equations as that given in the 
preceding Example the hrst proposition in Art. (54. 

5. Shew that acos A cos B = 0 is the equation to tlu^ 
perpendicular from C on AB. 

G. Hence prove the second proposition in Art. C4. 

7 . If c be the lengths of the sides of a triangh* 
opposite the angles A , G, resjwjctivcly, prove that 

c 

a cos A — )9 cos jB 4- ”5 (sin BcosA-^ sin A cos B) = 0 


is the equation to the straight line which bisects A B and is 
perpendicular to it. Tlie eejuation may also be written 


a sin Psiu C\ 
2 sin -4 J 


tsiu Csm A\ 


2 sm ^ y \ 2 sin B J 

8 . Hence prove the third proposition in Art. 04. 

9. Interpret the c(|uation aa + 6/3 = 0. 

10 . Hhew that ax + ft/S — C 7 = 0 is the equation to tin! 
straight line which joins the middle points of AC and BC. 


11 . Shew that a cos ^ 4 - /9 cos P — 7 cos (7= 0 is the e(|ua- 
tion to the stmight line which joins the feet of the peri)en- 
diculars from A on PC, and from B on A 0. 


12. If straight lines be drawn bisecting the angles of a 
triangle and the exterior angles formed by proclucing th<! 
sides, these lines will intersect at only four points besides the 
angles of the triangle. 


13. If = = 0 be the equations to three? 

straight lines, find the equation to the straight line passing 
through the two points 


u V 

m 


w , u 
— , and yr 
n I 


V 

m 


w 

} • 

n 
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14 . Find the equation to the straight line passing through 
the intersections of the paiis of straight lines 

2 au + bv + cw^ Of 61; — cm; = 0 ; 
and 2 Jm + at? + etc = 0, ar — cm; = 0. 

15 . If a = 0, /8 = 0, 7 = 0 be the equations to the sides of 
a triangle JBC, shew that the equation to the straight line 
which joins the centres of the inscribed circle and the circum- 
scribed circle is 

a (cos JS — cos C ) -f )8 (cos (7 — cos -d) + 7 (cos .4 — cos = 0 . 

IG. If the equations to the sides of a triangle ABC he 
w = (), t; = 0, w = 0 , and to the sides of a triangle ABG\ 
u=^afV^h,w^c, then AA\ BB, and CC' meet at a point. 

17. If the straight lines AA\ BB\ CC\ in the last 
Example meet respectively the sides of the triangle ABC at 
Df B, Ff shew that the intersections of DE and ABy of EF 
and BGy of FD and CAy will all lie on one straight line ; and 
that a similar projxjrty will hold for the intersections of the 
same straight lines with the sides of the triangle A'BG\ 

18 . In Art. 75 , suppose the straight line joining F and 
G to meet AB at Pand CD at Q ; then find the equations to 
Cl\ DPy AQy BQy in terms of the notation of that Article. 

19 . From the middle points of the sides of a triangle 
straight linos are drawn at right angles (all internal or all ex- 
ternal) and proportional to those sides ; prove that the straight 
lines which join the angles with the extremities of the oppo- 
site perpendiculars pass through one point. 

20. Let the three diagonals of a quadrilateral be produced 
to meet each other at three points, and let each of these 
points be joined with the two opposite corners of the quadri- 
lateml ; the six straight lines so drawn will meet each other 
three and three at four points. 

21 . In the figure constructed in the preceding Example 
the four straight lines which meet each other at any comer of 
the quadrilateral are so related that two of them are parallel to 
the sides, and two to the diagonals of some parallelogram. 

22. Shew that the three points of intersection which are 
found in Examples 4 , 6, 8, lie on the straight line 
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o sin -4 cos -4 sin (5 - (7) + /S sin jB cos 5 sin ( (7 — 4 ) 

+ 7 sin Ceos Csin (4— ^ = 0 . 

23. Let any point P be taken in the plane of a triangle 
ABGf and from the angular points 4, B, U let straight lines 
be drawn through P cutting the opposite sides at P, E, Pro- 
spectively ; if the eauations to PC, C4, AB be u = 0 , v *= 0, 
«? = 0 respectively, snew that the equations to 4P, PP, CP 
maybe taken to be mv — nw; = 0 , riw-iw = 0 , Za-mt? = 0 ; 
and find the equations to PP, PP, PP. 

24. With the notation of the preceding Example let PP 
and PC be produced to meet at 4 , let PP and CA be pro- 
duced to meet at P', and DE and AB at C' : then show that 
4', P, C' lie on one straight line. 

25. With the notation of the preceding Example show 
that PP', CC\ and 4P meet at a point; also CC', 44', and 
PP; and 44', PP' and CP. 

26. Three points 4', P', C' in the sides PC, C4, AB of 
a triangle being joined form a second triangle of which any 
two sides make equal angles with the side of the former at 
which they meet. Shew that 44', PP, CC' are perpen- 
diculars to PC, C4, 4P. 

27. 4PC is any triangle, 0 the centre of the inscribed 
circle, C' the centre of the escribed circle which touches i/C. 
The straight line 00' meets PC at P, and any straight line 
drawn through P meets 4 C at P and 4P at P. The straight 
lines OP and O'Pmeet at P, and the straight lines OP and 
O'Pat Q. Shew that 4, P, and Q lie on one straight lino 
perpendicular to 00 '. 

28. Find the equations to the two straight lines which 
bisect the angles formed by the straight lines 

la + 771)3 -f ny = 0 , and I' a + w '/8 -f n '7 *= 0 , 

29. Shew that the co-ordinates of the point of inter- 
section of Z'a + m') 8 - 1 - 7 i '7 = 0 , and Tot + 77 i "/8 + = 0, are 

given by 

a ^ 7 

m'n" - 77i"n' ~ n'r' - n't “ ZW' - l"m 

2 A 

a {pin — mn) + b {nt — 71 " i) H- c (Z'm" — i 
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30 . Find the length of the perpendicular drawn from the 
intersection of fa + jn '/3 n'7 = 0, and I'a . + = 0, on 
ia+w)8+ 717=0. 

31 . Shew that the area of the triangle formed by the 
straight lines 

+ m /9 + 717 = 0, 1'a + + 71 7 = 0, and V a + + «"7 = 0, 

. ^abc {mn - m'n) + m {nT - ti'T) + n {I'm" - Z'W)}* 

18 - BI/I)" 


where D = a {m'n" - m"n') + b {n't' - n"t) + c {tm" - I'm"), 
1/ = a {m"n — mn") + h (n'7 — nt') + c (I"m — Im"), 
H' = a {mn — m'n) +b{nt — lit) + c {Im' — t m). 


32. Find the condition which must hold in order that the 

cx 3 S y y CL 

equations ^ = yX represent three parallel 

straight lines. 

33 . When the condition in the preceding Example is satis- 
fied find the condition which must hold in order that the 
straight line h + 7n/3 + 717 = 0 may be parallel to the three 
straight lines. 

34. Find the condition wliich must hold in order that the 


equations 




_ 7-7 


may represent a straight line. 


3.5. ABG is the triangle of reference ; through any point 
P within the triangle straight lines AP, BPy CP are drawn 
meeting the opposite sides at E, F respectively : if the 
equations to Ar^ BP, CP are 

mfi — ny = 0 , ny — fa = 0 , fa — mjS = 0 , 


compare the areas of AEF amd DEF with that of ABC* 


30. Perpendiculars are drawn from the angles of a tri- 
angle on the opposite sides, and a second triangle is formed 
by joining the feet of these perpendiculars: shew that the 
two triangles are homologous, and that the equation to the 
axis of homology is 


+ j 8 cosJ?-|- 7 cos (7=0. 
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37. Investigate the condition which must hold in order 
that the following equation may represent two straight lines: 

Aa‘ + BJ3‘+ Cy^ + 2Dj3y + 2 £y 2 + 2Fa/3^ 0. 

38. Investigate the following expressions for the square 

of the distance between the points (oj, 7 J and (or^, 7J : 

sin^* a 

(a^ ~ ttj * sin 2A + - 0^Y sin 27? 4- (7, ~ 7^,)* sin 2 O 

2 sill A sin 7? sin C ' 

sin A sin B sin C 


T. C. S. 


6 
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CHAPTER V. 

TRANSFORSIATION OF CO-ORDTNATES. 

79. We have seen in the preceding Articles that the 
general equation to a straight line is of the form y = mx + c, 
but that the equation takes more simple forms in particular 
cases. If the origin is on the straight line the equation be- 
comes y = 7rix ; if the axis of x coincides w ith the straight line, 
the equation becomes ,y=0. In a similar manner we shall 
see as we proceed that the equation to a curve often assumes 
a more or less simple form, according to the position of the 
origin and of the axes. It is consequently found convenient 
to introduce the propositions of the present Chapter, which 
enable us when we know the co-ordinates of a point with 
respect to any origin and axes, to express the co-ordinates of 
the same point with respect to any other given origin and 
axes. It will be seen that these propositions might have been 
placed at, the end of the first Chapter, as they involve none of 
the results of the succeeding Chapters. 

80. To change the origin of co-ordinates without changing 
the direction of the axes, the axes being oblique or rectangtdai\ 



Let OX, or be the original axes; C/X', (XT the new 
axes; so that OX' is parallel to OX, and C^r' to OT. 



CHANGE IN DIRECTION OF RECTANGULAR AXES, 

Let h, k be the co-ordinates of O' with respect to 0. Let P 
be any point ; x, y its co-ordinates referred to the old axes ; 
x\ y' its co-ordinates referred to the new axes. 

Let Y' O' produced cut OX at A ; draw PM parallel to 
OF meeting (JX* at N\ then 

OA^h, AO^=-k; 
x==OM=rAM+OA= aN-h OA = x' + h, 
y = PM= PN + iYJ/= P.Y + ^0'= y 4- k. 

Hence the old co-ordinates of Pare expressed in terms of 
its new co-ordinates. 

81. To change the direction of the aa'cs without changing 
the origin^ both systems being rectangular. 



Let OX, OF be the old axes; 0X\ OY the new axes, 
both systems being rectangular ; let the angle XOX* « 6, 
Let P be any point; x, y its co-ordinates referred to the old 
axes ; x\ y' its co-ordinates referred to the new axes. Draw 
P^ parallel to OF, PM* parallel to OY, MN parallel to 
OF, and M'R parallel to OX. 

Then a? « OJf = ON- MN^ ON- MR 
= OM* cos XOX' - PM sin M*PB 
*= X* cos ^ — y sin 0 ; 
yr^PM^ RM+PJt^^MN+PB 
= X* sin 0 + y* cos 0. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

C— 3 
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82. In the preceding Article ^ is measured from the 
positive part of the axis of a; towards the positive part of the 
axis of 7/ ; therefore if in any example to which the formulaj 
are applied, OA^' fall on tlie other side of OX, 6 must be con- 
sidered negative. 

From the formulm of the preceding Article, we see that 
+ = 

this of course should be the case, since the distance OP is the 
same whichever system of axes we use. 

S3. To change the direction of the axes without changing 
the origin, both systems being oblique. 


/r 



Let OA', OY be the old axes; OX', OY* the new axes. 
Let (A'^F) denote the angle between OX, OY\ and let a 
similar notation be used to express the other angles whicli 
are formed by the straight lines meeting at 0. Let P be any 
point ; ar, y its co-ordinates referred to the old axes ; x, y' its 
co-ordinates referred to the new axes. Draw PM parallel to 
OY, and PM' parallel to OF ; from P and M* draw PL, 
JP AT perpendicular to 01'; from J/' draw M'R perpendicular 
to PL. Then 

x^OM, y^PM\ 

x'^OM\ y'^PM\ 
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Now PL = perpendicular from M on OY- x sin (A"F), 
also PL + Pi? = PR 

= Oir sin rOY^ PM' sin TOY 
= X sill (X' Y) + y sin ( F' Y ) ; 
therefore xsin (XY) = x sin (A^'F) + y sin ( YY) (1). 

Similarly by drawing from P and J/' perpendiculars on 
OX we may shew that 

y sin ( YX) = x' sin (X'X) + y sin ( F'A) (2). 

Equations (1) and (2) express the old co-onlinates of P 
in terms of its now co-ordinates; (FV) and (.VF) denote 
the same amjle, but vvc* use both forms for greater symmetry. 

Let AOA' = a, A0}" = )8, A()F=a);%lien (1) and (2) 


become 

X sin ft) = X sin (ca — a) -f ?/ sin (w — /9) (8), 

y sin G) = ic' sin a -f y' sin /3 (4). 


tS4. Two particular cas(‘s of the general proposition in 
the preceding Article may be noticed, 

TT 

If the original axes are rectangular o> = , and the eipia- 

tions (3) and (4) bt'comc* 

x=^x cos OL+y cos /3, y = x sin a + y' sin 

TT 

If the new axes be rectangular ^8 = + a, and the equa- 

tions (3) and (4) become 

X sin w = X sin (&> — a) — y cos (o) — a), 
y sin (o = x sin a + y* cos a. 

85. Suppose we re<}uire to change both the origin and 
the direction of the axes; let .t, y be the co-ordinates of a 
point referred to the old axes ; x\ y the co-ordinates of the 
same point referred to the new axes. By Arts. 80 and 83 
we have x^x^ + hy y — y^ + ky where h and k are the co- 
ordinates of the new origin referred to the old axes, and 

X sin (g) — a) -f y' sin (g) — ^) _ x sin « + y sin 

~ sin'w ^ sin a 

The expressions for a?, and y^ will simplify when one or 
each of the systems is rectangular. (Sec Art. 84.) 
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CHANGE OF ORIGIN AND DIRECTION. 


86. The formulsB which connect the rectangular and 
polar co-ordinates of a point in the particular case in which 
the origin is the same in both systems, and the axis of x 
coincides with the initial line, have already been given. 
(See Art. 8.) The following is the general proposition. 

To connect the polar and rectangular co-ordinates of a 
point. 

Let OX, 0 F be the rectangular axes ; let 8 be the pole 
and 8 A the initial line. Let A, k be the co-ordinates of 8 
referred to 0; draw 8X' parallel to OX, and let the angle 
A8X' = a. 



Let P be any point ; x, y its co-ordinates referred to the 
rectangular axes; r, B its polar co-ordinates. Draw PAf, 
8C parallel to OF, the former cutting SX' at N, and join 
8P\ then 

»=Oil/, y = PJ/, 

r = 8P, 6 = the angle P8A. 


And OC^CM^OC^rSN 

= A -hr cos (5 + a) (1), 

y^MN + PN==8C+PN 

= A-f rsin(d4-a) (2). 

If a = 0 we have 

xsaA + rcosfl (3), 

y « A + rsin<? (4). 



POLAE AlTD RECTANGULAR CO-ORDINATES. 
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87. By means of the formulae of the present Chapter we 
shall sometimes be able to simplify the form of an ecjuation ; 
for example, the axes being rectangular, suppose we liavc 

y4-a:" + 6ajy=2 (1). 

This equation represents some locus, and by ascribing 
different values to x and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an angle of 45^ In 

the formula3 of Art 81 put ^ for 6 ; thus 


X 


X — ;/ 



( 2 ). 


Substitute these values in (1) ; thus 

{x + y')' + ~ yy + ~ yy = ; 

therefore 2 {x'*‘ y^) + 6 (x'* — = H, 

or + = l (:i). 

Since (3) is a simpler form than (1), we shall find it easier 
to trace the locus by using (3) and tlie new axes, than by 
using (1) and the old iixcs. The student must observe that 
we make no change in the Ioctis by thus changing the axes 
or the origin to which we refer it; that is, equation (1) 
represents precisely the same assemblage of points as (3) ; 
for instance, the point for wdiich x = \ and ?/ = 0 is obviously 
situated on the locus (3) ; now this point will by (2) hav(i lor 

its co-ordinates referred to the old systcun ^“^2* 

and these values satisfy (1), that is, this point is on ths 
locus (1). 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Axf^^ we substitute the values of x and y in terms 
of X and y* given in Arts. 80... 84, we obtain 
A {ax 4* y + hY {cx + ey* 4- kY, 
w'here a, 6, c, e, h,k are all constant quantities; by expanding 
this expression we shall obtain a series of terms of the form 
where 7 + 8 cannot be greater than a4-)8. Hence 
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EXAMPLES. CHAPTER V. 


the degree of an equation cannot be raised by transformation 
of co-ordinates. Neither can it be depressed ; for if from a 
given equation we could by transformation obtain one of a 
lower degree, then by retracing our steps we should be able 
from the second ecjuation to obtain one of a higher degree, 
which has been shewn to be impossible. 


EXAMPLES. 

] . Change the e({uation = a® cos 29 into one between 
X and y, 

2. Shew that the equation 4a?y - = a® is changed 

into a:®— 4?/* = a*, if the axes be turned through an angle 
whose tangent is 2. 

3. Transform = that the new axis of x 

may be inclined at 45® to the original axis, 

4. The equation to a curve referred to rectangular axes 
is ?/ + 4oy cota--4aaj = 0; lind its equation referred to 
obli(iuc axes inclined at an angle a retaining the same axis 
of X, 

5. Sliew that the equation = a ^ ) will admit 

of solution with respect to y if the axes be moved through 
an angle of 45®. 

6. If a?, y be co-ordinates of a point referred to one 
system of oblique axes, and x\ y the co-ordinates of the same 
point referred to another system of oblique axes, and 

X = mx* + ny\ y = mx + ry\ 

m* -f* /a'* — 1 _ mm 
li* -f w'* — 1 nii 


shew that 
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CHAPTER VI. 

THE CIRCLE. 

88. We now proceed to the consideration of tlie loci 
represented by equations of the second depfree ; the simplest 
of these is the circle ^ with which Ave shall commence. 

To find the equation to the circle referred to any rectanyular 
axes. 



Let Cho the centre of the circle ; P any point on its cir- 
cumference. Let c be the radius 4»f tlie circles; a, h tlui co- 
ordinates of C\ x,y the co-ordinates oiP. Draw CN, PM 
parallel to OY^ and CQ parallel to OA" Then 

C(r + PCf=^aF; 

that is, hf-c^ (1), 

or ic* + y* — 2.ax -2by -f + 6* ~ c' = 0 (2). 

This is the equation required. 

The following varieties occur in the e(|uation. 

1. Suppose the origin of co-ordinates at the centre of the 
circle; then a = 0, and i = 0; thus (1) and (2) become 
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EQUATION TO THE aECLE. 


II. Suppose the origin on the circumference of the circle ; 
then the values a; = 0, y = 0, must satisfy (1) and (2) ; 
therefore 

a* 4* — c* = 0, 

which relation is also obvious from the figure, when 0 is on 
the circumference ; hence (2) becomes 

/r* + y® — 2ax — 2iy = 0 (4). 

III. Suppose the origin is on the circumference, and that 
the diameter which passes through the origin is taken for the 
axis of X ; then fi = 0, and a® = c® ; hence (2) becomes 

^* + y*“’ = 0 (5). 

Similarly if the origin be on the circumference and the 
axis of y coincide with the diameter through the origin, wc 
have a = 0, and i* = c® ; hence (2) becomes 

ic^ + y®- 26y = 0 ,(6). 

Hence we conclude from (2) and the following equations, 
that the equation to a circle when the axes are rectangular 
is always of the form 

ir* + y* 4- Ax 4- i?y + C = 0, 

where A, B, C are constant quantities any one or more ot 
which in particular cases may be equal to zero. 

89. We shall next examine, conversely, if the equation 

;c*4-y*4--da?4- %4- 0 = 0 (1) 

always has a circle for its locus. 

Equation (1) may be written 



I. If ,4® 4* J5* — 40 be negative^ the locus is impossible. 

II. If -4® 4* B* — 40 = 0, equation (2) represents a point 

■A. J? 

the co-ordinates of which are — ^ ~ "2 * point may be 
considered as a circle which has an indefinitely small radius. 

III. If .4® 4- 5*— 40 be positive, we see by comparing 
equation (2) with equation (1) of the preceding Article that it 
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represents a circle, such that the co-ordinates of its centre are 
^ ^ , and its radius i 4* JJ* ~ 4 C)K 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

+ y* + 4“ C' == 0. 

For example, suppose a;* 4- y* 4- - 8// -5 = 0, 

or (x 4- 2)* 4- 0/ - 4)® = 5 4- 4 + 16 = 25. 

Here the co-ordinates of the centre are — 2, 4, and the 
radius is 5. 


Tangent and Normal to a Circle. 

90. Let two points be taken on a curve and a secant 
drawn through them ; let the first point remain fixed anil 
the second point move on the curve up to the first ; the secant 
in its limiting position is called the tangent to the curve 
at the first point. 

91. To find tlie equation to the tangent at any point of 
a circle. 

Let the equation to the circle be 

»’ + y’=c‘ (!)• 

Let Xy y be the co-ordinates of the i)oint on the circle at 
which the tangent is drawn ; ami x \ y" the co-ordinates of 
an adjacent point on the circle. The equation to the secant 
through {x\ y) and {x\ y”) is 

(*-*') ( 2 ). 

Now since [xy y) and {x \ y") are both on the circumfer- 
ence of the circle, 

therefore by subtraction, — x’^ 4- y"® — y ® * 0, 
or + (y"4-y) = 0; 

f^y\ x^'^x 

y" + y* 


therefore 
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TANGENT TO A CIRCLE. 


Hence (2) may be written 

( 3 )- 

Now in the limit when [x \ if) coincides with {x\ y)y we 
have x' =^x\ and y' = y ; hence (3) becomes 

, 2X . X f K 

V-V 

Thus the equation to the tangent at the point {x , y) is 

y-y' = -^(«-«) W- 

Tliis equation may be simplified ; by multiplying by y and 
transposing we have xx -f yy = x*‘ + if ; 
therefore xx + yy' = c* (5). 

92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the straight 
line makes with the axis of x. For the equation to the tan- 
gent at {x, ij) is yy + = c*, or y = — ^ a; -f . 

, y y 

X 

Let — — = m ; thus the equation becomes 

, 

y = mx + — , . 

y 

We have then to express in terms of m. 

Now a;' =B — my\ and x^ -f y^ = c* ; 
therefore y"'* (1 + m^) = c*, 

and y = - — . 

^ V(i + 

Hence the equation to the tangent may be written 
y = wia: + c J{1 + w®). 

Conversely every straight line whose equation is of this form 
is a tangent to the circle. 

93. The definition in Art. 90 may appear arbitrary to the 
student, and he may ask why we do not adopt that given by 
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Euclid (Def. 2, Book III.). To this wc reply that the defini- 
tion in Art. 90 will be convenient for everu curve, which is 
not the case with Euclid s definition. The student however 
cannot at first be a judge of the necessity or propriety of any 
definition ; he must confine himself to examining the conse- 
quences of the definition and the accuracy of the reasoning 
biiscd upon it. 

We may easily shew however that the straight line re- 


presented by the equjition 

a-x yxj = ( 1 ) 

touches, according to Euclid’s definition, tht^ circle 

+ / = r (2), 


the point {x\ y) being supposed to lie' on the (arclc. To find 
the point or points of intersection of the straiglit line and 
circle we combine the equations (1) and (2) ; substitute in (2) 
the value of y from (1), then 

^ \ y ) 

Oi? {x^ -h y^) — 2c^xx -f c* — cy * = 0, 

cV — 2cVx + = 0 ; 

x* — ^Ixx + x^ = 0 ; 
x = x \ 

therefore from (1), 

Hence (1) and (2) meet at only one point, the point {x\y). 
Hence (1) touches the circle according to Euclid’s definition. 

94. Also every straight line which rnccts the circle at 

point only is a tangent to the circle. 

For suppose a? = c* to be the efj nation to a circle and 
y — mx\ u the equation to a straight line ; to find the points 
of intersection of the straight line and circle we combine the 
equations ; thus we obtain, to determine the iibscisstt? of the 
points, (7n,r + 7i)* + ic® = c* or 1) + = 

Now this quadratic equation will have two roots except when 

(m* + 1) (»* - c*) == m*n*, 
n* = c* (1 + w*). 


or 

or 

therefore 

therefore 


that is, when 
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Hence if the straight line meets the circle it must meet 
it at two points unless this condition holds, and then, by 
Art. 92, the straight line is a tangent to the circle. 

96, Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defi- 
nition of Art. 90 we may suppose both to move along the 
circle until they meet at some fixed point of the circle, and 
the secant in its limiting position will be the tangent at that 
fixed point. For let y) and {x\ y") denote the two 
moving points on the circle, and (a?j, y^) the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 

y-I/ =~y»-j(X-X). 

Ill the limit x and x' each = and y and y” each —y^, and 
we obtain for the equation to the tangent at yj 

y-yx=--,' 

which agrees with the former result. 

90. If the equation to a circle be given in the form 
{x — a)* + (y — 6)® — c* = 0, 

we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 

Let {x\ y) be the point on the circle at which the tangent 
is drawn ; {(x!\ y") an adjacent point on the circle ; then 

(a?' - a)^ + (y' - &)*- c® = 0, [x - o)®-f (y ' - 6)®- c® = 0 ; 
therefore {x* — a)® — {x — a)® 4* (y" — 6)* — {y - 6)* = 0, 
or (a;"- x) [x'-^ a?'- 2a) + (y"- y) (y"+ y- 2J) = 0 . . . (1). 
Also the equation to the secant through [x\ y') and 

X* — X 




.( 2 ). 


By means of (1) this may be written 
a?" + a;' — 2a 


y-y 


y'+y - 26 


(*-*') 


.(3). 
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Now in the limit x” == x and y**—y ; hence we have for 
the equation to the tangent at {x\ y) 

y-y W- 

This may he written 


y-h- (/_ 6) {a:- o- (a:' -a)} ; 

therefore {x — a) — «) + (y — t) {y — b) 

= + = (5). 

97. Definition. The normal at any point of a curve is 
a straight line drawn through that point at right angles to 
the tangent to the curve at that point 

98. To find the equation to the normal at any point of a 
circle. 

Let tho equation to the circle be 

»*+/ = c’ (1), 

and let x\ y be the co-ordinates of a point on the circle, then 
the equation to the tangent at that point is a-vr' -f yy' = c*, or 


Hence the equation to a straight lino through {x\ y) 
at right angles to the tangent at that point is 

y-y ory = ^,ar. 

Since this equation is satisfied by the values a? = 0, y= 0, 
the normal at any point passes through the origin of co-ordi- 
nates, that is, through the centre of the circle. 

99. From any external point two tangents can be drawn 
to a circle. 

Let the equation to a circle be 

+ / = ( 1 ), 

and let A, k be the co-ordinates of an external point. Sup- 
pose x\ y the co-ordinates of a point on the circle such that 
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the tangent at this point passes through 
to the tangent at {x\ y) is 

xx' •\-yy 

Since this tangent passes through (/«, h) 

hx* + ky =c^ 

Also since {x\ y) is on the circle 

= 


The equation 

( 2 ). 

(3). 

(4). 


Equations (8) and (4) determine the values of x' and y. 
Substitute from (3) in (4), thus 



tlicrefore x^ (A* + — 2(?}ix -f c® (c* — i®) = 0. 

The roots of this quadratic equation will he found to be 
both possible since (A, h) is an external point and therefore 
A* + greater than c*. To each value of x corresponds one 
value of y by (3) ; hence two tangents can be drawn from 
any external point. 

The straight lino which passes through the points where 
these tangents meet tlie circle is called the chord of contact 


100. Tangents are drawn to a circle from a given external 
point; to find the equation to the chord of contact 

Let A, k be the co-ordinates of the external point ; a:,, y^ 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the circle ; y^ the co-ordinates of the point 
where the other tangent from (A, k) meets the circle. 

The equation to the tangent at yj is 

xx^ + yy^ = e ( 1 ). 

Since this tangent passes through (A, A), we have 

H + = (2). 

Similarly, since the tangent at {x„ y,) passes through 

(/<, h), 

/ix, + i:y, = c* (3). 

Hence it follows that the equation to the chord of con- 
tact is 
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For (4) is obviously the equation to some straight line : 
also this straight line passes through yj, for (4) issatislieil 
by the values x — y — as we see from (2) ; similarly 
from (3) we conclude that this straight line passes through 
{x^y yj. Hence (4) is the recjuired equation. 

Thua we may proceed as follows in order to draw tan- 
gents to a circle from a given external point : draw th^ 
straight lino which is represented by (4) ; join tlio points 
where it meets the circle with the given external point, and 
the straight lines thus obtained are the required tangents. 

101. Throvgh any fixed point chords are drawn to a circle, 
and tangents to the circle drawn at the extremities of each chord; 
the locus of the intersection of the tangents is a straight line. 

Let h, k be the co-ordinates of the point through which 
the chords arc drawn ; let tangents to the circle hc‘ drawn at 
the extremities of one of these chords, and let (.r, , y,) hi* the 
point at which they meet. The oijuation to the correspond- 
ing chord of contact is, by Art. 100, xx, +yy, —c'i But this 
chord passes through (h, k ) ; therefore hj\ -f iy, = c\ 

Hence the point {x^, lies on the straight line 
xh + yk = c* ; 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now demonstrate the converse of this proposition. 


102, If from any point in a straight line a pair of tan- 
gents be drawn to a circle, the chords of contact will all pass 
through a fixed point 


Let Ax + By + (7 »■ 0 (1 ) 

be the equation to the straight line; let {x\ y) be a point in 
this straight line from which tangents are drawn to the circle; 
then the equation to the corresponding chord of contact is 

xx' -^yy (2). 


Since {x, y) is on (1) we Lave Ax' + By + (7=0; 
, - , , f Ax 4* 0 • 

therefore (2) may be written xx —y — ^ — = c , 
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Now, whatever be the value of x, this straight line passes 
through the point whose co-ordinates are found by the simul- 
taneous equations x — ^ q. c® = 0; that is, Jhe point 


for which y = — 





103. The student should observe the different interpreta- 
tions tliat can be assigned to the equation xh + yfc — c® = 0. 

I. If (A, h) be any point whatever, the equation repre- 
sents the locus of the intersection of tangents at the extre- 
initios of each chord through (/i, k). (Art. 101.) 

II. If (/t, k) be an external point, the equation represents 
the chord of contact (Art. 100.) 

III. If (A, k) be on the circle, the equation represents the 
tangent at tliat point. (Art. 91.) 

In the following figures Q denotes the point (A, k), and 
HR the straight line xh + yk=^ c\ 
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In the first figure Q is within the circle, and the straiglit 
line RR receives only the interpretation I. 

In the second figure Q is without the circle, henco the 
straight line RR receives both interpretations 1. and II. ; if 
therefore tangents be drawn from Q to tho circle they toill 
meet it at the points where RR intersects it 

If Q be on the circle, then RR becomes tho tangent at Q, 
Oblique Axes. 

104. To find the equation to the circle referred to any 
oblique axes. 



Let G) be the inclination of the axes ; lot C bo tho centro 
of the circle ; P any point on its circumference. Lot c bo 
the radius of the circle; a, h the co-ordinates of C\ x, y tho 
co-ordinates of P. Draw ON, PM parallel to OY, and CQ 
parallel to OX. Then 

CP^=C(^ + PCf - 2CQ . PQ cos CQP 

= + COSO); 

that is, (a; — o)* + (y — If + 2 (a? — a) (y — &) cos co = c* ; 
or, a;*-|-y*+ 2a*y cos« — 2 (a -p 6 cosg)) a: — 2 (6 + « cos (o) y 

+ a* + 6* + 2ai cos w — c* = 0. 
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Hence the equation to the circle referred to oblique axes 
is of the form 

0 = 0 , 

where J, By C are constant quantities. 

Polar Equation, 

105. To find the polar equation to the circle. 



Let S he the polo, SX the initial line ; C the centre of 
tlie circle, P any point on its circumference. 

Let SC—ly CSX — a, so that I, a are the polar co-ordi- 
nates of C ; let c be tlic radius of the circle ; and let 6 be 
the polar co-ordinates of P, 

Then (7P* = P^ + - 2PS . CS . cos PSC ; 

tliat is, c* = r*+P— 2ir cos(0 — a) (1), 

or r^ — 2rl (cos a cos 0 + sin a sin 0) -f f* — c®= 0 ... (2). 

Hence the polar equation to the circle is of the form 
r* + Ar cos0-f- Br sin^+ C— ().... (3). 

The polar equation may also be deduced from the equa- 
tion referred to rectangular axes in Art. 88, by putting rcosd 
and rsin 6 for x and y respectively. 

If the initial line be a diameter we have a = 0, hence (1) 
becomes 

r*— 2ir cos^ + P — c* = 0 (4). 
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If, in addition, the origin be on the circumference P = 
therefore r *= 2/ cos (5). 


106. To express the perpendicular from the ordgm on the 
tangent at any point in terms of the radius vector of that 
point 

Let SQ be tlie perpendicular from the origin on tlie tan- 
gent at F, and suppose SQ^p; then 

SC^ = SP^ + PC^ - 2SP . PC cos SPC 
= SP^ + PC^ - iSP. PC sin SPQ ; 
that is, P = r* + c* - 2c/). 

In tlie figure iSand C are on the same sid(' of the tangent 
at P, If we take P so that the triiigeut at P liills between kS 
and C, we shall find P «= r** + + 2c/>. 

107. Th(‘se equations are sometimes useful in the solu- 
tion of problems, (jr demonstration of properti(‘s of the circle. 
For example, tak(! the e(iuation (4) in Art. 105, 

r'-2ri cos0 + P-.c*=:O; 

by the theory of ijuadratic eciuations we si^c that the product 
of the two values of r corresponding to any value of 0 is 
P — which is independent of 0. This agrees with Euclid 
III. 35, 36. 

Also the sum of the two values of r is 2lcm0\ hence if a 
straight line be drawn through the pole at an imilination 0 to 
the initial line, the polar co-ordinat(;.s of the middle point of 
the chord w'hich the circle cuts off’ from this straight line are 

, and 0 ; that is, I cos 0, and 0, 

It 

Hence the polar equation of the locus of the middle point 
of the chord is r = / cos 0, which by (5) in Art. 105, is a circle, 
of which the diameter is i. 
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EXAMPLES. 

1. Determine the position and magnitude of the circles 

( 1 ) + 4 ^ — 43 ; — 1 = 0 , 

(2) a:* + y*+6x-3j^-l=0. 

2. Find the points of intersection of the straight lines 

y4-a; = — 1, — — and 3^ + 4a; = ~25, 

with the circle a;® + y® = 25. 

3. A circle passes through the origin and intercepts 
lengths h and k respectively from the positive parts of the 
axes of a? and y ; determine the equation to the circle. 

4. A circle passes through the points {li, h) and [h\ k ') ; 
shew that its centre must lie on the straight line 

(/, _ + (A _ k') {y - = 0. 

5. On the straight line joining {x\ y) and {x'\ y'') as 
a diameter a circle is described ; find its e({uatioii. 

0. A and B are two fixed poiiits, and B a point such 
that AP^mBP, where m is a constant; shew that the locus 
of P is a circle, except when m = 1. 

7. The locus of the point from which two given unequal 
circles subtend equal angles is a circle. 

8. Find the equation which determines the points of 

intersection of the straight line circle 

X* — 2aa; — 2hy = 0. Deduce the relation that must hold 
in order that the straight line may touch the circle. 

9. Find the equation to the tangent at the origin to the 
circle x* -f y — 2y - 3a; = 0. 

10. Shew that the length of the common chord of the 
circles wdiose equations arc 

(.r - a)*+ (y- 5)* = c*, (y ~ a)* = c*, 

V[4c®-2(a-5)®}. 


is 
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11. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. 

12. A point moves so that the sum of the squares of its 
distances from the sides of an equilateral triangle is constant ; 
shew that the locus of the point is a circle. 

13. A point moves so that the sum of tlie squares of its 
distances from any given number of fixed points is constant ; 
shew that the locus is a circle. 

14. Shew what the equation to the circle becomes when 
the origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120®, and the parts of them intercepted 
by the circle are h and k. 

1;3. Find the inclination of the axes in order that tin* 
(‘quation + y* — (I'y — hx — hy = 0 may r(q)resent a circle. 
Determine the position and magnitude of the circle. 

10. Find the inclination of the axes in order that, the 
equation .r* -f ^ + ic// — /u: — % = 0 may represent a circh*. 
Determine the position and magnitude of the circle. 

17. Determine the equation to the circle which has its 
centre at the origin, and its radius = 3, the axes being in- 
clined at an angle of 45®. 

18. Determine the ecpiation to the circle wliich has each 

of the co-ordinates of its centre = — J and its radius = , 

the axes being inclined at an angle of CO®. 

19. The axes being inclined at an angle o), find the radius 
of the circle a;* -f- y® + 2.xy cos o> — hx--ky = 0. 

20. Shew that the equation to a circle of radius c n^ferred 
to two tangents inclined at an angle co as axes is 

+ y* + 2xy cos 0 ) — 2 (a; -f y) c cot ^ + c* cot* ^ ~ 

21. Shew that the equation in the preceding Example 
may also be written a; + y — 2 >j{xy) sin = c cot ^ , 
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22 . Find the value of c in order that the circles 

+ and (£C-i)*+ (y-a)*=c*, 

may touch each other. 

23. ABC is an equilateral triangle ; take A as origin, 
and AB as axis of x ; find the rectangular equation to the 
circle whicli passes through A^ B, C. Deduce the polar equa- 
tion to this circle. 

2 k If the centre of a circle be the pole, shew that the 
polar equation to the chord of the circle which subtends an 
angle 2/3 at the centre is ?' = c cos )8 sec (^ — a), where a is 
the angle between the initial line and the straight line from 
the centre which bisects the chord. Deduce the polar equa- 
tion to a straight lino touching the circle at a given point. 

25. Find the polar equation to the circle, the origin being 
on the circumference and the initial line a tangent. Shew 
that with this origin and initial line, the polar e(juation to the 
tangent at the point 0' is 7 'sin {2ff — 6) = 2 csin“ 0'. 

2 fi. Shew that if the origin be on the circumference and 
the diameter through that point make an angle a with the 
initial line, the equation to the circle is r= 2 c cos (0 — a). 

27. Determine the locus of the e(iuation 

r = xi cos (0 — a) + -B cos (0 - /9) -f 0 cos (0 - 7 ) -t- 

28. AB h a given straight line; tlirough A two inde- 
finite straight lines arc drawn equally inclined to AB, and 
any circle ])assing through A and B meets those lines at 
7/, M\ show that the sum of JiL and AM is constant when 
L and M arc on opposite sides of AB^ and that the difference 
of xiL and AM is constant when L and M are on the same 
side of xlB, 

29. ABC is an equilateral triangle ; find the locus of P 
when PjI 

30. There are n given straight lines making with another 

fixed straight line angles a, ; a point P is taken 

such that the sum of the squares on the perpendiculars from 
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it on these n straight lines is constant: find the conditions 
that the locus of P may be a circle. 

31. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant: 
shew that the locus of the point is a circle. 

32. A straight line moves so that the sum of the perj)en- 
diculars AP, BQ, from the fixed points A and B is constant ; 
find the locus of the middle point of PQ. 

33. 0 is a fixed point and AB a fixed straight line; a 
straight line is drawn from 0 meeting A /V at 7^; in OP a 
point Q is taken so that OP. OQ-lc ^ : find the locus of Q. 

34f. A straight line is drawn from a fixed point meet- 
ing a fixed circle at P ; in 0!^ a point Q is taken so that 
OP. OQ = : find the locus of Q. 

35. Shew that = repre- 
sents tlie two tangents to the circle, whicli pass 

through the })oint (A, k). 

36. Determine what is represented by tlie equation 

r’ — ra cos i6 sec 0 — 2a* = 0. 

37. The polar equation to a circle being r = 2c cos 6, shew 
that the equation 2c cos cos a = ?• cos (/3 + a — 0) reprosenls 
a chord sucli that the radii drawn to its extremities from the 
pole, make angles a, /9 with the initial line. 

38. Tangents to a circle at the points P and Q int(‘rscct 
at T\ if the straight lines joining these jinints with th(^ ex- 
tremity of a diameter cut a second diamct^T f)erpendicular to 
the former at the points t, respectively, sliew tliat pt = (jt. 

39. Find the equation to the circle which passes througli 
three points whose co-ordinates arc given. 

40. Shew that the co-ordinates of the centre and the 
radius of the circle in the preceding Example are always 
finite except when the three given points are on a straight 
line. 
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CHAPTER VIL 

RADICAL AXIS. POLE AND POLAR. 

Radical Axis. 

108. We liave Rliewn in Art. 88 that the equation to a 
circle is (a; — a)*+ (y — i)® — c*= 0. We shall write this for 
abbreviation 0. If the point (a?, y) be not on the circum- 
ference of the circle, 8 is not = 0 ; we may in that case give 
a simple geometrical meaning to 8 

T. Let {Xy y) be without the circle ; draw a tangent from 
{.r, y) to the circle ; join the point of contact with the centre 
of the circle (a, h) ; also join {x, y) with (a, h). Let G re- 
])rescnl the point (n, />), Q the point (^, ?/), and T the point 
of contact of the tangent. Thus wc have a right-angled 
triangle formed, and since — a)‘-f (// — 6)“^ = it follows 
that /S= QT^ \ that is, S expresses the square of the tangent 
from {xy ?/) to the circle. By Euclid ill. 8(>, the scjuare of the 
tangent is equal to the rectangle of the segments made by the 
circle on any straiglit line drawn from (x, y), and thus 8 will 
also express the value of this rectangle. 

II. Let (a;, y) be within the circle ; then 8 is negative. 
Let C and Q have the same meaning as before, and produce 
CQ to meet the circle at T and T' ; then 

Henco by Euclid ill. 35, if any straight line PQF be drawn 
meeting the circle at P and P\ the value of the rectande 
PQ.FQk^S, 

109. Let 8 denote (a: — a)* + (y — 6)* — c*, 

and S" denote (x — a')* -f (y — ly — c * ; 

so that S^Q (1), andS'rrO. 


( 2 ), 
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are the equations to two circles ; we proceed to interpret the 
equation 

>S-iSr=0 (3), 

S' contains only the first powers of x and y ; therefore 
/S' — /S' = 0 is the equation to some straight line. Also if 
values of x and y can be found to satisfy simultaneously (1) 
and (2), these values will satisfy (3). Hence wlien the 
circles represented by (1) and (2) intersect, (3) is the ecjua- 
tion to the straight lino which joins tlieir points of inter- 
section. 

Also suppose that from any point in (3), external to both 
circles, we draw tangents to (1) and (2) ; then, by Art. lOS, 
these tangents are equal in length. Hoiuh' wli(‘ther (1) and 
(2) int(Tscct or not, the straight line (3) has the following 
property: if from any point of it straight lines be drawn to 
touch both circles f the lengths of these straight lines arc epuiL 

110. An equation of the form 

will represent a circle ; for after division by A wo obtain the 
onlinary form of the e<[uation to a cirele. We shall say tljat 
the eejuation to a circle is in its simplest form when tlu^ co- 
efficient of and y is unity. 

Deflvition. If /S'=0, /S'=0, be the equations to two 
circles in their simplest forms, tlui straight line S — S ~ 0 is 
calked the radical axis of the circles. 

The axes of co-ordinates infiy here be rectangular or obli(jnc. 

Or we may give a geometrical definition thus. A straight 
line can always be found such that if from any point of it 
tangents be drawn to two given circles, these tangeJits are 
equal ; this straight line is called the radical axis of the circles. 

111. The three radical axes belonging to three given circles 
meet at a point 

Let the equations to the three circles be 

»sf. = 0 (1). = 0 (2,'. ;s; = 0 (3). 
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The equations to the radical axes are 

8^- ^ 2 = 0, belonging to (1) and (2), 

8,- 8,^0, (2) and (3), 

(3) and (1). 

These three straight lines meet at a point ; since it is ob- 
vious that the values of x and y which simultaneously satisfy 
two of the equations, will also satisfy the third. 

112. A large number of inferences may be drawn from 
the j)receding Articles by examining the special cases which 
fall umler the general propositions. (See Plucker Aualytisch- 
Geometrische Jintwickeliaigen, Vol. I. pp. 49 — G9.) We notice 
a few of these respecting the radical axis of two circles. 

113. The radical axis is perpendicular to the straight line 
joining the centres of the two circles. 

Let the equations to the circles be 
(x - af + (y - />)* - c" = 0, {x - af + (y - Vf - c ^ = 0 ; 
then the 0 (|uation to the radical axis is 

{x — af — {x — dy + (y — i)* — (y ~ Vf - c® + c'" = 0 ; 
that is, 

a: ( a - ) + y (i' — J) + i - i'* - c" + c'’) = 0 . . . (1 ) . 

And tlic ('(juation to the straight line joining the centres 
of the circles is (Art. 35) 

( 2)5 

(1) and (2) arc at right angles by Art. 42. 

114. When two circles touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 
passes through the common point and is perpendicular to the 
straight line joining the centres of the circles. 

115. Suppose the radius of one of the circles to become 
indefinitely small, that is, the circle to become a point; the 
radical axis then has the following property ; if from any 
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point of the radical axis we draw a straight line to the given 
point, and a tangent to the given circle, tlie straight line and 
the tangent will be equal in length. 

110. The radical axis of a point find a circle falls without 
the circle, whether the point be without or within the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point ; therefore the radical axis (tannot meet 
the circle. If the point be on the circle, the radical axis is 
the tangent to the circle at this point. 

117. Suppose both circles to become points. Then tlic 
straight lines drawn from any point in the radical axis to the 
two fixed points arc equal in length. Hence the radical axis 
belonging to two given points is the straight liiu' which bisects 
at right angles the distance between the two given points. 

118. Suppose in Art. Ill that eacli circle becomes a point ; 
the theorem proved is then the following : the straight lines 
drawn from the middle points of the sides of a triangle at 
right angles to the sides meet at a i)oiut. 

119. It is a well-known geometrical problc.m to draw a 
straight line which shall touch two given circles. If the circl(‘s 
do not intersect, yhar common tangents can Ix^ draw n ; two of 
them will be equally inclined to the straight line joining the 
centres, and will intersect on that straight lim^ between the 
circles; the other two will also be etpirdly inclined to tin; 
straight line joining the centres, and will intersect on that 
straight line beyond the smaller circle. These two points of 
intersection are called centres of similitude. 

We will briefly explain some of the properties of centres 
of similitude. 

I. Let a centre of similitude of two circles be taken as 
the pole, and the straight line passing through the centres of 
the circles as the initial line. By Art. 105 the equations to 
the two circles will be of the forms 

r*-2rZcos^ + ?-c**0, r* -2rr C08^ + o'** 0...(1). 



110 


CENTRES OF SIMILITUDE. 


From the first equation 

r^lcosd ± Psin^ff) (2). 

When the two values of r are equal the radius vector 
becomes a tangent : this takes place when ? sin* 6 = c*. Since 
the circles have common tangents passing through the pole 
c* c'* c' c 

^ , and tlierefore ^ = ± ^ . If the lower sign is taken 

the centre of similitude is between the centres of the two 
circles ; if the upper sign is taken the centre of similitude is 
on the production of the straight line which joins the centres: 
we may call the former the inner centre of similitude, and tho 
latter tho outer centre of similitude. 

c'* c* 

Since = ya the second of equations (1) may be written 

r = j cos 0 + V (c’ - r sin’ 0)} (3). 

From (2) and (Jl) we have the following result : Let A be 
the centre of one circle, and B the centre of another, and let 
jThe a centre of similitude; let any straight lino tlirough T 
cut the former circle at K and L, and the latter at M and N, 
so that TK is less than TL, and TM less than TN : then 

TK 

IL When two circles intersect only one pair of common 
tangents can be drawn ; and when one circle is entirely within 
the other no common tangent can be drawn. Nevertheless 
two points always exist such as the point T just considered ; 
so that we may take the following as the most general defi- 
nition of the centre of similitude of two circles : A centre of 
similitude is a point on the straight line joining the centres 
or on this straight line produced such that its distances from 
the centres are proportional to the radii of the corresponding 
circles. The essential property of a centre of similitude 
may be considered to be tnat expressed by the final result 
in !• 
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IIL Let r be a centre of similitude of two circles ; draw 
from T two straight lines, one cutting the circles at JfiT, L, 
M, N ; and the other at h, I, m, n. 



Now we have just shewn that 
TK Tk 

therefore the triangles TKk and TMm are similar, and Mm is 
parallel to Kk. 

Hence the angle Kkl = the angle Mmn ; and therefon* 
the angles MNn and Kkl are supjdemental, by Euclid ill. 22, 
so that a circle would pass rouiul NKkn : let Nn and Kk 
be produced to meet at 11^ then UK . lik = RN . Rn^ by 
Euclid nr. 36. Cor. Hence the tangents from R to the two 
circles are equal, by Euclid III. 36 ; and therefore R is ou the 
radical axis of the two circles. 

Similarly Nn is parallel to Ll\ and Mm and LI if pro- 
duced meet on the radical axis. 

IV. Suppose there are three circles ; since each pair ha.s 
two centres of similitude there will be six centres ot simili- 
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tude on the whole : we shall shew that four straight lines can 
be drawn each containing threfe centres of similitude. 

Let il, 5, (7 be the centres of three circles ; let p, r be 
their radii. 



Let -Fbe a centre of similitude of the circles which have 
their centres at -4 and draw a straight line through F 
meeting GA and GB at E and D respectively. 

By page 71 we have 

AE. GD.BF^GE.BB.AF. 


But 


AF^p 


thus 


CD^p^ 

BD qAE* 

Now suppose that E is a centre of similitude of the circles 
which have their centres at A and C; then 

CtJ r . CD r 
. r, = ; therefore = - . 

Ah p BD q 


Hence D is a centre of similitude of the circles which have 
their centres at B and (7. In this way we obtain results 
which can be enunciated definitely thus : the outer centre of 
similitude of two circles, and the two inner centres of simili- 
tude of these two circles and any third circle lie on a straight 
lino ; also the three outer centres of similitude lie on a straight 
line. 


Pole and Polar, 

120. Definition. If the equation to a given circle be 
j-* + y* = c*, and A, k be the co-ordinates of any point, then 
the straight line xh + yk = c* is called the polar of the point 
(4, k) with respect to the given circle, and the point (A, k) is 
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called the jjofe of the straight Hue xA +yifc « c* with respect to 
the given circle. 

We may also express our definition thus : the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact ; and the given point is the pole of the straight line. 

This definition might be misunderstood. For the equa- 
tion to the tangent to a circle at a given point might be 
expressed in different forms by using the relation whicli holds 
between the co-ordinates of the given point by virtue of the 
equation to the circle. We might for example express the 
equation to the tangent in terms of either of the co-ordinates 
of the given point alone. But in the above definition W(» nu*an 
that the equation to the tangent is to be in the form whieli it 
naturally assumes, involving the co-ordinates of the given 
point rationally. 

Or wo may define the polar of a point by means of the 
properties which it possesses (Art. 103). The polar of a 
given point with respect to a given circle is the straight line 
which is the locus of the intersection of tangents drawn at 
the extremities of every chord through the given point; and 
the given point is called the pole of this straight line. 

If the given point be without the circle, its polar coincides 
with the c/iord of contact of tangents drawn from that point. 

121. If one straight line pass through the pole of another 
straight line, the secmid straight line will jycuss through the jvde 


of the first straight line. 

Let (x', y') be the pole of the first straight line, ar 
therefore the equation to the first straight line 

0 )- 

Let {x\ y') be the pole of the second straight line, ai 
therefore the equation to the second straight line 

xx* + yf=^(? ( 2 ). 


Since (1) passes through (x", y") we have x'x y'y = c® ; 
and since this equation holds, (2) pas-ses through (x', f), 

8 


T. c. s. 
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122. The intersection of two straight lines is the pole of the 
straight line which joins the poles of those straight lines. 

Denote the two straight lines by A and B, and the straight 
line joining their poles by C\ since G passes through the pole 
of Ay therefore, by Art. 121, A passes through the pole of G; 
similarly B passes through the pole of G ; therefore the inter- 
section of A and B is the pole of G. 


MISCELLANEOUS EXAMPLES. 


1. Find the tangent of the angle between the two straight 
lines whose intercepts on the axes are respectively a, b, and 
a, h\ 

2. If the two straight lines represented by the equation 
(tan® + coii® <f>) — tan ^ 4* y® sin® ^ = 0, make angles 

a, ^ with tlie axis of x, shew that tan a tan = 2. 


8. One side of a square a comer of which is at the origin 
makes an angle a with the axis of x ; find the equations to 
the four sides and the two diagonals. 


4. Find the equations to the diagonals of the parallelogram 
forniod by the straight lines 


tT 

- + 
a 





? + ^' = l 


a? , ?/ 

b^a 


2 • 
9 


and show that the diagonals are at right angles. 

5. The distiince of a point {x ^ , y^) from each of two straight 
lines which pass through the origin of co-ordinates is S \ shew 
that the two straight lines are represented by the equation 

(j-,y-xy,)* = (x’ + y*)8’. 


C. Find the condition that one of the straight lines re- 
presented by -4y* 4- Bxy 4- Cb* = 0 may coincide with one of 
those represented by af + bxy + ox^ = 0, 


7. If a = 0, /3 = 0, 7 = 0 be the equations to the three 
sides of a triangle ; and a, b, c be the perpendicular distances 
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between these sides and those of another triangle parallel to 
them respectively, the straight line joining the centres of the 
inscribed circles will be represented by any of the equations 

a — 6 6 — c c — a* 

8. Shew that the equation to the straight lino passing 
through the middle point of the side BC oi o, triangle ABC 
and parallel to the external bisector of the angle A is 

/3-f-74-~ (sin 5 + sin C) = 0. 

9 . The equation to the straight line dra’wm parallel to BC 
through the centre of the escribed circle which touches BC is 

(a + / 3 ) sin (a + 7) sin 0. 

10. Find the equations to the straight lines which pass 
through the intersection of the straiglit lines 

It, + w /9 + ny = 0, fa + r/f + n 7 = 0, 

and divide the angles between them into parts having their 
sines in a given ratio. 

11. Find the ecpiations to tlic two straight lines which 
bisect the angles between the straight lines represented by 
. 4 ^*+ Bx]j-\‘ CV= 0. 

12. Find the condition in order that tho straight lines 
A^ + Bxy + Cr* == 0 and ay* + hxy + c-c* = 0 may have tiieir 
angles bisected by the same pair of straight lines. 

13 . If w = 0, v = 0, be the equations to two circles, shew 
that by giving a suitable value to the constant the equation 
a -h Xv = 0 will represent any circle passing through the points 
of intersection of the given circles. 

14 . A fixed circle is cut by a series of circles, all of which 
pass through two given pciints ; shew that tho straight lines 
which join the points of intersection of tho fixed circle with 
each circle of the series all meet at a point. 
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CHAPTER VIII. 

THE PARABOLA. 

123. There arc three curves which we now proceed to 
define ; we shall then deduce their equations from the defini- 
tions, and invcs.tigate some of their properties from their 
equations. 

Definition. A conic section is the locus of a point which 
moves so that its distance from a fixed point bears a constant 
ratio to its distance from a fixed straight line. If this ratio 
be unity, the curve is called a parabola, if less than unity, an 
ellipse^ if greater than unity, an hyi^erhola. 

The fixed point is called the focus, and the fixed straight 
line the directrix. 

• 124. It will bo shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following ; 
a parabola, an ellipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola, and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also shew that every curve 
of the second degree must be a conic section in this larger 
sense of the term. 

At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 

125. To find the equation to the Parabola, 

A parabola is the locus of a point wdiich moves so that its 
distance from a fixed point is equal to its distance from a 
fixed straight line. 

Let 8 be the fixed point, YY the fixed straight line. 
Draw SO perpendicular to YY*\ take 0 as the origin, OS 
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as the direction of the axis of x, OY as that of tlie axis of y. 
Suppose 0S=2a, 



Let P be any point on the locus ; join SP; draw PM 
parallel to OY and PN parallel to OX; let OM^x, 
PM= y. 

By definition SP=PN; therefore = therefore 
PM^ + = PN\ that is, if + {x - 2ay = 

therefore y* = 4a (a; — a) (1). 

This is the equation to the parabola with the assumed 
ori^n and axes. The curve cuts the axis of x at a point A 
which bisects OS; for when 7 / = 0 in (1), we have x = a. 
The equation will be simplified if we put the origin at A ; 
let x' ^AM, then a = x — a, and (1) becomes y* = 4fax\ 

We may suppress the accent, if we remember that the 
origin is now at A; thus w^e have for the equation to the 
parabola 

f=i4iax (2). 

12G. To trace the parabola from its equation y*= 4ax. 

From this equation we see that for every positive value 
of X there are two values of y, equal in magnitude, but of 
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PM— PM, Hence the curve is symmetrical with respect 
to the axis of x. Negative values of x do not give possible 
values of y ; hence no part of the curve lies to the left of the 
origin. As x may have any positive value, the curve extends 
without limit on the right of the origin. 

A is called the vertex of the curve and AX the cuds of 
the curve. 


127. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 


The ordinate of any point of the curve which lies between 
the vertex and a fixed point of the curv^e is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 


Let Pbe the fixed point ; x\ y its co-ordinates ; then tlie 
equation to AP is y = a; = y/ . a?, since y'* = 4aa?'. 


Let X denote any abscissa less than x\ then since the ordi- 
nate of the curve is i^{4kix), and that of the straight line is 

X or ^ it is obvious that the ordi- 

nate of the curve is greater than that of the straight line. 

All points may be said to be outside the curve for which 
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y* — 402? is positive; that is, points for which xis negative, 

or for which x is positive and less than ^ . And all points 

may be said to be inside the curve for which y* — 4ox is nega- 
tive. Since the square of the distance of any point from the 
focus is y*-|-(x— «)*, that is (x-f a)* -fy* — 4(«x, it follows 
that the distance of any point, not on the curve, from tlio 
focus is greater or less than its distance from the directrix 
according as the point is outside or inside the curve. 

128. Definition. The double ordinate througli the 
focus of a conic section is called the Latus Rectum. 

Thus in the figure in Art. 126, L8L' is the Latus Rectum. 

Let X = a, then from the equation y* = 4ax, y ~ ± 2rt. 
Hence LS =L'S= 2a ; and LL' = 4a. 

129. To express the focal distance of any point of the 
parabola in terms of the abscissa of the point 

The distance of any point on the curve from the focus i.s 
equal to the distance of the same point from the directrix. 
Hence (see figure to Art. 125), AM AS, + a. 


Tangent and normal to a Parabola. 

If30. To find the equation to the tangent at any point of 
a parabola. (See Def. Art. 90.) 

Let x\ y be the co-ordinates of the point, x \ y" the co- 
ordinates of an adjacent point on the curve. 

The equation to the secant through these points is 




X — X 

since {x\ y') and (x", y") are on the paralxda 
y'* = 4ax', y = 4ax" ; 
therefore y"* — y' = 4a (x ' - x) ; 


( 1 ); 


therefore 


y „ 

x" — X 


4fi 

4a 


hence (1) may be written *')• 

y * if 
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Now in the limit y" = y ' ; hence the equation to the tan- 
gent at the point (*', y) is 

y-y' = IT (*-»') (2)- 


This equation may be simplified ; multiply by y\ thus 
yy = 2a (a? — x) + y = 2aa; — 2aj;' + 400*', 

= 2a (a: 4- a:') (3). 

131. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
straight line makes with the axis of the parabola. 

For the equation to the tangent at [x\ y) is 

yy [x^x), 

2a ^ax 2a 4a3:' 

y=: ,x+ 

y y y ^y 


or 


y 


.( 1 ). 


2a 

y 

Let , =m; therefore ; thus (1) may be written 

y 7/i 


= ( 2 ); 

this is the required equation. Conversely, every straight line 
whose ecpiation is of this form is a tangent to the parabola. 


132. It may be shewn as in Art. 93, that a tangent to 
the parabola meets it at only one point. Also, if a straight 
line meets a parabola at only one point, it will in general be 
the tangent at that point. 

For suppose the equation to a parabola to be 


y* = 4?aa; (1), 

and the equation to a straight line to be 

y==77WJ + c (2). 

To determine the abscissa} of the points of intersection, we 
have the equation {mx -f c)* = 4aj:*, 

or mV+ (2wc — 4a)a7-f c* = 0 (3); 
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this quadratic equation will have two roots, except when 
(me — 2a)’ = TwV, that is, when ^ ~ • 

Hence if the straight line (2) meets the parabola, it will 
meet it at two points, unless c = J^nd then the straight line 
is a tangent to the parabola by Art. 131. 

If, however, the equation (2) be of the form y = c, so that 
the straight line is parallel to the axis of then instead of 
(3) we have the equation c* = 4a.r, which has but one root ; 
hence a straight line parallel to the a:ns of the parabola meets 
it at only one point, but is not a tangent. 


133. The axis of y is a tangent to the curve at the vertex. 
For the equation to the tangent at (/, y) is 

and when x = 0 and y = 0, tliis becomes x = 0. 


134-. To find the equation to the normal at any point of 
a parabola. (See l)ef. Art. 1)7.) 

Let .r , y be the co-ordinates of the point ; the ecpiation 
to the tangent at that point is 

y=^(^ + a''') (0- 

if 

The equation to a straight line through {x\ ?/) at right 
angles to (1) is 

( 2 )- 

This is the equation to the normal at (x\ y). 


135. The equation to the normal may also l)c expressed 
in terms of the tangent of the angle which the straight lino 
makes with the axis of the curve. 

For the equation to the normal + 2 ^ > 


y 


t 

V- 

2a 


a;+y + 


y* 

btt’ 


( 1 ). 


or 
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PROPEETIES OF THE PARABOLA. 


Let — ; therefore = — 2am: 

2a ’ ^ ’ 

thus (1) may be written 

y = 7rw?— 2am — am* (2). 

136. We shall now deduce some properties of the para- 
bola from the preceding Articles. 

Let x,j/ be the co-ordinates of P; let PPbe the tangent 
at P and PO the normal at P. 

The equation to the tangent at P is yy = 2a (a? -I- x). 



Let y = 0, then a; = - ic' ; hence AT=^ AM, 

Also ST^AT^^AS, ^AM+A8, «=)SP(Art. 129). 

Hence the triangle STP is isosceles, and the angle STP 
is equal to the angle 8PT, Thus if PN be parallel to the 
axis of the curve, PN and PS are equally inclined to the 
tangent at P, so that the tangent bisects the angle between 
PS and NP produced. 

Since the angle PTS is half the angle PSX, it follows 
Uiat the angle between two tangents to a parabola is half the 
angle between the focal distances of the points of contact. 
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137. The equation to the normal at P is 

At the point G, where the normal cuts the axis, y = 0 ; 
hence from the above equation a? — a?' = 2a ; thus 

MO = 2a = half the latus rectum. Also SO — SP. 


138. To find the locus of the intersection of the tangent 
at any point with the perpendicular on it from the focus. 

Let x\y be the co-ordinates of any point Pon the curve; 
the equation to the tangent at P is 

y= y(* + «0 (!)• 

The equation to the straight line through the focus per- 
pendicular to (1) is 




We have now to eliminate x and f by means of (1), 
(2), and 

y'* = 4aa:'. (3). 

From (3) we find x in terms of y\ and thus (1) may be 
written 

2a , y ... 

+ i 

Thus the problem is reduced to the elimination of y from 
(2) and (4) ; from (2) 

(5); 

^ x-a ^ ^ ' 


substitute in (4) ; then y = — ^ • 

^ ^ ^ y x — a 

therefore y* (x — a) + (a : — afx + ay* = 0, 

or {y* + (x — a)*j X = 0 (6). 

If the factor y* + (x — a)* be equated to zero, we have 
y“0, x»a (7). 
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LOCUS OBTAINED BY ELIMINATION. 


The point thus determined is the focus ; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfy (1). We 
conclude therefore that the required locus is given by the 
equation which we obtain by considering the other 

factor in (6). 


This result can be easily verified ; for if we put a; = 0 in 

^(JLX "U 

(1) we obtain y = — — and if we put ir = 0 in (2), we 
v’ ^ 

also obtain y i intersect on the straight 

line a; = 0. 


Thus, if in the figure in Art. 13C, Zbe the intersection of 
the tangent at P with the axis of SZ is perpendicular to 
the tangent. 


139. The process of the preceding Article is of frequent 
use and of great importance. We have in (1) and (2) the 
c<inations to two straight lines ; if we obtain the values of x 
and y from these simultaneous equations, we thus determine 
the point of intersection of the straight lines ; the values of x 
and y will depend upon those of x and y\ thus giving dif- 
ferent points of intersection corresponding to the different 
straight lines represented by (1) and (2). If from (1), (2), 
and (3) we eliminate x and y we obtain an equation which 
holds for the co-ordinates of every point of intersection of (1) 
and (2). This equation is by our definition of a locus the 
equation corresponding to the locus of the intersection of (1) 
and (2). 

Sometimes the elimination produces, as in the preceding 
Article, an equation which does not represent the required 
locus. The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
Article, since, whatever x and y may be, the values a; = a, 
3 / = 0, satisfy one of the equations which we use in effecting 
the elimination, we might anticipate that our result would 
involve a corresponding factor. 
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140. If the straight line from the focus, instead of being 
perpendicular to the tangent, meet it at any constant angle, 
the locus of their intersection will still be a straight lino. VVe 
will indicate the steps of the investigation. Suppose /3 the 
angle between the tangent and the straight line from the 
focus; equation (1) remains as in Art. 138; instead of (2) 
we have, by Art. 45, 




^ + tan yS 
[x — a) 


2a 

1 r tan yS 

y 


2a -f y tan ^ 
y — 2a tan 


(a; — a). 


Instead of (5) in Art. 138, we shall find 
, _ 2a (a? — rt) + 2a y tan /3 
^ y — (x — a) tan 


The result of the elimination is 


y {y — (a; — a) tan /8} {a? — a +y tan 

- a; {y - (a; - a) tan yS]* - a (a; - a 4- y tan BY = 0. 

Now, guided by the result of Art. 1 38, we may anticipate 
that y* 4- (x — a)* will prove a factor of the left-hand member 
of the equation; and we shall find by reduction that the ecpia- 
tion may be written {y* -f a)*j (y tan /8 — x tan* — a) = 0. 

Hence the required locus is determined by 
y = X tan -f a cot B- 


141. To find the length of the perpendicular from the 
focus on the tangent at any point of Uts parabola. 

The equation to the tangent at the point (x', y') is 
2a , /% 

«/ 

The perpendicular on this from the point (a, 0) by Art. 47 
CaU the focal distance of the point of contact r, and the 
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perpendicular p ; then, by Art. 129, r = a + a?'; 

therefore jp = V(®^)* 

142. From any external point two tangents can he drawn 
to a parabola. 

Let the equation to the parabola be y* = 4aa? ; and let 
hf k be the co-ordinates of an external point. Suppose x, y 
the co-ordinates of a point on the parabola such that the 
tangent at this point passes through (A, k). The equation 
to the tangent at {x, y) is yy = 2a (a? + x). 

Since this tangent passes through (A, k) 


Ary = 2a (A -ha;') (1), 

Also since (a;', y) is on the parabola 

y'* = 4ax' (2). 


Equations (1) and (2) determine the values of x and y\ 

t/'* 

Substitute from (2) m (1), thus Ay'= 2aA-h'^2 , therefore 

y'* — 2fcy' -h 4aA = 0. The roots of this quadratic will be 
found to be both possible, since (A, k) is an external point 
and therefore k^ greater than 4aA. To each value of y cor- 
responds one value of x by (1) ; hence two tangents can be 
drawn from any external point. 

The straight line which passes through the points where 
these tangents meet the parabola is called the chord of con- 
tact. 


143. Tangents are drawn to a parabola from a given 
external point ; to find the equation to the chord of contact. 

Let A, k be the co-ordinates of the external point ; x^, y^ 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the parabola ; x,, y. the co-ordinates of the point 
where the other tangent from (A, k) meets the pai-abola. 


The equation to the tangent at y^) is 

yy,=2a(x+«j (1). 

Since this tangent passes through (/i^ h) we have 

Ay, = 2a(A + x,) (2). 
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Similarly, since the tangent at (a?,, passes through (A, k) 
%, = 2a (A + a?,) (3). 

Hence it follows that the equation to the chord of con- 
tact is 

ky = 2a {x+h) (4), 

For (4) is obviously the equation to some straight lino ; 
also this straight line passes through (x^^ y^, for (4) is satis- 
fied by the values a? = a:,, y = as we see from (2) ; similarly 
from (3) we conclude that this straight lino passes through 
(^a» ^a)* Hence (4) is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a parabola from a given external point. Draw the straight 
line which is represented by (4), join the points where it 
meets the parabola with the given external ])oint, and the 
straight lines thus obtained arc the required tangents, 

144. Through any fixed point chords are drawn to a 
parabola, and tangents to the parabola drawn at the extremis 
ties of each chord ; the locus of the intersection of the tangents 
is a straight line. 

Let A, k be the co-ordinates of the point througli which 
the chords are drawn ; let tangents to the parabola b(5 drawn 
at the extremities of one of tlic.se chords, and let (x^, y^) be 
the point at which they meet. The equation to the corre- 
sponding chord of contact is, by Art. 143, yy = 2a {x -f x^. 
But this chord passes through (A, k)\ therefore A//j = 2tt(A*f a?,). 
Hence the point y,) lies on the straight line kg— 2a (a;-f A); 
that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

145. If from any point in a straight line a pair of 
tangents be drawn to a parabola, the chords of contact will 
all pass through a fixed jmnt. 

Let jIx - h -f C = 0 (1) 

be the equation to the straight line ; let (x, y) be a point 
in this straight line from which tangents are drawn to the 
parabola; then the equation to the corresponding chord of 
contact is 

yy' = 2a(a! + x') (2). 
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Since (»', y) is on (1) we have Ax^ -k- By there- 

fore (2) may be written y {Ax + 0) + 2aB (« + ^r') = 0, 

or 

Now whatever be the value of x, this straight line passes 
through the point whose co-ordinates are found by the simul- 
taneous equations Ay -f 2aB=0, Cy -f 2aBx = 0; that is the 
2aB G 
■“ A ^ '^’^A ' 

The student should observe the different interpretations 
that can be assigned to the equation /cy = 2a (a? + A). The 
statements in Art. 103 with respect to the circle may all be 
applied to the parabola. 

146. Some interesting geometrical investigations relat- 
ing to tangents to a parabola from an external point may be 
noticed. 

To draw the two tangents to a parabola from any external 
point 

Let 0 denote the external point and 8 tlie focus. On 08 
as diameter describe a circle, and let it cut the tangent at 
the vertex at Zand z. Join OZ and Oz: these straight lines, 
produced if necessary, are the tangents from 0 by Art. 138 
and Euclid iir. 31. 

Or we may proceed thus. Join 08, With centre 0 and 


point for which y 



radius 08 describe a circle, and let it cut the directrix at Q 
and Through these points draw parallels to the axis meet- 
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ing the parabola at P and jp. Then OP and Op are the re- 
quired tangents. 

For join OQ and 8P. Then in the triangles OPS and 
OPQ we have 0-5= OQ by construction, PS—PQ by the 
nature of the parabola, and OP common. Therefore the 
angle 0P5=the angle OPQ; and OP is the ta]}gent at P 
by Art. 130. 

Similarly Op is the tangent at p. 

The two tangents to a parabola from an external point 
subtend equal angles at the focus. 

Since the triangles OPS and OPQ arc equal in all re- 
spects, the angle OSP= the angle OQP; and similarly the 
angle OSp = the angle Oqp : and the angles OQP and Oqp 
are equal, for they are the complements of the eipial angles 
OQq and OqQ, 

The angle between a tangent and a straight line parallel 
to the axis is equal to the angle between the other tangent and 
the straight line from the external point to the focus. 

Draw on parallel to the axis. 

The angle QOII = the angle qOII; that is 

twice the angle P05 — the angle 8011 

= twice the angle p 05 4- the angle SOU; 

therefore the angle POS— the angle pOII, and therefore also 
the angle P01I= the angle pOS. 

The student should observe the extension thus given to 
the result in Art. 136: at any point of the curve the straight 
line which bisects the angle between tlie focal distance of the 
point and the parallel to the axis is at right angles to the 
tangent, and at any external point the stniight line which 
bisects the angle between the focal distance and the parallel 
to the axis is equally inclined to the two tangents. 

The circle which passes through the intersections of three 
tangents to a parabola will pass threrugh focus. 


T.C.S. 


9 



130 


1>UMETEIIS, 


Let P, Q, R be the points of contact, and the triangle 
formed by the tangents. 



Since Pr and Qr subtend equal angles at 8 the angle 
PSr is half the angle VSQ. 

Similarly the angle PSq is half the angle PSR, Hence 
the angle qSr is half the angle QSR ; that is by Art. 136 the 
angle qSr is equal to the angle qpr : therefore 8 is on the 
circumference of the circle which passes round 

Diameters, 

To find the length of a straight line drawn from any 
point in a given direction to meet a parabola. 

Let x\ y be the co-ordinates of the point from which the 
straight line is drawn ; a;, y the co-ordinates of the point to 
which the straight line is drawn; 6 the inclination of the 
straight line to the axis of a?; r the length of the straight 
line ; then (Art. 27) 

-f r cos y =y' + r sin 6, 

If (ar, y) be on the parabola, these values may be substituted 
in the equation 4tax ; thus (y' -f r sin Of = 4a(a;'-h r cos 0 ) ; 

or sin*d + 2r(y* sin 2a oos0) -f y*® — 4aa?'= 0. 

From this quadratic two values of r can be found, which 
are the lengths of the straight lines that can be drawn from 

y*) in the given direction to the parabola. 
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When the point {x\ y) is within the parabola, the roots of 
the above quadratic will be of different signs; in this case 
the two straight lines that can be drawn from y) to meet 
the curve are drawn in different directions. When the point 
[x\ y) is without the parabola, the roots are of the same sign, 
and the straight lines are drawn in the same direction. 

148. Definition. A diameter of a, cui*ve is the locus of 
the middle points of a series of parallel chords. 

149. To find the diameter of a given system of parallel 
chords in a jmrabola. 

Let 6 be the inclination of the chords to the axis of the 
parabola ; let x\ y be the co-ordinates of the middle point 
of any one of the chords ; the e(juation which deterinines the 
lengths of the straight lines drawn from {x\ y) to the curve 
is (Art. 147) 

sin* 0 -f 2r {y sin B — 2« cos 0) -h y'® — 4a./ = 0 (1). 

Since (/, y) is the middle point of the chord, the vahu^s 
of r furnished by this (juadratic must be e(iual in magnitude 
and opposite in sign; hence the coefficient of r must vanish; 

thus y' sin 0 — 2a cos 0 = 0 ; 

therefore y = 2a cot 6 (2) ; 

. thus the required diameter is a straight line parallel to the 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
bola. 

Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords ; for by giving to 0 a suitable value, the equation (2) 
may be made to represent any straight line parallel to the axis. 

loO. Let a tangent be drawn to the parabola at the 
point where the straight line y = 2a cot 0 meets the curve ; 

2a , 

the equation to the tangent is y = -T + that is, 

y = tan 6 x) ; hencey the tangent at the extremity of any 
diameter of the parabola is parallel to the chords which that 
diameter bisects. 

9-2 



132 EQUATION TO THE PARABOLA REFERRED 

151. To find the equation to the parabola, the axes being 
avy d{atnete 7 ' and the tangent at the point where it meets 
the curve. 



Let h, k be the co-ordinates of a point A' on the parabola; 
take this point for a new origin ; draw through it a straight 
line A' X' parallel to the axis of the curve for the new axis of 
.T, and a tangent A' Y* to the curve for the new axis of y. 

Let Y'A'X' = 0; then (Art. 150) ^ = tan 0. 

Let X, y be the co-ordinates of a point P on the curve 
referred to the original axes ; x, y the co-ordinates of the 
same point referred to the new axes ; draw FM parallel to 
-cl F and PM' piii*allel to A'Y'\ also draw AL, M'N parallel 
to A Y; let B denote the intersection of FM and AX'; then 
x^AM^AL + NM^ AL -f AM' -f M'B 

» /e + a?' -f y' cos 6, 

y = PM^ jB¥+ PP « AL + FR 
= A? + y' sin ft 


TO A DIAMETER AND TANGENT AS AXES. 
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Substitute these values in the equation = 4a.r ; thus 
{k -f- y sin 6f = 4a (A + x + y cos 0), 
or y'® sin® 6 -h 2y {k sin ^ — 2a cos 0) -f k^ — 4aA = 

But, h s= 2a cot 6, ami P^4a/i ; thus we have 
y'^ sin^ 0 = 4ax', 

t2 4(1 f 

or y = -~i-n » 

sm* 6 

which is tlic required equation. 


We may show tliat = SA ; for SA = a + A (Art. 129) ; 


and h 


= a cot”0 ; therefore a -f /i = . , - . 
4a sm 


Hence the equation may be written y^ — 4a,r\ where 
a = >SVr ; or suppressing the acc(‘nts on the variabliss 
y* = 4a X. 

152. The equation to the tangent to the parabola will be 
of the mine form whether the a-xes be rectangular, or the 
obli(jue system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out any change to the (‘(piation if = 4a x which rejiresents a 
parabola referred to sucli an obli(jue system. 

153. Taiiyents at the extremities of any chord of a para- 
bola meet on the diameter which bisects that chord. 

Refer the parabola to the diameter bisecting the chord, 
and the corresponding tangent, us axes; let the ecpiation 
to the parabola be y* = 4aV; let .r, y' be the co-ordinates 
of one extremity of the chord ; tlieii the ccpiation to the 


tangent at this point is 

yf 2a {x -4 x) (1). 

The co-ordinates of the other extremity of the chord arc 
, — y ; and the equation to the tangent there i.s 

^yy —2a' {x -4 XI*) ( 2 ). 


The straight lines represented by (1) and (2) meet at 
the point for which y = 0, x=^ — x\ this demonstrates the 
theorem. 
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POLAR EQUATION. 


Polar Equation, 


154. To find the Polar Equation to the parabola^ the focus 
being the pole. 

Let 8P=r, ASP =6, (see figure to Art. 125); then 
8P = P-N, by definition ; that is, 8P = VS + 8M ; 

or r= 2«+r cos (tt— ; 

therefore r(lH- cos 0) = 2a, 


and 


2a 

1 + cos 0* 


If we denote the angle X8P by 6, then we have as before 

8P=08+8M; thus r = 2a + rco80, and r = :: — 

1 - cos 


1 55. The polar equation to the parabola when the vertex 

is the pole may be conveniently deduced from the equation 
f = iax by putting r cos 0 and r sin 0 for x and y respec- 
tively ; wc thus obtain r = ... . 

^ ' sin’' 0 

We add a few miscellaneous propositions on the parabola. 

Defixitiox. a chord passing through the focus of a 
conic section is called a focal chord. 

156. If tangents be drawn at the extremities of any focal 
chord of a parabola, (1) the tangents will intersect on the 
directrix, (2) the tangents will meet at right angles, (3) the 
straight line drawn from the point of intersection of the tan- 
gents to the focus will be perpendicidar to the focal chord. 

(1) If the tangents to a parabola meet at the point (h, k) 
the equation to the chord of contact is, ky = 2a {x -f h) by 
Art. 143. Suppose the chord passes through the focus ; then 
the values a; == a, y = 0, must satisfy this equation ; 

therefore 0 = 2a (a + Jl) ; 
therefore A = — a; 

that is, the point of intersection of the tangents is on the 
directrix. 
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(2) The equation to the tangent to a parabola may bo 
written (Art. 131) y = Suppose {h, h) a point on 

the tangent ; therefore hrr? — iw 4* a == 0. This quadratic will 
determine the inclinations to the axis of the parabola of tho two 
straight lines that may be drawn through the point (/f, h) to 
touch the parabola. Suppose the tangents of these in- 
clinations, then by the theory of quadratic equations = j. 

If A = — a, = — 1 ; that is, the two tangents are at 
right angles. 

(S) The equation to the straight line passing through tho 
focus and Zrj is y — ^ ~ If A = — a, this becomes 

Ic 

y = — -- — a) ; the straight line is therefore perpendicular 

to tho focal chord of which the equation is yk = 2a (a? — a). 


157. If tlirourjli any pomt within or without a parabola, 
two straight lines be drawn jiarallel to two given straight lilies 
to meet the curve, the rectangles of the segments will be to one 
another in an invariable ratio. 


Let {x, y) be tho given point, and suppose a and ^ 
respectively the inclinations of the given straight lines to 
the axis of tho parabola. By Art. 147, if a straight line bo 
drawn through {x, y) to meet the curve and be inclined at 
an angle a to the axis, the lengths of its segments are given by 
the equation sin* a + 2r {y sin a — 2a cos a) + y * — ^ax = 0. 


Therefore by the theory of quadratic equations tho rcct- 
angle of the segments . ^ — • 


Similarly the rectangle of the segments of the straight line 

t/^* — 4a*i/^ 

drawn through {x\ y) at an angle /8 . 


8in*/9 

Hence the ratio of the rectangles 

sin QL 

is constant whatever x' and y may be. 


, and this ratio 
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Let 0 be the pint through which the straight lines OPp, 



OQq, arc drawn inclined to the axis of the parabola at angles 
a, respetively ; then we have shewn that 

OQ.Oq sin* a’ 

Let tangents to the parabola he drawn parallel to Pp, Qq, 
meeting the parabola at P and D respetively ; let ;S be the 
focus; then by Art. 151, 

SE sin*;3 ,, , OP. Op SE 

- ... ; therefore / = -fj,. 

bD Bin’ a OQ.Oq SD 

Suppose 0 to coincide with T ; then OP. Op becomes TE^ 
and OQ. Oq becomes TIP) 

TEP SE 


therefore 
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EXAMPLES. 

1. Find the equation to the straight line joining A and 
L. (See figure to Art. 126.) 

2. Find the equation to the circle which passes through 
A, L, L\ (See figure to Art. 126.) 

. 3. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given hxed dia- 
meter of that circle ; find the locus of tlu? point. 

4. Trace the curves and 4- ^ny = 0 ; and 

determine their points of intersection. 

5. Determine the e<iuatiou to tlie tangent at L. (Sec 
figure to Art. 1 26.) 

6. Find the angle between the straiglit lines in Exani- 
ples 1 and 5. 

7. Determine the equation to the normal at L. 

8. Find the point where the normal at L meets tlio curve? 
again, and the lengtli of the intercepted cljord. 

9. Find the point in a parabola where tlie tangent is 
inclined at an angle of SO'* to the axis of x. 

10. The length of the perpendicular from the inter- 
section of the directrix and axis on the tangent at y) is 

a {x — o) 
tj[a {x •¥ a)] ’ 

11. Find the points of contact of tangents the perpen- 
diculars on which from the intersection of the directrix and 
axis are e<|ual to one-fourth of the latus rectum. 

12. A circle has its centre at the vertex A o( a parabola 
whose focus is S, and the diameter of the circle is 3.46^; 
shew that the common chord bisects AS. 
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13. Trace the curve y^x — a?, and determine whether 
the straight line a: + y = 1 is a tangent to it 

14. The tangent at any point of a parabola will meet the 
directrix and latus rectum produced at two points equally 
distant from the focus. 

15. PM is an ordinate of a point P on a parabola; a 
straight line is drawn parallel to the axis bisecting PM and 
cutting the curve at Q\ MQ cuts the tangent at the vertex 
A aX T; shew that AT— ^PM, 

16. If from any point P of a circle PC be drawn to the 
centre (7, and a chord PQ be dra>\m parallel to the diameter 
ACB and bisected at P, shew that the locus of the inter- 
section of CP and AR is a parabola. 

17. Find the ordinates of the points where the straight 
line y — TTix+c meets the parabola; hence determine the 
ordinate of the middle point of the chord which the para- 
bola intercepts on this straight line. 

18. .4 is the origin, P is a point on the axis of y, BQ is 
a straight line parallel to the axis of x; in AQ, produced if 
necessary, Pis taken such that its ordinate is equal to BQ; 
shew that the locus of P is a parabola. 

19. From any point Q in the straight line BQ which is 
perpendicular to the axis GAB of a parabola whose vertex 
IS A, PQ is drawn parallel to the axis to meet the curve 
at P ; shew that if CA be taken equal to AB, the straight 
lines A Q and CP will intersect on the parabola. 

20. At the point {x\ V) a normal is drawn ; find the 
co-ordinates of the point where the normal meets the cur\^e 
again, and the length of the intercepted chord. 

21. If the normal at any point P meet the curve again 
at Q, and SP—r, and p be the perpendicular from S on the 

tangent at P, then PQ = • 

22. P is any point on a parabola, A the vertex ; through 
A is drawn a straight line perpendicular to the tangent at P, 
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and through P is drawn a straight line parallel to the axis ; 
the straight lines thus drawn meet at a point Q: shew that 
the locus of C is a straight line. Find also the equation to 
the locus of Q the intersection of the perpondicular from A 
and the ordinate at P. 

23. PQ is a chord of a parabola, PT the tangent at P. 
A straight line parallel to the axis of tlie parabola cuts the 
tangent at the arc PQ at P, and the chord PQ at F. 
Shew that TE : EF :: PF : PQ. 

24. In a parabola whose equation is ?/* = 4n.r, pairs of 

tangents are drawn at points whose abscissae arc in the ratio 
of 1 : ; shew that the equation to the locus of their inter- 
section will be y* = (jj^ 4- 'vhon th(j })oints are on the 

same side of the axis, and y* = — (/a^ — ox* when they are 
on different sides. 

25. Two straight lines arc drawn from the vcTtox of 
a parabola at right angles to eacli other ; the points wluire 
these straight lines meet the curve are joined, thus hnining 
a right-angled triangle ; find the least area of tliis triangl(^ 

26. Let r and r' be the lengths of two radii v(‘ctoros 
drawn at right angles to each other from the vertex of a 

parabola; then (rr)® = IGa* (r^ 

27. Find the polar equation to the panibola referred to 
the intersection of the directrix and axis as origin and the 
axis as initial line. 

28. If a straight line l>e drawn from the intersection of 
the directrix and axis cutting the parabola, the rectangle of 
the intercepts made by the curve is ecpial to the rectangle of 
the parts into which the parallel focal chord is divided by the 
focus. 

29. Find the polar equation to the parabf)la when the 
intersection of the directrix and axis is the origin and the 
initial line the directrix. 

30. A system of parallel chords is drawn in a parabola; 
find the locus of the point which divides each chord into 
segments whose product is constant. 



140 


EXAMPLES, CHAPTEB VIII. 


31. In a triangle ABC if tan A tan " 2 ^ 2 , and AB be 

fixed, the locus of C will be a parabola whose vertex is A 
and focus B, 


32. Find the eejuation to the parabola referred to tan- 
gents at the extremities of the latus rectum as axes. 

33. Find the equation to the parabola referred to the 
normal and tangent at L as axes. 

34. P is a point on a parabola; y' are its co-ordinates ; 
find tlie equation to the circle described on SB as diameter. 

3o. Shew that the circle described on SP as diameter 
touches the tangent at the vertex. 


30. If the straight line y = m (ar — a) meets tlie parabola 
at {x\ y) and \ y"), shew that 


r . ff o i t n 2 / I > f' 

x+x + xx =o; y+y = — ; yrj 


'4a*. 


37. A circle is described on a focal chord of a parabola 
as diameter; if vi be the bingent of tlie inclination of this 
chord to the axis of the eipiation to tlie circle is 

*■* - 2«,r ( 1 + -4) + / - - 3tt* = 0. 

38. Any circle described on a focal chord as diameter 
touches the directrix. 

39. If the focus of the parabola be the origin, shew that 

the equation to the tangent at (x\ y) is yy = 2a 2a). 

40. If the focus of a parabola be the origin, shew that 

the equation to a tangent to the parabola is . 

41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the other at right 
angles ; find the locus of the point of intersection. 
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42. If a chord of the parabola y* = 4aa7 bo a tangent of 
the parabola y* = 8a (a: — c), shew that the straiglit line x=g 
bisects that chord. 


43. From any point there cannot be drawn more than 
three normals to a parabola. 

44. - In a parabola whose equation is y* = 4r^.?', the ordi- 

nates of three points such that the normals pass thnnigh the 
same points are y.^, ; shew that y^ + y^ + y^ = 0. Shew 

also that a circle described through these three points i)asses 
through the vertex of the parabola. 

45. If two of the normals which can be drawn to a para- 
bola through a point are at right angles, the locus of that 
point is a parabola. 

4G. If two equal parabolas havi^ the same focus and their 
axes perpcuidicular to each other, tluy em^lose a spacir whose 
length is 8a, and breadth is where 4a is the latus 

rectum of the parabola. 

47. Find the length of the ])erp(uidicular from an exter- 
nal point [hy k) on the corresponding chord of contact. 


48. From an external point (//, h) two tangimts anj 
drawn to a parabola: shew that the length of tlie cliord of 

contact IS - . 


4.1. From an external point (A, k) two tang(*nts are 
drawn to a parabola: shew that the area of the triangle 

, , , 111- -“4a/0-^ 

formed by the tangents and chord is — . 


50. Tangents to a parabola TI\ Tp an; drawn at the 
extremities of a focal chord ; PG, pg are normals at the 


same points. 


Shew that 



the normals subtend equal angles at 


is invariable; and that 
T. 


51. Two equal parabolas have the same axis, but their 
vertices do not coincide. If through any point 0 on the inner 
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curve two chords of the outer curve POp, QOq^^ be drawn 
at right angles to one another, then ^ 

invariable. 

52. A circle described upon a chord of a parabola as 
diameter just touches the axis; shew that if 0 be the inclina- 
tion of the chord to the axis, 4a the latus rectum of the 

parabola, and c the radius of the circle, tan 0 = ~ . 

53. If 0, 0' be the inclinations to the axis of the para- 
bola of the two tangents through {h, k), shew that 

tan 0 + tan 0' = f ; tan 0 tan 0' = ^ 


h* 


A* 


54. If two tangents bo dravm to a parabola so that the 
sum of the angles which they make with the axis is constant, 
the locus of their intersection will be a straight line passing 
through the focus. 

55. Shew that the two tangents through {h, k) are repre- 
sented by the equation 

A (y — ky — A (y — A) (d? — A) + a (x — A)* = 0 ; 
or (A* — 4aA) (y® — 4ox) = {Ay- 2a (x + A)]*. 

5G. Show that the straight lines drawn from the vertex 
to the points of contact of the tangents from (A, A) are repre- 
sented by the equation Ay* = 2x (Ay — 2ax). 

57. Determine the co-ordinates of the point of intersec- 
tion of two tangents to a parabola 

y = and y = — . 

Also form the equation to the straight line drawn from this 
point of intersection perpendicular to a third tangent; and 
determine the ordinate of the point where this straight line 
meets the directrix. 


58, A triangle is formed by three tangents to a para- 
bola : shew that the perpendiculars from each angle on the 
opposite side intersect on the directiix. 
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CHAPTER IX. 

THE ELLIPSE. 


158. To find tlie equation to the ellipse. 

The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity. 


Y 

n 


d 



A 

1 M 

C J 

1 ^ 

V 






w 


r 





Let 8 be the fixed point, YY* the fixed straight line. 
Draw 80 perpendicular to YY'\ take 0 as tlie origin, 08 
as the direction of the axis oi x, OY as that of the axis of y. 

Let P be a point on the locus ; join SP\ draw PM parallel 
to OTand P^ parallel to OX, Let OS=^Pf and let e be the 
ratio of 8P to PiV. Let x, y be the co-ordinates of P, 

By definition, 8P^e.PN\ therefore BP^^e^PN^; 
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therefore Pi/» + SM^ = 
that is, {x- p)^ = cV. 

This is the equation to the ellipse with the assumed 
origin and axes. 

159. To find where the ellipse meets the axis of x, we 
put y = 0 in the equation to the ellipse ; thus [x ~ pY = e V ; 

therefore ic — o = + ea: ; therefore x = . Let OA = 

^ \ 1+e 

and OA = I'hen A and A' are points on the ellipse. 

A and A' arc called the vertices of the ellipse, and O', the 
point midway between A and A, is called the centre of the 
ellipse. 

160. We shall obtain a simpler form of the equation to 
the ellipse by transferring the origin to A or (7. 

I. Suppose the origin at A, 

Since OA = r-— , we put x — x-^ , — - and substitute 
l + € ^ 1-f e 

this value in the equation y* + (d? — pY = eV ; 

thus i 

tlicrefore y' + = e’ fa;” + ) ; 

^ l+e \ 1 + 6/’ 

therefore y* = 2pex — (1 — 6®) x^ 



The distance A A = ^ we shall denote 

1— e 1+e 1— e 

this by 2a ; hence the equation becomes 

y*=(l-c*)(2aa*'-0* 
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We may suppress the accent if we roinombor tliat the 
origin is at the vertex A\ and thus write the equation 

y=(l-e*) (2u.r-.r) (1). 

IL Suppose the origin at C, 

Since A'C = a, we put ;r = .r H-u and substitute tliis value 
in (1) ; thus y-* = (I - c") [2^. (.r -f a) - (.v + 

We may suppress tlie accent if we nuneinbi'r that the 
origin is now at tlu^ centre C, and tlius write the t‘(|uatiori 

y=(l-0 

In (2) suppose .r = 0, tlnai y* = fl — c”) u' ; if then wc de- 
note tlie ordinate CB by /> we havi* b" ~ (1 — tlius (1) 

may be written 


and (2) may bo written 

( 4 ), 

or, more symmetrically, 

~ or ay + tv = ci^I/ (.*>). 


IGl. Since A' S = eOA' and OA' = , we have 

1 +e 

SC=A'C-A'S=a-a(l-<!) = ae. 
OC=A’C+ = = 


T. C. 8. 


10 
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1G2. We may now ascertain the form of the ellipse, 
Take the equation referred to the centre as origin 

y = (1). 



in the curve on one side of tlie axis of .r there is a point 
F on the otlier side of the axis such that Hence 

the curve is syminctrical with respect to the axis of x. Values 
of X greater than a do not give possible values of 7/; hence, 
CA being ecjual to a, the curve does not extend to the right 
of A. 

If Ave ascribe to .r any negative value comprised between 0 
and — a, wc obtain for y the same pair of values as when w(‘ 
ascribe to x the corresponding positive value between 0 
and <7. Hence the portion of the curve to the left of YY' is 
similar to the portion to the right of YY\ 

As the equation (1) may be put in the form 



FORM OF THE ELLIPSE, 


U7 

we see that the axis oiy also divides the curve s^unmetrically 
and that the curve does not extend beyond the points B and 
where GB and CB each = K 

The straight line E'K' is the directrix ; 8 is the corre- 
sponding focus. 

Since the curve is symmetrical with respo(d. to the 
straight line YCY\ it follows that if we take Oil = 08 and 
CE=^ GE\ and draw EK at right angles tt> CE, tlie point If 
and the straight line EK will form respectivtdy a secjond 
focus and directrix by moans of which the curve might have 
been generated. 

103. The point 0 is called th(‘ of the cllipst' be- 

cause every chord of the ellipse irhick passes ihrouyh C is 
bisected at C. For siipj)ose (//, /•) to he a ])uint on tlie 

curve, so that the e(iuation + ,v = l rs satisfied hv the 

o* b 

values a; = //,y = /t*; then ( — A, —Ic) is also a ])oint (»n tlie 
curv(% because since x — hy // = /^, satisfy tlie above (ujiiarKni, 
it is obvious that x = — y=^—k, will also satisfy it. Hence 

to every point B on tlie curve there con*esy)onds another 
point l\ in tin? ojiposite <juadrant, such that PCl\ is a 
straight line and 1\0—BG. Hence ev(‘ry chord passing 
through C is bisected at C. 

1()4. We have drawn the curve* concave towards the 
axis of a*; the following proj)osition will justify the figure. 

The ordinate of any point of the curve which lies be- 
tween a vertex and a fixed j)oint of tlu; cnrv(^ is greater than 
the corresponding ordinate of the straight line joining tliat 
vertex and the fixed point. 

Let A' be the vertex, and lake it for tier origin ; lei P be 
the fixed point; a', y its co-ordinates. 'J’heii tin; eepiation 

to the ellipse is (Art. IGO) ““ 

The equation to AP is ^ ~ a sj (v 

since {x , y) is on the ellipse. 

Let X denote any abscissa less than x\ then since the 

1 (\ o 
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ordmate of the curve is ^^( 20 ®-®*) 

and that of the straight line is ^ - 1) ®, it is obvious 

that the ordinate of the curve is greater than that of the 
straight line. 

1G5. AA' and BB' are called axes of the ellipse. The 
axis A A which contains the two foci is called the major axis 
and sometimes the transverse axis ; BB' is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
from the focus bears to the distance of the same point from 
the corresponding directrix is called the excentricity of the 
ellipse. We have denoted it by the symbol e. 

To find the latus rectum (see Art. 128) we put x = GII, 
that is, = ae, in equation (1) of Art. 1C2 ; thus 

therefore LII = , and the latus rectum = . 

a a 

Since ; therefore 6** + aV = A ; that is, 

GB^^- ClP = d^; 

therefore BIT = a ; 

similarly, BS=a, 

l(i(). To express the focal distances of any j^oint of the 
ellipse in terms of the abscissa of the point. 

Let S bo one focus, E'K' the corresponding directrix ; H 
the other focus, BK the corresponding directrix. Let P be a 
point oil the ellipse ; x, y its co-ordinates, the centre being 
the origin. Join >ST, and draw xV'iW parallel to the 
major axis, and PM perpendicular to it. 

Then >SP = ePA"' = e(P'(7 + 


Also, HP^ePN=e{CE-^ 
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Hence SP+ jffP=2a; that is, the sum of the focal dis- 
tances of any point on the ellipse is equal to the major axis. 



It is obvious from Euclid, I. 21, that the sum of iln* focal 
distances of any point outside the ellipse is (jreater than ilie 
major axis, and the sum of the focal distances of any ]>oint 
inside the ellipse is less than the major axis. 

It is easily seen that + — positive for any point 

outside the ellipse, and negative for any poini inside the 
ellipse. 

Let tlie co-ordinates of any point Q he .r and ?/ ; then 
JIQ^ = y + (a: - ae/ = (ex - a/ -f yH (1 - d) (■// - a^) 

e) 

Thus Iltf is greater or less than d ^x — according as 

Qis outside or inside the ellipse; therefore the focal distance 
of any point not on the curve b<;ars t(t the distance- of the 
point from the corre.sponding directrix a ratio which is 
^eater or less than e according as the point is outside or 
inside the ellipse. 
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167. The equation y* = (a* — a:^) may be written 

y* = (a ^oc){a+ or). Hence (see fig^urc to Art. 162) 

_Pj\r ^ BC^ 

A'iM:MA AG^' 

168. Lot a circle be described on the major axis of the el- 
lipse as a diameter ; its efjuation referred to the centre as origin 
will be = a* — a^. Hence if any ordinate MP of the ellipse 

1 )^ 

be produced to meet the circle at P' we have PiP = P3P; 


TW h 



Join P' with C the centre of the ellipse; let P'CM=<f), 
and let x, y be the co-ordinates of P ; then 

X = CP' cos = a cos 0, y = ~ ^ ^ a sin <^ = 6 sin 

These values of x and y are sometimes useful in the solu- 
tion of problems. 

The angle P' CM is called the eorcentric angle of the point P. 
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The circle describetf on the major axis of an ellipse as 
diameter is sometimes called the aiixiliary circle. 

169. From Art. 160 we see that the equation to the 
ellipse when tlie vertex is the origin is ?/“ = 2pcx — (I ~ e^) .r\ 

If we suppose f? = l, this becomes y^ = 2p.r, which is the 
equation to a parabola whose latus rectum is 2p. 

Also in the ellipse a = j , h = a ^(1 — <?“) = » 

AH or a (1 — c) = . 

If we now make e = l, we have a and h infinite, and 

0 (1 — e) — Thus if we suppose the distance l)etw(^en the 

vortex and nearer focus of an elli]>se to remain constant 
while the excHuitricity appr()ach(‘s (‘ontinually n(*arerto unity, 
the major and minor axes of tlui ellipsis increase* ind«‘finilely 
and the ellipse about the vortex a])proximat(‘s to tlie form of 
a parabola. 

Thus if any ])roperty is ostablislu'd for an ellipsi* we may 
seek for a corresponding ])roperty in tin* parabola, by referring 
the ellipse to tlie vertex as origin and examining what, t lie 
result becomes when e is made to approach continually' to 
unity, wliih* the distance between the vertex ami tlui nearer 
focus remains constant. 


Taryent and Normal to an Ellipse, 


170 . To find the e(piation to the tangent at any point of 
an ellipse. (See I)ef. Art. 90.) 

Let x\ y be tlie co-ordinates of the point, x\ y" the co- 
ordinates of an adjacent point on the curve. 

The equation to the secant through these points is 


' V “ V / 

y-y 


X —X 


.ri 


since (x, y) and (x", y") arc points f)n the ellipse, 
o'y” + hV* = a'h\ a’y"’ + Vx"‘ = aV ; 

a ’( y "’- y '’) + 6’(^"'-0 = <>; 


therefore 
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therefore 


y -y 

X — X 




Hence (1) may be written 

, x-¥x' 

2/-y 

^ a y -^y 

Now in tlic limit x' = x\ and y" — y \ hence the equation 
to the tangent at tlie point {x\ y ) is 

, h\r 

y-y =~„y {-^-x) (2). 

This ecpiation may bo simplified ; multi ])ly by c^y\ thus 
(j^yy + Vxx = 


171. The equation to the tangent can bo conveniently 
(expressed in terms of the tangent of th(j angle which the 
straight line makes with tlie major axis of the ellipse. Fur 
the e(|uatiou to the tangent at (.r , y) is 

•i f . 1*1 t *2/2 I 

^ an y 

T 4 11 -1* 

Let — = m ; thus the equation becomes y = mx 4- , ; 


ay 


V . 


we have then to express ^ , in terms of m. 

Now Ifx = — a^yviy and try"^ 4- Vx^ = a'lr 
therefore a'y^ 4- = ivU ; 


therefore 

therefore 


5-' 

ir ((xW+5") = 5^ 

= »J{a'ni^ + i*). 

y 


Hence the equation to the tangent may be written 
y = lax + V • 


Conversely every straight line whose equation is of this 
form is a tangent to the ellipse. 

It may be shewn as in Arts, 93, J)4, that the tangent at 
any point of an ellipse meets it at only one point, and that 
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a straight line which meets an ellipse at only one point is 
the tangent at that point. 

172 . The tangents at the extro initios of either axis are 
parallel to the other axis. 

For the co-onlinatos of A are a, 0. (See Fig. to Art. 1(12.') 
Hence, putting x y - 0, the e(|uati()n a^yy -f b\r,r - aV/ 
becomes x = a, which is the ecpuitiou to a straight line 
through A parallel to CY. Similarly the tangent, at yl' is 
parallel to CY, and the tangents at B and 7/ are ])arallel 
to CX. 


173. To find the apnttion to the nornud at any point of 
an ellipse. (See Def. Art. 1)7.) 

Let Xy y' be tln‘ co-ordinates ot tin* ])oint; tln^ e<juati()n 
to the tangent at tliat ])oint is 

h\t i- 

= ~ .T-f (I). 

The ecjuation to tlui straiglit line througl) (x\ n ) at ri'dit 
angles to (Ij is ' . V ./ / o 




At). 


This is the equation to the nonmd a,t {x\ y). 

174 . The equation to the normal may also be (‘xprc'ssc^d 
in t(‘rms of the tangent of tlie angle which the straight line,* 
makes with the major axis of the (;]lips(;. I’he equation 

to the normal at (x , y) is y = x — {^. — 1 j y . Let 


id} ' 

, l-~, = m ; thus the equation becomes 
0 X 


y = mx — 


a — ft , 




y 


1 ); 


(d -Id 

-ve have then to exprcs.s yi ~y terin.s of m. 


<dy' 


Now, tV= , and + — a7/; 


m 

therefore a*^'' + = a' J* j 
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therefore y'* (5*m*+ a*) = 


Hence (1) becomes y = mx — 




175. We shall now deduce some properties of the ellipse 
from the preceding Articles. 

Let x\ y be the co-ordinates of P; lot PTbe the tangent 
at and PG the normal at P; PM, PN perpendiculars on 
the axes. 


The equation to the tangent at P is a^yy + Pxx = a^P. 


a* CA^ 

Let y = 0, then x— ,, hence CP = yryj \ therefore 
X L/M 



CM. CT= CA’. 


Similarly, if tlio tangent at Pnicot Cl' at T', 

cx. cr = Cl?. 


176. The equation to the normal at P is 

' ®y ( •\ 

At the point G where the normal cuts the major axis 
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1 


Vr 

y = 0, hence from the above equation a: — x = — ; therc- 

it 

fore x = x'(l- = eV. Thus CG = eVM. 

At the point G' where the normal cuts the minor axis, 
x = 0, hence from the above equation y — y— y\ 

Thus = PJf. 


Suppose tlie focal distance PH pro(luc(‘d to meet tlic 
ellipse again at p. Let Q denote^ tlie middle ])oint of 7)>. 
and through Q draw a straight line paralhd to the niojor axis 
meeting the normal VG at K. Th(‘U, by similar triangles, 

QK __11G _ae-i\r 
(Jl‘~ JW~ a-e.r ~ 

thus QK —e. QP— . J'p. 


If /Thad denoted the point of int(‘rsection of the straight 
line through Q and thcniormal at p, we, slamld hav(^ obtained 
the same value of QK] hence we have th(^ following result: 
the straight line parallel to the inajur axis lohirk passes 
through the intersection of normals at the ends (f a focal 
chord bisects that chord. 


177. The lengths of PG and PG' may be convauiiently 
expressed in terms of tlie focal distances of P, 

PG^ = P.W + GM^ = y^ + [x - eV')“ 







Let SP= r\ IIP = r ; then / = a -f ex! ^ r = a — ex ; 
thus = 

a 

8 f 

a rr 

Similarly, it may be shewn that PG'*==^ ^ . 
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178. The normal at any point bisects the angle between 
the focal distances of that point. 

Let a:', y be the co-ordinates of P; tlie co-ordinates of H 
are — ac, 0 ; hence the equation to SP is (Art. 35) 


?/= / — (.r + flc) 
ic 4- ac 


(!)• 


a u , 

The equation to ihe normal at P'\^ y — y = {x— x), 

u X 

Hence tlie tangent of tlie angle GPS 

9 r t 

ay y 

_ __ ~ ^'y ^^^^y 

d^y'^ a'y^ 4 - 4 - Ifxac 

If x' [x 4- a.e) 


a'^i^x y 4- a^ey __ eay 
d‘l)“ 4- Vxae P 


•fj 

The e([uation to UP is y= - (iv — ac ) ; lienee it may 

X — ac 

bo shewn that the tangent of the angle GPU also = ^^.f ; 

therefore the angle AS7Vr = the angle IIPG, 

Henee the angle S/^P = the angle IIPT\ that is, the 
tangent at any point is eijually inclined to the focal distances 
of tliat point. 


179. The preceding proposition may also be established 
thus : 


CG = cV, (Art. 176) ; 

therefore SG = ae 4- and UG = ae — eV. 


Also SP=a + cx\ UP=^a — ex; hence 
SG _^P 
UG'^UP^^ 

therefore by Euclid, VI. 3, PG bi.sects the angle SPII. 

180. ?() find the locus of the intersection of the tangent at 

any point with the perpendicular on it from the focus. 
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Let y = mx + \/(^* + m^a^) (1 ) 

be the equation to a tangent to the ellipse (Art. 171); then 
the equation to the perpendicular on it from the focus 11 is 
(see figure to Art. 175) 

(-)• 

If we suppose x and ?/ to liave respectively the siiine 
values in (1) and (2), and eliminate m luitween the two e(jua- 
tions, we shall obtain the retjuired locus. 

From (1) y — mx = \/ (jf -f m^ar ) ; from (2) my -\-x= ae ; 
square and add, then 

(y 4- (1 + m‘) = 4- m'u' 4- (iV = rr* (1 4- m^) ; 

thus =0“ is the eciuation to the re(|uirt‘(l Incus, which 

is tljcrefore a circle described on the major axis of the ellipse 
as diameter. 

We have supposed the pcTpendicular drawn from II ; wo 
shall arrive at the same result if it he drawn trom S; lienee 
if HZ, SZ be these perpendiculars, CZ and (!Z' each =a. 


181. To find the length of the 2 >^^'pC'^idicul(ir from the 
focus on the tangent at any j>oint 

The equation to the tangent at the point {x\ y) is 
7/ = - , a: 4- , . 

y 

The co-ordinates of the focus 7/ are ae, 0. But if /> de- 
note the length of the perpendicular from a point (./j, t/J on 
the straight line y = mx 4- c, by Art. 47 

In the present case x^ = ae, = 0, m= — ^ , c= , ; 

^ y y 


thus p* = 


d*y y) ^ (a— exf ^ ^ 


1 + A, 

o^y 


aY + tv*’ “ - tV‘7+ “tV* 
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a^(a*- eV*) ‘ 


7,2 fr . _ 

a + ea?' 


7.2^ 


r 

tv 


1. 177). 


Since / = 2a-r we have ^ — 

^ za — 


Similarly if p be the perpendicular from S on the tan- 

hV 

gent at (,/■', y') we shall find p^ = — * Therefore jp = 

From the point G in the figure of Art. 175 suppose a 
perpendicular drawn on PH meeting it at R ; then by similar 

P R 11/ If/ 

triangles = jjp\ therefore PR = PG x Substitute 

the value of HZ just obtained, and the value of PG from 

7^2 

Art. 177, and we have PR— . Thus the length PR is 

ji ° . 

constant and equal to half the latus rectum. 


182. From any external point tiro tanyents can he drawn 
to an ellipse. 

Let the equation to the ellipse he aV/ + ?>*./’'“' = and 
let h, k be the co-ordinates of an external point. Suppose 
x\ y tlie co-ordinates of a point on the ellipse, such that tin' 
tangent at this point ]>a.ss(vs through (h, k). The equation to 
the tangent at {x\ y') is a'l/y' -^Fxx —aV. Since this tan- 


gent piuises through (A, I) 

(Cky Vhx = n \ 

Also since {x\ y) is on the ellipse 

aY^V^Z^ = a:F ( 2 ). 


Equations (1) and (2) determine the values of x and y. 

Substitute from (1) in (2), thus ^ 

or + W-2amr + The roots of 

this quadratic will be found to be both possible since (A, k) is 
an external point and therefore -f AVi* greater than a"b\ 
The straight line which passes through the points where 
these tangents meet the ellipse is called the chord of contact. 

183. Tangents are dratvn to an ellipse from a given ex* 
ternal point ; to find the equation to the chord of contact. 
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Let hf k be the co-ordinates of the external point ; , y 

the co-ordinates of the point where one of the tangents from 
(A, li) meets the ellipse; the co-ordinates of tlie })oint 

where the other tangent from (A, A) meets the ellipse. The 
e(piation to the tangent at is (J^yy^ -f since 

this tangent passes through (A, k) we have 

d^ky^ + = aV ( 1 ). 

Similarly, since tlie tangent at {x,^,y,) passes tlirough (A, A) 

= (!>). 

Hence it follows tliat tlie C(jnation to the* chord of contact is 
dliOj -f Vh.r = (N). 

For (3) is obviously the equation to Konie sfntlyhf line: 
also this straight line i)asses through //,) for (3) is satisfied 
by the values x = ,l\, // = ?/, as we se(‘. from ( I ) ; similarly from 
(2) we conclude that this straight line jKisses througli {x.^y yf 
Hence (3) is the re(|uired e<|uatiou. 

Thus we may ])roC(‘(‘(l as follows in or(l(‘r to draw tang(‘nls 
to an ellipse from a given external jioint : draw the straight, 
line which is rcqin^sented by (3); join th(‘ i)oint.s when^ it 
meets the ellipse with th(‘ given ext(:rna,l point, and thi^ 
straight lines thus obtained are tin* re<juired tangents. 

184. Throuyh any fixed jnfitit chords are drairn to an 
ellipse, and tanyents to the ellipse are draunt at the ext re nil ties 
of each chord ; the locus of the intersection of the tanyents is a 
straiyht line. 

Let A, k be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the elli|)se be drawn at 
the extremities of one of these cliords, arai h;t (x^, //,) he the 
point at which they meet. The ecpiation to tin; corresponding 
chord of contact is, d\yy^ + b^xx^ = d*U\ by Art. 1 83. But this 
chord passes througli (A, k) ; therefore aV///, -t- A7/.r^ = a7A 
Hence the point (Xj,y,)lies on thestraight linea7j//+//A.rs=aV; 
that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 
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18/5. If from any point in a straight line a pair of tan- 
gents be drawn to an ellipse the chords of contact will all pass 
through a fixed point 

Let Ax-\- By G—0 (1) 

he the e(]|uation to tlie straight line ; let {x\ y) be a point in 
this straight line from 'whicli tangents are drawn to the ellipse; 
then the equation to the eorresponding chord of contact is 

(2). 

Since [x, y) is on (1), we have Ax+By 

Ax'-vC , 

ay^a“h, 


therefore (2) may he written Vxx 

Aa’'y\ , Ca^y ^ 

or, (6 X — \x jf — a V = 0. 

Now, whatever be the value of .r', this straight line passes 
through the ])oiiit whose co-ordinates are found by the simul- 

7 2 A(ty Ca^y ,,5 . . 

taiicous equations Ox— /? ~ 'o — -f- cri* *= 0, that is, 


the 


B 

BI/ 


point for which y = — - , a; = — ^ , 


The student should observe the difterent interpretations 
that can be assigneil to the equation ecky -h h'^hx — aVA 

Tlie statenu‘nts in Art. KKl witli respect to the circle may 
all be apjdied to the ellipse. 

ISO. Some interesting geometrical investigations relat- 
ing to tangents to an ellipse from an external point may be 
noticed. 

To draw the two tangents to an ellipse from any external 
point. 

liot 0 denote the external point, and S either focus. On 
OS as diameter describe a circle and let it cut the circle 
described on the major axis as diameter at Z and z. Join OZ 
and Oz. Then these straight lines, produced if necessary, are 
the tangents from 0 hy Art. 180 and Euclid, III. 31. 

Or we may proceed thus. Let 0 denote the external point, 
S the more remote focus. With S as centre and radius equal 
to the major axis of the ellipse describe a circle. Let H be 
the other focus. With 0 as centre and radius equal to OH 
describe another circle cutting the former at Q and q. Join 
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SQ and Sq cutting the ellipse at Pand p ; then OP and Op 
are the required tangents. For join OS, Oil, OP, and OQ. 



Then in the triangles OPQ and OPIT we liavo OQ= 071 hy 
construction, PQ = 2a ~ SP= PH, and OP common. I'here- 
fore the angle OPQ = the angle OPH ; and OP is the tan- 
gent at Pby Art. 178. 

Similarly Op is the tangent at p, 

Tlie two tangents to an ellipse from an external iwint sub- 
tend equal angles at each focus. 

Join lip and Oq. The triangles OSQ and OSq an^ equal 
in all respects; thus the tangents OP and Op subtend e(|ual 
angles at Si Also the angle 0//P=the angle OQP, and the 
angle OIIp = the angle Oqp : thus the tangents OP and Op 
subtend equal angles at IL 

The angle between a tangent and a focal distance of the 
external point is equal to the angle between the other tangent 
and the other focal distance. 

The angle SOQ = the angle SOq ; that is, 

twice the angle SOP-\- the angle SOU 
= twice the angle HOp + the angle SOU; 
therefore the angle 80P=^ the angle HOp, and also the angle 
HOP = the angle SOp. 

T. C.S. 
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EXAMPLES. CHAPTER IX. 


The student should notice the extension which is thus 
obtained of the result in Art. 178. At any point of the cur\"e 
the straight line which bisects the angle between the focal 
distances is at ri(]ht angles to the tangent ; at any external 
point the straight line which bisects the angle between the 
focal distances bisects the angle between the two tangents. 


EXAMPLES. 

1. Find the excentricity of the ellipse -f 3^* = c*. 

2. Find the equation to the tangent at the end of the 
latus rectum L. (See figure to Art. 1C 2.) Also find the 
lengths of the intercepts of this tangent on the axes. 

3. Write down the e(piation to the normal at L, 

4. If the normal at L passes through the extremity of 
the minor axis B\ find the excentricity of the ellipse. 

5. Find the equation to AB and CL, (See figure to 
Art. 1C2.) Find the excentricity of the ellipse if these 
straight lines are parallel. 

G. Find the e(]uation to i?'/f,and determine the abscissa 
of the point where this straight line cuts the ellipse again. 

7. Find the equation to AL, and determine the angle 
between this straight line and the tangent at L, 

8. If from the point P whose abscissa is x\ a straight line 
be drawn through //, determine the abscissa of the point where 
it meets tlie ellipse again. 

9. Find a point in the ellipse such that the tangent there 
is equally inclined to the axes. 

10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the corresponding axes of the ellipse. 

11. P is a point on an ellipse, y its ordinate ; shew that 

aey 


tan APA' = 
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12. P is a point on an ellipse, y its ordinate; shew that 
the tangent of the angle between the focal distance and the 

6 * 

tangent at P is . 

aey 

13. If denote the angle mentioned in the preceding 

Example, PC = — V cot* 

14. From P a point in an ellipse straight lines are drawn 
to A, A \ the extremities of the major axis, and from A, A' 
straight lines are drawn Jit right angles to AP, A'P; shew 
that the locus of their intersection will be another ellipse, 
and find its axes. 

15. If any ordinate AfP he produced to meet the tangent 
at L at Q, prove that QM = PIl. (See figure to Art. 162.) 

16. If a series of ellipses b(*. described having the same 
major axes the tangents at the ends of th(*ir latera recta will 
pass through one or other of two fixed points. 

17. If the focus of an ellipse be the common focus of two 
parabolas whose vertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at points whose 
distance from each other is e(pial to twice the minor axis. 

18. Shew that the length of the longer normal drawn 
from a point in the minor axis of an elli})S(! at a distance? c 
from the centre and intercepted between that point and the 



19. If any parallel straight lines be drawn from the focus 
ff and the extremity A of the axis major of an (tllipse, and 
if M and A^be the points where they mccjt the axis minor, or 
the axis minor produced, then the circle whose centre is M 
and radius NA will either touch the ellipse, or fall entirely 
outside of it. 

20. A and A' are the extremities of the major axis of an 
ellipse, T is the point where the tangent at the point Pof 
the curve meets AA' produced ; through Pa straight line is 
drawn at right angles to A A and meeting ^Pand AP' pro- 
duced at Q and R re.spectively ; shew that QT ^ RT. 

11—2 
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21. If <f>, be the excentric angles of two points, the 
equation to the chord joining the points is 


X 

- cos 
a 






22. Express the equation to the tangent at any point in 
terms of the excentric angle of that point. 

23. Shew that the equation to the normal at the point 
whose excentric angle is <f) is ax sec <f>—by cosec ^ = a* ~ b\ 

24. The locus of the middle point of PG (see Art. 176) is 
an ellipse of which the excentricity e is connected with that 
of the given ellipse by the equation 1 — c* = (I -f e*)* (1 — e'^). 

25. Determine the point of intersection of the tangent at 
L with the straight line IIB ; find the value of the excentri- 
city of the ellipse when these straight lines are parallel. 

26. A tangent at any point P of an ellipse meets the 
directrix EK at T and E'K* at T * : shew that TE varies as 
the cotangent of PllS^ and P"E' varies as the cotangent of 
PSIL (See figure to Art. 162.) 

27. If the straight line y — intersect the ellipse 

a*?/* + tv = shew that the length of the chord will be 

2at VKl 4- ?/<*) (///V + t* — c*)j 

Hence find the relation between the constants that this 
straight line may be a tangent to the ellipse. 

28. Find the equation to the circle described on ZTP as 
diameter, supposing y the co-ordinates of P. 

29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter, 

30. From a point {Ji, Tc) two tangents are drawn to an 
ellipse : find the sum of the perpendiculars from the foci on 
the chord of contact. 

31. Any ordinate PJ/of an ellipse is produced to meet the 
circle on the axis major at Q, and nonnals to the ellipse and 
circle at P and Q respectively meet at E : find the locus of R, 
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32. Two ellipses have a common centre and their axes 
coincide in direction ; also the sum of the squares of the axes 
is the same in the two ellipses: find the equation to a common 
tangent. 

33. If 0 be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn from the point 
(A, A), shew that 

M _ 7.a 

tan ^ + tan ^ = — T ^ = a “ /a • 

a: --hr or- /r 


34. Find the locus of a point such that the two tangents 
from it to an ellipse arc at right angles. 

35. Shew that the two tangents which can be drawn to 
an ellipse through the point (//, k) are roprissented by 

(a* ~ hr) (y - h)^ + 2 (y - k) [x ~ h) hk 4- (// - A*) {x 0, 

or by 

{aV + iVi* - (ay + AV - a V) = {(rhj + hVix - «=/>“)*. 

36. Tangents are drawn to an (dlipscj from the point (A, k ) ; 
shew that the straight lines drawn from the origin to the points 

of contact are rc;presented by 


37. Pairs of radii vectores are drawn .at right angles to 
e.ach other from the centre of an ellipse ; shew that the tan- 
gents at their extremities intersect on the ellipse 


^ . ?r 


1 1 

. + n • 


a* Ij 

38. From an external point T whose co-ordinat(*s are A 
and k a straight line is drawn to the centre (J meeting the 
ellipse at 11 : shew that 


Cr _a7.* + A*A* 


39. From an external point (A, k) tangents arc drawn ; if 
x^ be the abscissae of the points of contact, shew that 
2AaV a* 

*1 + *. - ^ “ o'F + Iv • 


40. From an external point (A, k) tangents are drawn 
meeting the ellipse at P and Q: find the value of IIP.UQ, 
II being a focus. 
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41. From an external point jTthe straight lines TP, TQ 
are drawn to toucli the ellipse at Pand Q. C T cuts the ellipse 
at P, and ItN is drawn parallel to II T to meet the axis major 
at N: shew that l{l\llQ = IiN\ 


42. Two ellipses of equal excentricity and whose major 
axes are parallel can only have two points in common : prove 
this, and shew that if three such ellipses intersect, two and 
two at the points P and P, Q and Q\ B and R, respectively, 
the straight lines PR, QQ, Rl{, meet at a point. 

43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellii)ses are joined so as to form a rectangle : prove that the 
])roduct of the areas of tlie rhombus and rectangle is equal to 
half the continued product of the four axes. 


44. The ordinate at any point P of an ellipse is produced 
to meet the circle described on the major axis as diameter at 
Q : prove that the perpendicular from the focus S on the tan- 
gent at Q is equal to SP. 

45. Find the equation to the ellipse referred to axes 
passing through the extremities of the minor axis, and meet- 
ing at one extremity of the major axis. 


a® V 

46. If from points of the curve , -f tangents 

X y 

be drawn to the ellipse + the chords of contact will 


be normal to the ellipse. 


47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art, 138. Also prove the proposition in 
Art. 138 in a manner similar to that used in Art. 180. 


48. Find the equation to the ellipse the origin being the 
point (/i, h) on the ellipse and tlie axes parallel to the axes of 
the ellipse. 

49. From a point P on an ellipse tvro chords PQ, PQ' are 
drawn meeting the ellipse at Q, Q'\ if h, k be the coordi- 
nates of P referred to the centre, and 7?ia;+ny=l the equation 
to QQ referred to P as origin, shew that with P as origin 
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the straight lines PQ, PQ' are represented by 


/2xh 




(mx + ni/) =0. 


50. Let Pbe any point on an ellipse ; draw PP parallel 
to the major axis and cutting the curve at P ; through P draw 
two chords PQ, PQ\ making ecpial angles with the major 
axis; join QQ' \ QQ sliall be parallel to the tangent at P. 

51. From the oipiatlon y = mx + + Ir) deduce the 

equation to the tangent to the parabola. 

52. In the figure of Art. 175 suppose f?P produced to ii 
point Q such that O Q = n. GP, and find the locus of Q, 

5*3. If PN be any ordinate of a circle, and from the (*x- 
tremity A of the corresponding dianuuer AP, AQ be drawn 
meeting PN at Q, so that AQ= PN, fiiid the locus of Q and 
the position of its focus. 

54. Express the tangent of the angle b(‘tween CP ami 
the nonnal at P in terms of the co-ordinat(‘s of P, 

55. Find the greatest value of the tangent of the angle 
between CP and the normal at P. 

50. Tlie major axis of an ellipse is (‘qual to twicer thii 
minor axis; a straight line of length e([ual to half the major 
axis is placed with one end on the curve Jind the otIuT on the 
minor axis; shew that the middle point of the straight line is 
on the major axis. 

57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an ellipse: find the locus 
of the centre. 

58. If S27, HZ he perpendiculars on th(^ tangcnit at the 
point P of an ellipse, SZ and IIZ will intersect on the nonnal 
at P. 

59. Shew that the equation to the two straight lines 
which join the point (ft, Ic) with a focus of tlie ellipse m 


60. Shew that the straight lines in Examples 35 and 5.9 
have the same bisectors of their angles. 
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CHAPTER X. 

THE ELLIPSE CONTINUED. 

Diaiiieters, 

187. To find the length of a straight line drawn from 
any j^oint in a given direction to meet an ellipse. 

Let Xy y be the co-ordinates of the point from which the 
straight line is drawn ; a;, y the co-ordinates of the point to 
which the straiglit line is drawn ; 6 the inclination of the 
straight line to the axis oi x \r the length of the straight line ; 
thou (Art. 27) 

a; = a?' + r cos y = + r sin 6, 

If [a\ y) be on the ellipse these values may be substituted 
in the e<iuation a’y -f ; thus 

d^ -\-r sin 0f + [x r cos ^)* = a^V ; 
therefore r* (a'* sin* 6 + V cos*0) + 2r (a*y' sin 6 -f 6V cos 6) 

-hay*+6V*-a*6*=0. 

From this quadratic two values of r can be found which are 
the lengths of the two straight lines that can be drawn from 
{x\ y) in the given direction to the ellipse. 

188. To find the diameter of a given system of parallel 
chords in an ellipse. (See definition in Art. 148.) 

Let 6 be the inclination of the chords to the major axis of 
the ellipse; let x\ y be the co-ordinates of the middle point 
of any one of the choixls; the equation which determines the 
lengths of the straight lines drawn from {x\ y) to the curve is 
(Art. 187) 

r* (a’* sin* 0 + 6* cos* 0) + 2r (a*/ sin 0 + ¥x cos 0) 

+ ay + 6*a?'*-a*6* = 0 


( 1 ). 
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Since (x\y) is the middle point of the chord, the values of r 
furnished by this quadratic must be eqiuxl in magnitude and 
opposite in sign ; hence the coefficient of r must vanish ; thus 

a*y' sin 6 + JV cos 0 = 0, or y = — :,coid .x (2), 

(JL 

Considering x and y as variable, this is the cqtiatiou to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

Hence every diameter passes tlirough the centre. 

Also every straight line passing tlirough the c(*ntrc is a 
diameter, that is, bisects some system of parallel chords ; for 
by giving to ^ a suitable value the etpiation (2) may be made 
to represent any straight line passing through the centre. 

If & be the inclination to the axis of a; of the diaim'ter 
which bisects all the chords inclined at an angle d we have 
V 

from (2) tan ^ cot 6\ therefore 

tan 6 tan ^ . 

a 

189. If one diameter bisect all chords parallel to a second, 
diameter, the second diameter will bisect all chords jnrallel to 
the first 

Let 6^ and be the respective inclinations of the two 
diameters to the major axis of the (‘llipst;. Since the first 
bisects all the chords parallel to the second, we have 

tan 6,, tan . 

And this is also the only condition that must liold in order 
that the second may bisect the chords parallel to the first. 

190. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. 

Let h, k be the co-ordinates of cither extremity of a 
diameter; 0 the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x = h, y=^k must satisfy the equation a*y sin 6-\- Vx cos 0 s= 0 ; 

therefore tan 0 ~ . But, by Art. 170, the e^juation to the 

a tc 
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tangent at {h, k) isy — k = — (» — h). Hence the tangent 

iti tC 

is parallel to the bisected chords. 

. 191. Definition. Two diameters are called conjugate 
when each bisects the chords parallel to the other. 

From Art. 190 it follows that each of the conjugate dia- 
meters is parallel to the tangent at either extremity of the 
other. 

192. Given tlie co-ordinates of one extremity of a diameter 
to find those of either extremity of the conjugate diameter. 

\jCiiACA\ BOB' be the axes of an ellipse; BGB\ BCD' 
a pair of conjugate diameters. 



Let x\ y be the given co-ordinates of P; then the equa- 
tion to CB is 



Since the conjugate diameter DD' is parallel to the tangent at 
By the equation to DU is 
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We must combine (2) with the equation to the ellipse 
to find the co-ordinates of D and D\ Substitute the value ot* 

y from (2) in ay + 6V = a®i*; then a* ; 

therefore (6V* -f- a^y^) a? = a*y ^ ; therefore a-* = ; 

therefore \ therefore from (2) y = T . 

In the figure the abscissa of D is negative* and that of 7/ 
positive ; hence the upper sign applies to 7>' and the lower 
to D. 

The properties of the ellipse connected with conjugate 
diameters are numerous and important ; we shall now give* 
a few of them. 

193. The sum of the squares of two conjuyate semi-dia- 
meters is constant. 

Let x\y\)Q the co-ordinates of P; then by the preceding 
Article 

CP‘ + Cjy = a:'* + + \ 

_ ay + ?'V* ay* + 
a" 

= a’+i*. 

Thus the sum of the squares of two conjugate serni-diainc- 
ters is equal to the sum of the wjuares of tlie semi-axes. 

Moreover 

Giy = a' + V- x'* -y''=a' + V-x*- ^ (a* - *'*) 
^a'-{l-^x' = a^-^x^ = SP.UPhy Art. ICC. 

194. The area of the parallelogram which touches the 
ellipse at the ends of conjugate diameters is constant. 

Let PCP\D CD' be the conjugate diameters (see figure to 
Art 192). The area of the parallelogram described so as Uj 
touch the ellipse at P, D, P', D\ is 4CP, CD sm PCD, or 
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^p,CD, where p denotes the perpendicular from C on the 
tangent at P. Let x, y be the co-ordinates of P; then the 

equation to the tangent at P is y = — x -f - 7 . 

^ y y 

V 

Hence (Art. 47) p = " 7(ay* + i'x") * 

And C'^ = //(i- + -«0 = ” V— ' 


therefore 4p . CD = 4ai. 

Thus the area of any parallelogram which touches tlie 
elli])se at the ends of con jugate diatn(‘ters is equal to the area 
of the rectangle whicli touches the ellipse at the ends of the 
axes. 


11)5. Let a\ V denote the lengths of two conjugate somi- 
diaineters ; a the angle between them ; by tlie preceding 
Article al) sin a = ai ; therefore 

sm a - ^ ^ . 

Hence sin* a has its least value when d = h\ and then 

^ah 


196. From Art. 194 we have 


cif 




(Art. 193). 


This gives a relation between p the perpendicular from the 
centre on the tangent at any point P and the distance CP of 
that point from the centre. 

In Art. 177 it is shewn that PG* = Hence 

p , PG = V, Similarly p , Pff = a*. 

We may also express p in terms of the angle its direction 
makes with the axis major; for let denote the angle, then 
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the equation to the tangent at {x\ y) is a^yt/ -f Vxx' == a*6*, 
and this may also be put in the form (Art. 20) 

X cos + y sin 

p _ i* P _ . 

sin y' * cos ^ x * 

, oJ*sini^ . , a*icos>2r 

therefore ay = ox = ; 


Hence 


aV 


P 


and therefore a’i*= (i® sin* ^ + a* cos* ; 

therefore p* = J* sin* + a* cos* = a* (1 - c* sin* yjr). 

197. Let (f) and <f) be the exccntric angles corresponding 
to Pand D respectively (Art. 168). Then 

X =acos<f> (1), y (2), 

— =^aQQS<f> (3), = bmi(j> (4)* 


From (2) and (3) 
from (1) and (4) 


cos (^'ss — sin <f>, 
sin <l> = cos (f > ; 


therefore T 
I* 


198. To find the equation to the ellipse referred to a pair 
of conjugate diameters as axes. 

Let CP, CP be two conjugtate semi-diainoters (see figure* to 
Art. 192), take CP as the new axis of .r, (JI> as that of y; 
let PCA = a, DCA = Let x, y be the co-ordinat(;s of any 
point of the ellipse referred to the original axes ; x, y tin; 
co-ordinates of the same point referred to the new axes ; then 
(Art. 84) 

cc = a;' cos a + y cos /3, y = x sin a + y sin /3. 

Substitute these values in the equation 
a*y* + 6V = a*6*; 

then a* {x sin a 4- y' sin /3)* + i* {x cos a + y' cos ^)* = a*J*, 
or (a* sin* a + J* cos* a) +y'* (a* sin* ^4-6’ cos* 

4- 2a; y' (a* sin a sin ^3 4* 6* cos a cos = o*t*. 
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But, since CP and CD are conjugate semi-diameters, 
tan a tan )8 = — * ; hence the coefficient of ay vanishes, and 
the equation becomes 

£c'* (a* sin® a + 6® cos* a) + y* (a® sin® ^ + J® cos* = a®i*. 

In this equation, suppose x = 0, then 

^ a“ sin^ cos* /3* 

This is the value of (7i)*, which we shall denote by t'® ; 
similarly we shall denote 6T® by a ®, so that 

^ a* sin® a -f cos* a * 

Hence the equation to the ellipse referred to conjugate 
diameters is 

a'^ ^ ' 

or, suppressing the accents on the variables, 

5-q-? =1 


199. A particular case of the preceding is when a \ 
then 

a® sin* + 6* cos* /3 = a* sin* a -f 6* cos* a ; 
therefore a* (sin® /3 — sin* a) = V (cos* a — cos*;3) 

= J®(sin*/3 — sin*a); 
therefore (a* — Ir) (sin* /8 — sin* a) = 0 ; 
therefore sm®/S = sin*a ; 
therefore ^ = tt — a. 


And since a'* = IP each of them = 


a»-f6* 

2 


, (Art. 193). 


Hence from the value of a'* in the preceding Article, we 
have 


a*6* ^ 

2 a*8m*a + 6*cos*a' 



TANGENTS AT THE EXTREMITIES OF A CHORD. 17r> 


therefore (a* -f 6*) {{a^ — 6’) sin* a + V] = 2tt*6* ; 

a*i*~6* 6* 


therefore sin®a = 




This shews that the eguaZ conjugate diameters arc parallel 
to the straight lines BA and BA\ 


200. The equation to the tangent to the ellipse will bo of 

the same form whether the axes be rectangular or the ubli(|ue 
system formed by a pair of conjugate diameters ; for the in- 
vestigation of Art. 170 will apply without any change' to tlu^ 
equation a'y 4- wliich represents an ellipse re- 

ferred to such an obli(jue system. 

201. Tangents at the extremities of am/ chord of an ellipse 
meet on the diameter which bisects that chord. 


Refer the ellipse to the diameter bisecting tlie diord as tlie 
axis of and the diameter paralhd to tlie cliord ns tin', axis 
of y; let the equation to the ellipse h(; a *// + = a 

Let x\ y be the co-ordinates of oiu' extremity of the eliord ; 
then the equation to the tangent at this point is 

a^yy + U^xx = aV ( 1 ). 

The co-ordinates of the otlier extremity of the chord are 
““ y*) f^^d the equation to the tangent there is 

— a^yy -t- U^xx = a *&'* (2). 

Tlie straight lines represented by (1) and (2) meet at the 
a^ 

point for which y = 0, x= this proves the proposition, 

X 


Supplemental chords. 

202. Definition. Two straight lines drawn from a 
point of the ellipse to the extremities of any diameter are 
called supplemental chords. They are called principal sup- 
plemental chords if that diameter be the major axis. 

203. If a chord and diameter of an ellipse are parallel, the 
supplemental chord is parallel to the conjugate diameter. 

Let PF be a diameter of the ellipse ; QP, QF two sup- 
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plemental chords. Let ar', y be the co-ordinates of P, and 
therefore — a?', — y' the co-ordinates of P'. 



Let the equation to TQ be (Art. 32) 

y--y {x-x) (1), 

and the equation to P' Q 

y 4-y' = m'(a: + a') (2), 

The co-ordinates of the point Q satisfy (1) and (2); if then 
Ave suppose a?, y to denote those co-ordinates, we have from 
(1) and (2) by multiplication 

= (3). 

But since (a*, y) and (x , y) arc points on the ellipse 

ay + 6V = + tV* = a*i* ; 

therefore a* (y* — y'®) + 6® (x® — a:'*) = 0 ; 

therefore y® — y'® = — ^ (x* — a;'*) (4). 

CL 

From (3) and (4) we have = — But we have 

shewn in Art, 188 that if this relation be satisfied, the two 
straight lines represented by y=nix and y^mx are conjugate 
diameters ; this proves the theorem. 


POLAR EQUATION TO THE ELLIPSE. 


In 


Polar Equation, 

204. To find the polar equation to the ellipse, the focus 
being the pole. 

Let SP = r, ASP—Oy (see figure to Art. 158); then 
*SfP = ePNy hy definition ; that is, SP = e ( OS + SM) ; 

or r = a (1 — c*) + er cos (tt — 0), (Art. 161) ; 

therefore r (1 + c cos 0) = a (1 — e*), 

1+6 COS 0 ‘ 

If we denote the angle ASPhy then we have as before 
SP = c ( + SM) ; thus r = a (1 - e^) + c/* cos 0, 

a {\ -e") 


and 


r = 


and 




1 — 6 cos 6 ’ 


205. We shall make use of the preecnling Article in 
finding the polar equation to a chord, from which we shall 
deduce the polar ecjuation to the tangent. 

Let P and P' be two points on the ellipse ; suppose that 
ASP=^ 0 L-fiy and ^'*S7^ = a + A that PaS'P' = 2^ ; 
and let I be the semi-latus rectum of the ellipse, so that 
Z = a (1 — e ^) : it is required to find the polar equation to tlie 
straijrht line PP'. 



Assume for the equation (see Art. 29) 

-4rco8^ + Pr6in?+ (7 = 0 (1). 


T. c. s. 


12 
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Since the straight line passes through P, equation (1) must 
be satisfied by the co-ordinates of P; now A SP = a -- and 


therefore &P= ^ y ; thus from (1) 

1 -fecos (a — p) 

I [A cos (a — 5) 4- B sin (a - ^)} 

-I- (7 [1 + e cos (a - /S)] = 0 (2). 

Similarly, since the straight line passes through P', 

I [A cos (a 4- yS) + P sin (a 4- /S)} 

4- 0 {1 4- c cos (a 4- /3)] = 0 (3). 

From (2) and (3), by subtraction, 

/ {A sin a sin ^ — P cos a sin /8) 4* Ce sin a sin ^8 = 0 ; 

therefore I [A sin a — 7i cos a) 4- Ce sin a = 0 (4). 

From (2) and (3), by addition. 


I (A cos a cos /3 4- Psin a cos )9) 4- (1 4- c cos a cos y9) = 0 ; 

therefore I {A cos a 4- P sin a) 4- (7 (sec /3 4- e cos a) = 0. . . (5). 
From (4) and (5) wc find 

I A 4" C (sec /S cos a 4- c) = 0, 

IB 4- C sec y3 sin a =0. 


Substitute the values of -rl and B in (1) and divide by (7; 
thus r |(^scc y3 cos a 4- e) cos d 4- sec ^ sin a sin i = 0 ; 

therefore r = • 

e cos o 4- sec p cos (a — 6) 

If SQ bisect the angle PSP', wc have 

PSQ = ^, and A SQ:= a. 


Now suppose /3 to dim*inish indefinite!}" ; then the chord 
PP' becomes the tangent at Q, and we obtain its polar equation 
by putting ^ = 0 in the precedihg result ; thus we have 

I 
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The investigations of this Article will apply to the para- 
bola by supposing e = 1, 

20C. The polar equation to the ellipse referred to the 
centre is sometimes useful ; it may bo deduced from the 
liquation a'y -f 6V = by putting r (ios 6, r sin 6, for x 

and y respectively; we thus obtain r‘‘‘(a‘'*sin^0+i*oos"^?)=aV. 

We add a few miscellaneous propositions on tlie ellipse. 

207. If tangents he drawn at the extremities of any focal 
chord of an ellipse, (1) the tangents will intersect on the corre- 
sponding directrix, (2) the straight line drawn from the point 
of intersection of the tangents to the focus to ill he perpendicular 
to the focal chord, 

(1) If two tangents to an ellipse meet at the ])eint (//, k) 
the equation to the chord of contact is, by Art. JS;}, 

a^ky + Vhx = d'l)\ 

Suppose the chord passes through the focus whose co-onli* 
nates are ^ = — y = 0 ; then — dhae = u:U\ 

therefore A = — ; 

e 

that is, the point of intersection of the tangmits is on tlio 
directrix corresponding to this focus. 

(2) The equation to the straight line through (4, k) and 

the focus is y ^ + ae). If /t = — - , this becomes 

he , V ka? , . 

and the straight line is therefore perpendicular to the focal 
chord of w'hich the equation is 

Vhx V 

y~ A * 

208. If through any jyoint within or without an ellipse, two 
straight lines be drawn parallel to two given straight lines to 
meet the curve, the rectangles ofth^ segments will be to one an* 
other in an invariable ration 


12—5 
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Let (a;', y') be the given point and suppose a. and y8 respec- 
tiveh the mcUna.tiom of the given straight lines to the major 
axis of the eUipse. By Art. 187 if a straight line be drawn 
from (x', y') to meet the curve and be inclined at an angle a to 
the miyor axis^ the lengths of its segments are given by the 
equation 


r* (a‘ sin'a + cos* a) + 2r (a’y sin a + 5 V cos a) 

+ o*y'* + i>V* — a‘b‘ == 0 ; 

, , , , r.i * ay* + h*ar'»-a*h* 

therefore the rectangle of the segments = , . ^ 

° a sm a + 0 cos a 


Similarly the rectangle of the segments of the straight line 

, , / . -X * 1 O ay* + 6*^'*-a*6* 

drawn from (a: , y ) at an angle ^ . 


TT XI X* A 1 a sin’*/?+t-cos®/3 

Hence the ratio of the rectangles = „ y - — ^ 

® a^sui'x + 

this ratio is constant whatever x and y may be. 


; and 



Let 0 be the point tiirough which the straight lines OPp, 
OQq, are drawn inclined to the major axis of the ellipse at 
angles a, respectively ; then 


OP. Op 


a*sm*/8 + y 
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Draw the semi-diameters CD, CE, parallel to Pp, Qq, 
respectively, then by Art. 206, 

CD* _ a* sin*/8 + i* cos*^ ^ 

CD* "" a* sm*a + i* cos* a ^ 


therefore 


CP. Op ^ CD^ 
0Q\Oq CD^‘ 


Let TM, TN be tangents parallel to Pp, Qq, rospcctivt^l y ; 
then if 0 coincides with T, the rectangle OP . Op becomes 
7il/* and the rectangle OQ . Oq becomes 7LV*; thcrclbre 


r}P_Glf TM CJ) 

TN" cir 


The preceding investigations arc very important: wo will 
point out some inferences which may bo drawn from them. 

Suppose that an ellipse and a circle intersect at four points : 
denote these points by I\p, Q, q. Then we have seen that 

OP. Op ^ C/P 

OQ. Oq CPP' 

But since the four points «are on the circle we havcj 
OP , Op OQ .Oq by Euclid, HI. 35 and »3(>, Cor. Thorefon? 

And since CD and CK are e(|ual they niak(i 
equal angles with the major axis of ih(i (;lliym*. Tims if an 
ellipse and a circle intersect at four points the commun chords 
make equal ancjles with the major axi^ of the ellipse. 

Suppose that Q and q coincide so that OQq hecomes a 
common tangent to tlie ellipse and circle; thus we. (ihtain the 
following result : if an ellipse and a circle ham a common 
tangent and a common chord, the tangent and the chord make 
equal angles ivith the major axis of the ellipse. 

We may conceive that the three points P, Q, and q move 
up to coincidence. The circle in this case is called the circle 
of curvature of the ellipse at the point of coincidence. We do 
not discuss the properties of the circle of curvature in the 
present work; but we may remark that we have obtained the 
following result : the tangent at any jwint of an ellipse and the 
chord drawn from the point to the other intersection of the 
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ellipse and the circle of curvature at the point make equal 
angles with the major axis of the ellipse. 

Similar remarks may be made in connexion with Art. 157. 


EXAMPLES. 

1. (/Panel CD are conjugate semi -diameters; given the 
co-ordinates of P y'), find the equation to PD, 

2. If straight lines drawn through any point of an ellipse 
to the extremities of any diameter meet the conjugate CD at 
the points if, N, prove that CM. CN — CD^. 

8. CP, CD arc two conjugate semi -diameters ; CP\ CD 
arc two other conjugate diameters : shew that the area of the 
triangle PGF is equal to the area of the triangle BCD'. 

4. Normals at P and D, the extremities of semi-conjugate 
diameters, meet at K : find the equation to KC, and shew that 
KC is perpendicular to PD, 

5. In an ellipse the rectangle contained by the perpen- 
dicular from the centre upon the tangent, and the part of the 
corresponding normal intercepted between the axes, is equal 
to the difference of the squares of the semi-axes. 

6. Shew that the locus of the intersection of the perpen- 
dicular from the centre on a tangent to the ellipse is the curve 
which has for its equation r*=a®cos^^+6“sin^0, the centre 
being the origin. 

7. From A the vertex of an ellipse draw a straight line 
ARQ to Q the middle point of HP meeting 8P at R: shew 
tiiat the locus of R is an ellipse, and also the locus of Q, 

8. Find the polar equation to the ellipse, the vertex being 
the origin and the major axis the initial line. 

9. If any chord A Q meet the minor axis produced at P, 
and CP be a semi-diameter parallel to AQ, then 

AQ.AB^2CP\ 

10. A circle is described upon A A' the major axis of an 
ellipse as diameter ; P is any point in the circle ; AP, A'P 
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are joined cutting the ellipse at points Q and Q rcspoctivolv : 
shew that 

AP AP + P 

6 - * 

11. If circles be described on two semi -con jugate diame- 
ters of an ellipse as diameters, the locus of tlieir intersection 
is the curve defined by the equation 2 + j/^y = (Ca 'A 

12. CP, Cl) arc conjugate semi-diamet('rs ; CQ is per- 
pendicular to PD : find the locus of Q. 

18. Find tlie points wdiere the ellipse a (1 —r) = r-f rc cos^ 
cuts the straight line « (1 — c“) = r sin -f r ( 1 -f cj cos $. 

14. AVrit(‘ down the polar ecpiations to the finir tang('nts 
at the ends of tlie latera recta ; also the e(juations to tlu' tan- 
gents at the ends of the minor axis : the focus being the poh‘. 

15. Determine tlie locus of the intersection of tangents 
drawn at two points P, Q, wliich arc taken so that the sum 
of the angles ASP, ASQ, is constant. 

16. If PSp be a focal chord of an ellipse, and along the 
straight lino 8P there be set off SQ a mean proportional be- 
tween SP and 8p, the locus of Q will bo an ellipse having 
the same excentricity as the original ellipse. 

17. Tw'o ellipses have a common focus and tlieir major 
axes arc equal in length and situated in the same straight 
line; find the polar co-ordinates of the points ol* inter- 
section. 

18. From an external point two tangents are drawn to 
an ellipse ; find between wdiat limits the ratio of the length 
of one tangent to the length of the other lies. 

19. TP, TQ arc two tangents to an ellipse, and (7/^ CQ, 
are the radii from the centre respectively parallel to these 
tangents, prove that FQ is parallel to PQ, 

20. From a point 0 whose co-ordinates arc h, k a straight 
line is drawn meeting the ellipse at P and p ; and CD is the 
parallel semi-conjugate diameter: shew that 

OP. Op . 

C'i/ 
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21. When the angle between the radius vector* from the 
foms and the tangent is least, the radius vector = a. 

22. When the angle between the radius vector from the 
centre and the tangent is least, the radius vector = ^ ^ ^ , 


23. Pr , pt are tangents at the extremities of any diameter 
Pp of an ellipse ; any other diameter meets PT at P, and its 
conjugate meets ptdi.it; also any tangent meets P P at T and 
pt at t' : shew that PT : PT ' :: pt' : pt. 

24. From the ends P, P, of conjugate diameters in an 
ellipse, draw straight lines parallel to any tangent line ; and 
from the centre G draw any straight line cutting these straight 
lines and the tangent at points p, d, t, respectively : then will 

Gp^-hGcP=Gt^. 

2o. If tangents be drawn from different points of an ellipse 
of lengths equal to n times the semi-conjugate diameter at 
each point, then the locus of their extremities will be a con- 
centric ellipse with semi-axes equal to 

a \/(n® -h 1) and b sKr? -P 1). 


20. Apply the ecpiation to the tangent in Art. 171 to find 
the locus of the intersection of tangents at the extremities of 
conjugate diameters. 


27. If from a point (.r', ?/') of an ellipse a chord he drawn 
parallel to a fixed siraight line, shew that the length of this 

chord varies as -- , where 6 is the inclination of 

cos ^ ^ 

the tangent at (a-', y) to the axis, and a the inclination of the 
fixed straight line to the axis. 


28. If through any point P of an ellipse two chords PQ, 
PR, be drawn parallel to two fixed straight lines and making 
angles a and yS respectively with the tangent at P, she^Y that 
the ratio PQ cosec a : PR cosec /8 is constant 


29. A parabola is touched at the extremities of the latus 
rectum by an ellipse of given magnitude : find the latus rectum 
of the parabola. 
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30. The perpendicular from the centre on a straight lino 
joining the ends of perpendicular diameters of an ellipse is of 
constant length. 

31. Chords are drawn through the end of an axis of an 
ellipse : find the locus of their middle points. 

32. Chords of an ellipse are drawn through any fixed 
point : find the locus of their middle points. 

33. Two focal chords are drawn in an ollipso at rigid, 
angles to each other : find their position wluni the rectangle 
contained by them has respectively its greatest and least 
value. 


34. In an ellipse if PP and be focal chords at right 
angles to each other 

SP . W SQ ” AU^ ‘ 

35. PSp, QSq, arc focal chords; suppose T the point 
where the straight lines PQ, pq meet : shew that TS is c‘(|ually 
inclined to the focal chords, and that T is on the directrix 
corresponding to S, 


36. If r, 6 be the polar co-ordinates of a point P, shew 

, ^ 1 1 4* COS ^ 

that tan IIPZ = — ^ and = - . . . 

— r — u ) a sill a 


37. Perpendiculars are drawn from P and D tin? f‘x- 
tremities of any pair of conjugate diameters on the dianicder 
?/ = a? tan a : shew that tlie sum of the squares of the perpen- 
diculars is a* sin® a 4- 5® cos® a. 


38. The excentric angles of two points P and Q are (f> and 
<f) respectively; shew that the «area of the paralhdogram 
formed by the tangents at the extremities of tin; diameters 

throudi P and Q is : ■ 

® sin (<p — 9) 

least when P and Q are the extremities of conjugate dia- 
meters. 
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39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 


ay+6V 

ay+&V‘^a‘ 



-1 = 


0 . 


40. Clionls of an ellipse are drawn at right angles to one 
another through a point 0 whoso co-ordinates arc /i, k ; if 
CP, CQ he the radii drawn from the centre parallel to 
th(‘ chords, and E, F the middle points of the cliords, 
shew that 

OTP OF"-_}P 1£ 

UP 

41. Given the co-ordinates of 1\ find those of tlio inter- 
Bcction of the tangents at P and 7). (See Fig. to Art. 192.) 

42. Shew tliat the equation 

icb +• 

represents the tang(‘nts at P and 7>, supposing qc\ y the co- 
ordinates of 7\ (See Fig. to Art. 192.) 


43. If CP, CD he anv conjugate semi-diameters of an 
ellipse APhDA\ and in\ Bl) be'joined and also J/>, AP, 
these latter intersecting at 0, shew that BDOP is a ])arallel- 
ograni. 

44, Shew that the area of the parallelogram in the preced- 
ing E.xample = ay -f hx — ah, wliere x\ y are the co-ordinates 
of P\ and find the greatest value of this area. 


45. If a straight line bo drawn from the focus of an ellipse 
to make a given angle a with the tangent, shew that the locus 
of its intersection with the tangent will be a circle which 
touches or falls entirely without the ellipse according as cos a 
is less or greater than the excentricity of the ellipse. 

46. In an ellipse SQ, HQ, drawn perpendicular to a pair 
of conjugate diameters, intersect at Q : prove that the locus of 
y is a concentric ellipse. 
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47. Two ellipses have their foci coincident ; a tanc^ent to 
one of them intersects at right angles a tangent to the other; 
shew that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 

48. Find what is represented by the equation -f 
when the axes are oblique. 

49. Shew that when the ellipse is referred to any pair of 
conjugate diameters as axes, the condition that 7y = ?^/.rand 

, . 1 

y=mx may represent conjugate diameters is mm = — 

50. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 

51. From any point P perpendiculars PM, PXnu^ drawn 
on the equal conjugate diameters : shew that t]H‘ normal at P 
bisects MX, 

52. An ellipse intersf*cts the sid(< PQ of a triangle at r 
and r, the side QP at p and p\ and tin* sid(‘ IIP at and (j ; 
shew that 

Pr . Pr . Qp. Qp, Pq. Pq = Pq, Pq . Qr. Qr . Up. Pp\ 

Shew also that a similar result is true for a polygon ; and 
«hew what it becomes when the ellipse touches the sid<is. 
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CHAPTER XL 

THE HYPERBOLA. 

209. To find the equation to the hyperbola* 

The hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than unity. 



Let //be the fixed point, YY' the fixed straight line. Draw 
HO perpendicular to YY'; take 0 as the origin, OH as the 
direction of the axis of x, OY as that of the axis of y. 

Let Pbe a point on the locus ; join HP, draw PJI parallel 
to OY and Piv parallel to OX, Let OH=p, and let e be the 
ratio of HP to PX, Let x, y be the co-ordinates of P. 

By definition /rP=ePAr; therefore //P* = e*PA’'*; there- 
fore PJ/* + HW = iPX^, that is, y* -f (x — y)* = eV. 


EQUATION TO THE HYPERBOLA. 1S<> 

This is the equation to the hyperbola with the assumed 
origin and axes. 

210. To find where the hyperbola moots tlic axis 
of X we put y = 0 in the equation to the hyperbola; thus 

[x — = eV; therefore x — ^ ± ex \ therefore a* = ^ ^ ^ . 

Since e is greater than unity, 1 — c is a negative quantity. 


Let OA = — ^ , OA = , , the former being incasur(‘d 

c-1 1+e ® 

to the left of 0, then A* and A are points on the hyperbola. 
A and A are called the vertices of tin? hypm-bola, and C 
the point midway between A and A' is called tlie ccntf'c of 
the hyperbola. 


211. We shall obtain a simpler form of the (‘(juation to 
tlie hyperbola by transferring the origin to A or C. 

I. Suppose the origin at A, 

Since OA^-^ , vfo put x = and substitute 

1 -he 1+c 

this value in the equation y^-h (.e — pY= eV; 
thus + 

therefore + = 

1+c \ 1+e/ 

tlierefore j* = 2pex + (e’ — 1) x” 

The distance A A = , -f ; we will denote 

€-1 1 + c c-1 

this by 2a ; hence the equation becomes 1) (2aaj'+« *). 
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EQUATION TO THE HYPEBBOUU 


We may suppress the accent, if we remember that the 
origin is at the vertex A, and thus write the equation 

2 ^* = («* - 1 ) + ( 1 ). 


11. Suppose the origin at C. 

Since CA =a, we put — a and substitute this value 
in (1) ; thus 

if = {f - 1) {2a {x - a) + - aY] = (e® - 1) - a®). 

Wo may suppress the accent, if we remember that the 
origin is now at the centre C, and thus write the e([uation 

( 2 ). 

In (2) suppose x = 0, then = — (e® - 1) a®; this gives an 
impossible value to y, and thus the curve does not cut the 
axis of y. We shall however denote (e®~l)a® by &®, and 
measure otf the ordinates CB and CB‘ each equal to 6, as we 
shall find tliese ordinates useful hereafter. 


Thus (1) may be written 


{2(w + x’) 

(3), 

and (2) may be written 


y’'= a* (*’-«’) 

(+). 

or, more symmetrically, 


- fi = 1. or, ay - = - aV . . . 

W- 


212. Since All = e0 A and OA , we have 

1 4“ c 



c— 1 


CH=s CA+AHisa + {e—l) a = ea. 



FORM OF THE HYPERBOLA. 


11)1 


CO=CA-OA = a-—a = '" , 
e e 

aud OH=p = '^'^. 

^ e 

213. We may now ascertain the form of tlie l]yj)erbola. 
Take the equation referred to the centre as origin, 

= ( 1 ). 

For every value of x less than dy y is impossible. Wlien 
ar = a, = 0. For every value of x greater than a there 



are two values of y equal in magnitude but of opposite sign. 
Hence if P be a point in the curve on oik; sid(; of the axis 
of Xy there is a point V on tin; other side; of tin; axis, such 
that P'J/= Pil/. Hence the curve is symmetrical with re- 
spect to the axis of Xy and it extends indefinitely to tlie right 
oi A. 

If we ascribe to x any negative value w^e olitain for y 
the same pair of values as when we ascri})ed to x the cor- 
responding positive value. Hence tlie portion of the curv'e 
to the left of the axis of y is similar to the portion to the 
right of it. 
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FORM OF THE HYPERBOLA. 


As the equation (1) may be put in the form 

= ( 2 ). 

wc see that the axis of y also divides the curve symmetrically. 
Thus the curve consists of two similar branches each extend- 
ing indefinitely. 

The straight line EK is the directrix, II is the correspond- 
ing focus. Since the curve is symmetrical with respect to the 
straight line BCR, it follows that if we take (7/8= CH and 
67/= CE, and draw E' K' at right angles to CE\ the point 
a and the straight line E'K' will form respectively a second 
focus and directrix, by means of which the curve might have 
been generated. 

214. The point (7 is called the centre of the hyperbola, 
because every chord of the hyperbola which passes through C 
is bisected at G. This is shewn in the same manner as the 
corresponding proposition in the ellij)se. (See Art. 103.) 

215. Wc have drawn the curve concave towards the axis 
of X] the following proposition will justify the figure. 

The ordinate of any ])oint of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is greater than the corresponding ordinate of the 
straight line joining that vertex and the fixed point. 

Let A be the vertex and take it for the origin ; let P be 
the fixed point ; x, y its co-ordinates. Then the equation 

to the hyperbola is (Art. 211) y* = (2c3 


The equation to AP is y = x, or y = ^ \/(x^ ^ 
since {x\ y) is on the hyperbola. 

Let X denote any abscissa less than x\ then since the 
ordinate of the curve is ^ \7(2avC + if*) 

that of the straight line is ^ 4- 1 j ar, it is obvious that 
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the ordinate of the curve is greater than that of the strai<i'ht 
line. 

All points may be said to be outside the curve for which 
Va 5 + 1 IS positive ; and all points may be said to be inside 

U d 

the curve for wliicli ~ + 1 is negative. It is easy to see 

that according to this definition a point is outside tlie oiirv(» 
when no straight line can bo drawn from the point to a focus 
without cutting tlie curve. A very instructive* mode* of obtain- 
ing this result is that exemplified in Art. 5 1 : the ex])re‘ssie>n 
a;" . . 

+ 1 is negative when the pe)iiit (ar, y) is ii focus, vanislie‘s 

when (x,y) is on the curve, el(H*s not vanish in any oth(*r case, 
and is })ositivc when x = i) for all values of y. Hence* we? 
infer that the expressie)u \i> negative feu* e*v<^rv peant which can 
be joined to a focus by a straight line* that eioe*s not cut the 
curve, and 2)ositive in every other cjuse. 

Similar remarks might be made in connexion with Art. 1 27. 

Suppose Q a point outside the curve; join Q Avifh the 
nearer focus, which we will d(*not(*. by 7/; and let Q/l (nit the 
curve at F. Let S ho the oth(*r focus. Join SI*. Then 
SQ is l(\ss than SP-\-PQ by Euclid, I. 20; ther(*fore — i/Q 
is less than HP + FQ— I IQ, that is less tlian HP— UP. Thus 
the difference of the focal distances of any point outside an hyper- 
bola is less than the transverse aais: sen? Art. 2 IS. Similarly 
we may shew tliat tlui difference of the focal distances (f any 
point inside an hyperbola is greater than the transverse aAs. 

210. A A and BTf arc calhid axes of the ljy]>c*rb(»Ia. The 
axis AA' which if produced pa.sses through tin? foci, is called 
the transverse axis, and BB the conjugate axis. W(* do nrit, 
as in the ca.se of the ellipse, use the terms major and ininor 
axis, becau.se since b — aisJ{e^—\) (Art. 211), and e is gnniter 
than unity, h may be greater or less than a. 

The ratio which the distance of any point on the liyper- 
bola from the focus bears to the di.stance of the sarm? point 
from the corresponding directrix is called the excentridty of 
the hyperbola. We have denoted it by the symbcjl c. 

T. c. S. 13 
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FOCAL DISTANCES OF ANT POINT. 


To find the latua rectum (see Art. 128) we put 011, 
that is, = ae, in equation (1) of Art. 213 ; thus 

2' a= a” 

P 2P 

therefore LII= - , and the latus rectum = - . 

a a 

Since P = a® (e® — 1) ; therefore + a* = ; that is, 

CB^+CA^=^CIP; 

therefore AB= OIL 

217. The equation to the hyperbola may be derived from 
the ecpiation to the ellipse by writing — P for P. We shall 
find that the hyperbola has many properties similar to those 
which have been proved for the ellipse ; and as the demon- 
strations are similar to those which have been given, wo shall 
in some cases not rej)eat them for the hyperbola, but refer to 
the corresponding Articles in the Chapters on the ellipse, 

218. To express the focal distances of any point of the 
hyperbola in terms of the abscissa of the point. 


n' 
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point on the hyperbola; x, y its co-ordinates, the centre 
being the origin. Join aSP, HP, and draw PNN' parallel to 
the transverse axis, and PM perpendicular to it. Tlien 

SP= ePN' = e iCM+ CE') = e (x + = ex + a, 

UP = ePU =e{CM-CE) = e^x- = ex -a. 

Hence SP — HP = 2a ; that is, tlie difference of the focal 
distances of any point on tlie hyperbola is equal to the trans- 
verse axis. 

Let X, y be the co-ordinates of any point Q. Then 
S(i = (a; + ae)‘ + y‘ == [ex + a)"* -f y* - {e' - 1 ) - a") 

=«•(*+;) +/-^‘ (*'-«’). 

Therefore the focal distance of any ])oint not on the curve 
bears to the distance of tlie point from the corresponding di- 
rectrix a ratio wliicli is great(‘r or less tliaii c according as the 
point is outside or inside the curve. 

219. The equation y® = (a® — a®) may be written 

a 

V* 

f = -^2(x-a)(x + a). 

Hence (see figure to Art. 213). 

Tangent and Normal to an Ilyperhohi, 

220. To find the equation to the tangent at any point of 
an hyperbola. 

By a process similar to that in Art. 170, it will be found 
that the equation to the tangent at the point {x\ y') is 

or c?yy — Vxx = — a®fc*. 

These equations may be derived from the corresponding 
equations with rcvspect to the ellipse by writing — 6® for P. 

13—2 
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NORMAL TO AN HYPERBOLA. 


221. The equation to the tangent to the hyperbola 

may also be written in the form y = mx + — W ) ; (see 

Art. 171). Conversely every straight line whose equation is 
of this form, is a tangent to the hyperbola. 

222. It may be shewn as in the case of the circle that a 
tangiuit to an hyperbola meets it at only one point. Also if a 
straight line meet an hyperbola at only one point, it is in 
general tlie tangent to the hyperbola at that point. For sup- 
pose tlie ecpiation to an hyperbola to be 

and the ecpiation to a straight line y = ntx + c. Then to de- 
terniiue the abscissm of the points of intersection, we have the 
ecpiation d {nix + c)® — iV = — or 

— li^) X* + 2a^mcx + a* (c* + b^) = 0. 

This equation has always two roots, except 

(1) when aWc®==(a*m®--6*)a*(c®-f 6*), or 
and consecpiently the straight line is a tangent ; 

(2) when I)^ = 0 ; the equation then reduces to one 

of tlie first degrt'e, and therefore has but one root. Thus a 
straight line wliicli meets the hyperbola at only one jioint is 
the tangent at that point unless the inclination of the straight 

line to the transverse axis be ± tan”^- , 

a 

223. The tangents at the vertices A and A' are parallel 
to the axis oi'y. (See Art. 172.) 

224. To find the equation to the normal at any point of 
an hyperbola, (See Art. 173.) 

It will be found that the equation to the normal at 
(-c.y) isy-y =- 

This may also be written in the form 

y = . 1- (SeeArtl<4.) 
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225. We shall now deduce some properties of the hyper- 
bola from the preceding Articles. 



Let X, y' be the co-ordinates of P; let PPbe the tangent 
at P, PG the normal at P\ PM^ PN juTpendiculars on tlio 
axes. 

The e(j nation to the tangent at P is ci^yy — Vxx = — d^lP. 

Let y = 0, then ^ > hence G i = ; 

therefore CM. CT= CA\ 

Similarly CN . CT ^ CIP. 

226. As in Art. 176, we may shew that 

CG=^e^CM, and CG' = PM. 


227. As in Art. 177, we may shew that 

8P=r, nP=r, 


where 
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PROPERTIES OF THE HYPERBOLA. 


Also the result established in Art. 176 respecting normals 
at the ends of a focal chord holds for the hyperbola. 

228, The tangent at any point bisects the angle between 
the focal distances of that point 

For in the manner given in Art. 178, we may shew that 
the angle SPG' = the angle JIPG; and therefore since Pf 
is perpendicular to GG\ the angle TPS = the angle TPIL 

Or we may prove the result thus, CG = eV (Art. 226) ; 
therefore SG = e^x +ae, llG = e^x --ae. Also SP = ex -^a, 
1IP= ex \ hence 

8G_ SP 
IIG iip'^ 

therefore by Euclid, vi. 3, Pt? bisects the angle between IIP 
and SP produced, that is, the angle SPG' = the angle HPG, 

229. To find the locus of the intersection of the tangent at 
any point with the perpendietdar on it from the focus. 

It may be proved as in Art. 180, that the required locus is 
the circle described on the transverse axis as diameter. 


230. Let p denote the perpendicular from 11 on the 
tangent at P, and p the perpendicular from S\ then, as in 

Art. 181, it may be shewn that p* = = ~ ; therefore 

\rv 

pp' = b\ Since r = 2a + r, we have n* = - - 

2a + r 

The result established in the latter part of Art. 181 holds 
also for the hyperbola. 


231. Fjvin any external point two tangents can be drawn 
to an hyperbola. 

Let A, k be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscissae of the points of contact of the tangents 
and hyperbola, (a*fc* — 6Vi*) + 2aVhx — a* (6* + A*) = 0. 

The roots of this quadratic will be possible if 
a*b*h* + a* (6* + k^) {a*k* — PA*) is positive ; 
that is, if i*a* — 6*A* + a*6* is positive. 
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But if (/i, k) be an external point the last expression is 
positive, and therefore two tangents can be drawn to the 
hyperbola from an external point. 

The product of the two values of x given by the above 
quadratic is — ; this product is therefore positive 


or negative according as a^k^ — Irh^ is negative or positive; 
that is, tlie two tangents meet the same branch or different 
branches according as IVl^ is negative or positive. 


The case in which — i»7r = 0 reejuires to bo noticed. 
Here one root of tlie cjuadratic t‘(|uation becomes infinite, and 

the other is ^ Algebra, Chapter xxn. 


In this case the point {h, k) falls on a certain straight line 
called an asymptote, which we shall consider hertniflcr; see 
Art. 255. The asymptote itself may then (H>nnt as one of tli(‘ 
two tangents from the point {h,k). If k-i) and = 0 tlicf 
point (A, Ic) is the origin ; in this case the two asymptotes 
may count as the two tangents from tlnj point (A, Ic). 


2S2. Tangents are dniwn to an hyperbola from a, given 
external poi) it ; to find the equation to the chord of contact. 

Let A, k be the co-ordinates of the external point; then 
the eejuation to the chord of contact is 

a^ky — bVix = — aV. (Sec Art. 1 83.) 

233. Through any fixed point chorda are dravm to an 
hyperbola, and tangents to the hyperbola are draivn at the 
extremities of each chord ; the locus of the intersection of the 
tangents is a straight line. 

Let h, k be the co-ordinates of the point tliroiigli which 
the chords are drawn, then the equation to the locus of the 
intersection of the tangents is 

d^ky — hVix = — (See Art. 184.) 


234. If from any point in a straight line a pair of tan- 
gents be drawn to an hyperbola, the chords of contact will all 
pass through a fixed point (See Art. 185.) 
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INTERPRETATIONS OF AN EQUATION. 


The student should observe the different interpretations 
that can be assigned to the equation a^ky — Vlix = — aV. 

The statements in Art. 103 with respect to the circle may 
all be applied to the hyperbola. 

23o. Some interesting geometrical investigations relating 
to tangents to an hyperbola from an external point may be 
noticed. 

To draw two tangents to an hyperbola from an external 
point. 

The first method given in Art. 186 may be applied with- 
out any change. 

In apjdylng the second method we shall have to distin- 
guish between the two cases which present themselves in 
Art. 231 ; tlie distinction between the two cases will be more 
fully appreciated by the student after he has read the next 
Chapter. If the external point be between a branch of the 
curve and tlie adjacent portions of the asymptotes, the two 
tangents both touch that branch of the curve : if the external 
])oint be so situated that we cannot pass from the point to the 
curve without crossing an asymptote, the two tangents touch 
different branches of the curve. 

The student can easily construct the figures required in 
the process we shall now give. 

I. Su])posc the external point to be between a branch of 
the curve, and the adjacent portions of the asymptotes. Let 0 
denote the external point, 11 the nearer focus, S the farther 
focus. With centre iS and radius equal to 2a describe a circle ; 
with centre 0 and radius Oil describe another circle cutting 
the former at Q and q. Join SQ and Sq^ and produce these 
straight lines to meet the curve at P and p, J oin OP and Op ; 
these are the required tangents from 0. 

The demonstration is like that in Art. 186 ; andwe can shew 
that OP and Op subtend equal angles at H, and also at S'. 

II. Suppose the external point so situated that we can- 
not pass from the point to the curve without crossing an 
asymptote. Let 0 denote the external point, H the nearer 
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focus, S the farther focus. With centre S and radius C(|ual 
to 2a describe a circle ; with centre 0 and radius O/Zdeserihe 
another circle cutting the former at Q and q, the angle JlSiJ 
being less than the angle lISq. Join SQ and ])rodu(*c it to 
meet the curve at P; also join qS and produce it to meet the 
curve at p. Join OP and Oj); these are the required tan- 
gents from 0. 

The demonstration is like that in Art. ISO. 

From the triangles OSQ and OSq wo have the angle OSq 
equal to the angle OSQ. Thus the angli* OSp is the suj>ple- 
ment of tlie angle (^SQ ; so that the angles sul>ti‘ndc‘(l at S by 
the tangent Op and tlie tangent OPan^ supploinentaiy. 

Also the angle 01Ip = t\\v: angle OqS—iho angle OQS 
= the supplement of the angle ()QP= thi‘ sup})lenient of the 
angle 011P\ so that the angles subteiuh'd at 1 1 by the tan- 
gent Op ami tlie tangent OP are suf)plementary. 

The straight line which bisects the avqle between the focal 
distances of an e.rternal point is equallf/ inclined to the two 
tamjents from that point. 

In 1. Ave liave 

angle >S'OQ + twice angle OP -f angle SOq 

+ twice angle p 0//== ♦‘lOO® ; 
therefore angle SOQ^- angle QOP -f anghi pOll = 180®, 
that is, angle aS'OPh- angle pOll— 180"; 

thus the angle pOll is tlie supplement of the angh; S01\ 
that is, equal to the angle between Si) and PO jiroduced. 

Ill II. we have 

angle p Oq = angle p Oil = angle pOQ-¥ twice angle POll , 

angle 50(7 = angle 50j> + angle pOQ\ 

therefore by subtraction 

angle *§073 = twice angle POZT— angle SOp, 
therefore angle SOp = angle POll, 

The student should observe the extension thus given to 
the result in Art. 228. 



202 


EXAMPLES. CHAPTBE XL 


EXAMPLES. 

1. Find the equation to an hyperbola of given transverse 
axis whose vertex bisects the distance between the centre and 
the focus. 

2. If the ordinate MP of an hyperbola be produced to Q 
BO that MQ = 6T, find the locus of Q. 

3. Any chord AP through the vertex of an hyperbola is 
divided at Q so tliat AQ : QP :: AC^ : BC\ and QM is 
ilrawn to tlie foot of the ordinate MP\ from Q a straiglit line 
is drawn at right angles to QM meeting the transverse axis 
at 0: shew that AO \ A 0 v, AC '^ : BC\ 

4. PQ is a chord of an ellipse at right angles to the 
major axis AA' \ PA, QA are produced to meet at 11 \ shew 
tliat the locus of B is an hyperbola having the same axes as 
the ellipse. 

5. If a circle be described passing through any point P 
of a giv(*n liyporbola and the extremities of the transverse 
axis, and the ordinate MP be produced to meet the circle at 
Q, shew that tlie locus of Q is an hyperbola whose conjugate 
axis is a tliird proportional to the conjugate and transverse 
axes of the original hyperbola. 

G. Find the locus of a point such that if from it a pair of 
tangents be drawn to an ellipse the product of the perpen- 
diculars dropped from the foci upon the chord of contact will 
be constant. 

7. If an ellipse and an hyperbola have the same foci 
their tangents at the points of intersection are at right angles. 
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CHAPTER XII. 

THE HYPEKBOLA CONTINUED. 

Diameters. 

^ 236. To find the length of a straight line drawn from any 
point in a given direction to meet an hyperholiu 

Let x\ y' be the co-ordinates of tlie point from wliich tlie 
straight line is drawn; x^y the co-ordinates of tlie point to 
which the straight line is drawn ; 6 the inclination of the 
straight lino to the axis of x; r the length of tlH‘ straiglit 
line ; then (Art. 27) x — X‘\-r cos ?/ = ?/ + r sin 6. 

If (x, y) bo on the hyperbola these vahu^s nuiy be substi- 
tuted in the e([uation d'lf — fcV = — a'*// ; thus 

(y + r sin Of - V {x -|- r cos 6f = - aV>^ ; 
therefore r® (a* sin* 0 — V cos* 6 ) -|- 2r {aSJ sin 0 - tV cos 6) 

+ ay*-J*x*-fa*6* = 0. 

From this (piadratic two values of r can b(i found wliich 
arc the lengths of the two straight lines tluit can be drawn 
from {x\ y) in the given direction to the hyjxirbola. 

237. To find the diameter of a given system of parallel 
chords in an hyjwrbola, (See definition in Art. 148.) 

Let 6 be the inclination of the chords to the transverse axis 
of the hyperbola; let x\ y be the co-ordinates of iho middle 
point of anyone of the chords; the equation which deter- 
mines the lengths of the straight lines drawn from [x\ y) to 
the curve is (Aii. 236) 

r* (a* sin* 0 — 6* cos* 6) + 2r (a*y sin 6 — Vx cos 6) 

-fa*y*-6V*-|-a’6* = 0 (1). 

Since (x\y) is the middle point of the chord, the values of 
r furnished by this equation must be equal in magnitude and 
opposite in sign; hence the co-efficient of r must vanish ; thus 

a*y sin 6 - 6*x' cos 0 = 0, or y' = cot 0 . x (2). 
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Considering x and y as variable this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the hyperbola. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords. For 
by giving to 6 a suitable value the equation (2) may be made 
to represent any straight line passing through the centre. If 
ff be the inclination to the axis of x of the diameter which 
Trisects all the chords inclined at an angle we have from (2) 

V 

tan cot ^ : therefore tan 6 tan ff ~ « . 
or or 


238. If om diameter Used all chords parallel to a second 
diameter f the second diameter will Used all chords parallel to 
the first 

Let and 6^ be the respective inclinations of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second, we have 
¥ 

tan 6^ tan 6^ = . And this is also the only condition that must 

hold in order that the second may bisect the chords parallel 
to the first. 


The definition in Art. 191 holds for the hyperbola. 


239. Every straight line passing through the centre of an 
ellipse meets that ellipse ; this is evident from the figure, or 
it may be proved analytically. But in the case of an hyper- 
bola this proposition is not true, as we proceed to shew. 


240. To find the points of intersection of an hyperbola 
with a straight line passing through its centre. 

Let the equation to the straight line be y = Tnx, 

Substitute this value of y in the equation to the hyperbola 
' — 6V = — ; then we have for determining the abscissae 

of the points of intersection the equation (aW— 6*) ; 

therefore sf = ^ aW ’ values of x are impossible 

if is greater than 6*. Thus a straight line drawn through 
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the centre of an hyperbola will not meet the curve if it 
with the transverse axis on either side of it an angle greater 

-b 

than tan - . 

a 

241 . It is convenient fox the sake of envinciatin^ maw'j 
properties of the hyperbola to introduce the following im- 
portant definition. 

Definition. The conjugate hyperbola is an hyperbola 
having for its transverse and conjugate axes the conjugate 
and transverse axes of the original hyperbola respectively. 

242. To find the eqmtion to the hyperbola conjugate to 
a given hyperbola. 



Let AA\ BS be the transverse and conjugate axes respec- 
tively of the given hyperbola; then BB‘ is tlie transverse 
axis of the conjugate hyperbola, and A A is its c(jnjugate 
axis. Let P be a point in the given hyperbola, Q a point in 
the conjugate hyperbola. Draw PM, QN perpendicular to 
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(7X, CY respectively. The equation to the given hyperbola is 
^ as ^ (a?* — a*) ; therefore Pif* *= ( CM^ — Hence 

— CF)y since ^ is a point on an hyper- 
bola having GB, CA for its semi-transverse and semi-conju- 
gate axes respectively. Thus if a?, y denote the co-ordinates 

of Q, we have ^ (y* — &*)• 

This, therefore, is the equation to the conjugate hyperbola; 
we observe that it may be deduced from the equation to the 
given hyperbola by writing — a** for a® and — 6* for 6®. 

The foci of the conjugate hyperbola will be on the straight 
line BOB at a distance from G^AB (Art. 216) ; that is, at 
the same distance from C as S and H. 

243. Every straight line drawn through the centre of an 
hyperbola meets the hyperbola or the conjugate hyperbola, except 
the two straight lines inclined to the transverse axis of the 

hyperbola at an angle = — . 

a 

Let the equation to the straight line be 

y = «w; (l). 

To find the abscissa? of the points of intersection of (1) 
with tlie given hyperbola, we have, as in Art. 240, the 
equation 

■ a?- (2) 

Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 

( 3 ). 


If 7n* be less than , (2) gives possible values, and (3) 
a 

impossible values for a: ; if m* be greater than ^ , (2) gives 
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we write — «* for a* and — i* for J*, that is, when we pass 
from the original hyperbola to the conjugate (Art. 242). 

Both curves are comprised in the equation 

{ay^Vxy = aV. 

240. The tanffent at either extremitif of any diameter is 
parallel to the chords which that diameter bisects. See Art. 190. 

247. Given the co-ordinates of one extremity of a diameter^ 
to find those of each extremity of the conjugate diameter. 



Lot ACA\ BOB be the axes of an hyperbola; PCP\ 
DCiy a pair of conjugate diameters. Let j'\ y be the 
given co-ordinates of P ; then the equation to CP is 

( 1 ). 

Since the conjugate diameter DD*is parallel to the tangent 
at P, the equation to Biy is 

• tv 
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We must combine (2) with the equation to tlio conjugate 
hyperbola to find the co-ordinates of 1) and //. Substitute 

from (2) in ay - iV = dV-, then o’ .r* - 6V = 

d y 

therefore (^»V* - a*y'*) 

therefore ; therefore .r = + • 

a'b 0 b ^ 

therefore from (2), ?/= ± , 

In the figure tlie abscissa of J) is positiv(\ and that of // 
negative ; hence the uj)j)er sign applies to y>, ami the lower 
sign to D\ 

248. The difference of the squares on two conjugate sem i- 
diameters is constant 

Let X , y' be the co-ordinates of P; tlien, by the preciuling 

Article, CF* - GIF = x'* + »/’ - ""Y - 

b a 

b a 

Hence the difference of the sfjuares on two conjugatf' serni- 
diameters is equal to the difference of the squares on the semi- 
axes. 

Moreover 

GIF = X* + y ’ - a’ + J’ = x’ + ~ (xF - o’) - o' 4- i’ 

= x:'’ ^1 + - o’ = e’x" -a^=8P.nP by Art. 218. 

249. The area of the parallelogram formed by tangents at 
the ends of conjugate diameters is constant 

Let PCP’t DCiy be the conjugate diamctei ;3 (sec figure to 
Art. 247). The area of the parallelogram formed by tangents 
at Py l)y P y Uy 18 4t C P , 81x1 P V I) y Or 4/> . GUy where p 

denotes the perpendicular from G on the tangent at P. Let 

14 


T. c. s. 
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x\ y be the co-ordinates of P ; then the equation to the 
Vx V 

tangent at P is y = ,x — 7 . Hence (Art. 47) 


aV 




therefore 4p . Cl) = 4a6. 


Hence the area of any parallelogram formed by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of the axes. 


250. Let a', 1) denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
Article, aU sin a = ah. By making P move along the hy- 
perbola from A we can make CP or a as great as we please. 
Also since a*— 6 '* is constant, V increases with a. Thus 
sin a can be made as small as we please, that is, GF and CJ> 
can be brought as near to coincidence as we please. The 
limiting position towards which they tend is easily found ; for 

6 * 

from Art. 237, mm = : thus the limit to which m and m' 

a 

approach as CP and CD approach to coincidence ± " • 

251. From Art. 249 we have 




aV _ o’ 6 * 

Cl/~ Cl* -a* 


(Art. 248.) 


This gives a relation between p the perpendicular from the 
centre on the -tangent at any point P, and the distance CP of 
that point from the centre. 

AsinArt. 196 p.PG^b*, p.PG' = a\ 
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Also if <f> denote the angle which the perpendicular makes 
wdth the transverse axis, we may shew as in Art. 19G that 

= a’ (1 — c* sin* (f>). 

252. To find the equation to the hyperbola referred to a 
pair of conjugate diameters as axes. 

Let CPy CD be two conjugate somidiamoters (see figure to 
Art. 247), take CP as the new axis of x, CD as that of y ; 
let PCA=a, DCA=^. Let rr, y bo the co-ordinates of 
any point of the hyperbola referrcil to the original axes ; 
x\ y the co-ordinates of the same point referred to the new 
axes ; then (Art. 84) 

a: = a:' cos a + y cos yS, y — x sin a -f y sin >8. 

Substitute these values in the equation r/y* — 6V = — aV; 
then a* {x sin a -h y' sin /S)* — V {x cos a 4- y cos 0Y = - a*6*, 
or (a* sin* a — 6* cos* a) -f y'* («* sin* yS — &* cos* ^9) 

-4 2,xtf (a* sin a sin /3 — 6* cos a cos )8) = — 

But since CP and CD are conjugate semidiameters, 
6 * 

tan a tan /3 = ~2 > Inmce the coefficient of xy vanishes, and 
the equation becomes 

(a* sin* a — i* cos* a) 4- y* (a* sin* /3 — 6* cos*/8) = — a*6*. 

In this equation suppose y = 0, then 

^ -g*^* ^ _ g*6* 

^ a* sin* a — 6* C(;s * P cos* a — a* sin* a ' 

This is the value of CP*, which we shall denote by a *. If 
we put a;' = 0 in the above equation, we obtain 

ziT 

^ a* sin* /8 — 6* cos* /3* 

Now since we have supposed that the new axis of x meets 
the curve, we know that the new axis of y will not meet tlie 

curve (Art. 244), so that *** ^ positive 


14—2 
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quantity ; we shall denote it by — t'*. Hence the equa- 
tion to the hyperbola referred to conjugate diameters is 

or, suppressing the accents on the variables, 

tt- 6'* 

Also tlic equation to the conjugate hyperbola referred to 

the same axes is — -* = — 1* 

a 0 


The equation to the tangent to the hyperbola will be of the 
same form whether the axes be rectangular or the obli(|ue 
system formed by a pair of conjugate diameters. (See Art. 
200 .) 


2511. Tangents at the extreinities of any chord of an hyper- 
hola meet on the diameter which bisects that chord, (See Art. 
201.) 

254. If a chord and diameter of an hyperbola are parallel, 
the supplemental chord is parallel to the conjugate diameter, 
(See Arts. 202, 203.) 


Asymjitotes, 


255. The properties of the hyperbola hitherto given have 
been similar to those of the ellipse ; we have now to consider 
some properties peculiar to the hyperbola. 

P 

Let the equation to the hyperbola be y” = (x* - a*), and 

a 

bx 

let CL be the straight line which lias for its equation y = — . 

a 


Lot ^f^Q be an ordinate meeting the hyperbola at Pand 
the straight line CL at Q ; then if CM be denoted by x, 


a 

thus PQ = ^ V a*)} = ^ 


QM^ 


bx 


ah 


tt ' ’ ' " a * a; -f v' — a*) a*) * 

If then the straight line MPQ be supposed to move parallel 
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to itself from A, the distance FQ continually diminishes, and 
by taking CM large enough we may make P Q as small as we 



please. The straight lino CL is called an asi/mptote of the 
curve. 

Similarly the straight line CL\ which has for its equa- 
te 

tion y = , Ls an asymptote. 

(L 

Thus the e(|uation = 0 includes both asymptotes. 

We may take the following definition. 

Definition. An asymptote is a straight line the dis- 
tance of which from apoint of a curve diminishes witliout limit 
as the point in the curve moves to an infinite distance from 
the origin. 

The distance of P from CL is PQm\ FQC] and as wo 
have seen that FQ diminishes wdthout limit as F moves away 
from the origin, CL is an asymptote according to the definition 
here given. 

256. In the same manner we may shew that CL is an 
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asymptote to the conjugate h 3 rperbola. For let MP be pro- 
ducea to meet the conjugate hyperbola at P', then (Art. 242) 

P'Jlf=^V(a^ + a‘); 

therefore + a*) - x} * -jrir--Ts • 

Hence as CM is increased indefinitely P'Q is diminished 
indefinitely; therefore CL is an asymptote to the conjugate 
hyperbola. 


257. The equation to the tangent to the hyperbola at the 
point {x\ y') is d^yy — Vxx = — aV, 


therefore y = 


ay 


y 


h XX 
a ‘ V — tt’*) 


V 

y 



If X and y arc increased indefinitely tlie limiting form to 

. . \)X 

wliich the above equation approaches is y = — . Thus the 

tangent to the liyperbola approaches continually to coincidence 
with an asymptote when the point of contact moves away in- 
definitely from the origin. 


258. It appears from Art. 243 that every straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its direction coincides with 
tliat of one of the asymptotes. And from Art. 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 


259. The straight line joining the ends of conjugate dia- 
meters is parallel to one asymptote and bisected by the other. 

Let Xf y be the co-ordinates of any point P on the hyper- 
bola (see figure to Art. 247) ; then the co-ordinates of D, 
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the extremity of the conjugate diameter, are (Art. 247) 
Hence the equation to DP is 
; hx* 


ay , hx 
f and — 


y - 


a 


tliat is, 


2 '- 2 '=— 

x-~- 


f " / 

y-y 


and therefore DP is parallel to the asymptote y = - 


hx 


Also the co-ordinates of the middle point of DP are 

/ . hx\ 


(Art 10) 


and 

that is, 

ay + hx 

and 


ay 4- hx 
2a ‘ 


hx 


These co-ordinates satisfy the equation y = ^ ; theroforo 
hx . 

the asymptote y ^ bisects PD» 

Since the diagonals of a parallelogram bisect each other, 
and PD is one diagonal of the parallelogram of whieli (IP 
and CD are adjacent sides, the other diagonal coincides with 
the asymptote, that is, the tangents at P and D meet on tho 
asymptote. 

260. The equation to the hyperbola referred to conjugate 
diameters as axes is 


.- 1^=1 


( 1 ). 


Hence the equations to the asymptotes referred to these 
axes are 

Vx Vx 
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For wc may shew as in Art. 243 that the straight lines 
denoted by (2) are the only straight lines through the centre 
which meet neither (1) nor its conjugate. Hence these straight 
lines are the asymptotes by Art. 258. 


Or the same conclusion may be obtained thus : the original 
equation to the hyperbola is^ — = 1, and that to the two 

asymptotes — 'A. = o. If by substituting for x and y their 

valu(‘s in terms of the new co-ordinates x and y\ and sup- 
pressing accents on the variables, the former equation is 

reduced to -r: — f/* = the latter must become, by the same 
a" o 

substitution, -4- — r/i = 0. 
a“ b 


261. To find the equation to the hyperbola referred to the 
asymptotes as axes. 

Let CXy CY be the original axes; CX', CY the new 
axes, so that CX' and GY' are inclined to CX on opposite 

sides of it at an angle a such that tan a =^.. Let x, y be 

tlie co-ordinates of a point P referred to the old axes ; x\ y* 
the co-ordinates of the same point referred to the new axes. 
Draw PM' parallel to CY' ^ and PM and M'N each parallel 
to C\\ Then 

a; = Cil/= CN^ NM^ {x 4- f) cos a. 

So y =7W= (y' — x') sin a. 


Also cosa = 


lues in the equation ay — b*x* = — a*b * ; 

or xy = — T— , 


; substitute these 
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or, suppressing the accents, . 



The equation to the conjugate' liyp('rh»>la referred to the 

(i* • 4 " if* 

same axes is (Art. 24!2) , 


2G2. To find the equation to the tanr/ent ai any point of an 
hyperbola when the curve is referred to its asymptotes as axes. 

Let x\ y be the co-ordinates of the point ; x\ y" tin; cf>- 
ordinates of an adjacent jM>int on the curve. The tMjuation to 
the secant through these points is 

y-y ^ (1). 

Since [x, y) and {x \ y") arc points on the hyperbola 

^'y = i (»’ + 1*), xY == i ("* + //) ; 

therefore x'y' = xy. 

xy , 

•• -y 

SC 

Hence (1) may be written y — y = n {x — a?'), 

SC sc 
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or 


y-y'=:-y (X-X). 


Now in the limit a" = a ! ; hence the equation to the tan- 
gent at the point {x\ y) is 


y 




( 2 ). 


This equation may bo simplified ; multiply by Xy thus 

2 


yx^xy-zxy- — - 


2G3. To find where the tangent at {x\ y) meets the axis 
of X put y = 0 in the equation yx + ary = - ; 


thus 


2<y' 

X = = ; = 2x . 


V y 

Similarly to find where the tangent cuts the axis of ?/ put 
a? = 0 in the equation ; thus ys=— , = — 2y . 

^x X 


Thus the product of the intercepts = 4a;y — a® 4- J®. The 
area of the triangle contained between the tangent at any 
point and the asymptotes is equal to the product of the 
intercepts into half the sine of the included angle 

= i (a® + V) sin 2x = (a* 4- J*) sin a cos a^ab, 
and is therefore constant 

Since the tangent at {x, y) cuts off intercepts 2a;', 2y , from 
tlio axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes is bisected at 
the point of contact 


Polar Equation. 

264. To find the polar equation to the h 3 q)erbola, the 
focus being the pole. 

Let HPssr, AnP^0\ (see figure to Art. 209) ; 
then i?P= ePNy by definition ; 
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that is. 

HP=^eiOn-^HM)-, 

or 

r = a (c* — 1) 4- cr cos {tt — 9), (Art. 212) ; 

therefore 

r (1 + e cos 0) = o (e*— 1), 

and 

1 4 - e cos 0 


If we denote the angle XHPhy 6, then we have as before 

thus r=a(«’'— 1) + er cos 0f 

a(c*-l) 


and 


r = V 


1 6 COS 0 


.( 2 ). 


We may also proceed thus : iii the fi«^mre to Art. 218 
suppose Sr=r and FSII=6: then 


that is, 
or 

therefore 

and 


SP=e{SM^SE'); 
r = er cos ^ — a (e* — 1 ) ; 
r {e cos ^ — 1) = a (c* — 1), 
a(6*~l) 

=s - - - ' : 

e cos 6^ — 1 


(3). 


265. As in Art. 205 it may be sliown tliat the polar 
equation to a chord subtending at the focus an angle 2^ is 

I 

^ c cos 0 4* sec cos (a — ' 

a — ^ and a 4-/3 being respectively the vectorial angles of the 
straight lines which join the focus to the ends of the chord, 
and I the semi-latus rectum. 

Hence the polar equation to the tangent is 

e cos (94- cos (a — (9) ' 

266. The polar equation to the hyperbola, the centre 
being the pole, is (Art. 206) 

r* (a* sin* — 6* cos* 0) = — a*6*. 

Art& 207, 208 are applicable to the Hyperbola. 
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267. It will be a good exercise to trace the form of tlie 
hyperbola from any of the polar equations of Art. 264. Take 
for example the equation (1) ; suppose 6=0, then r = a(e— 1) ; 
we must therefore measure off the length a(e— 1) on the initial 
line from the pole II, and thus obtain the point A as one of 
the points of the curve. 

As 6 increases from 0 to we see from (1) that r increases; 

. ^ TT 

COS 0 is negative when 6 is greater than - and r continues to 

increase. Lot a be such an angle that 1 + e cos a = 0, that is, 

cos a = — ^ , then the nearer 6 approaches to a the greater r 
B 

becomes, and by taking 6 near enough to a, we may make r 
as great as we please. Thus as 6 increases from 0 to a that 
portion of the curve is traced out which begins at A and passes 
on through P to an indefinite distance from the origin. 

When 6 is greater than a, r is negative, and is at first in- 
definiU‘ly great and diminishes as 6 increases from a to tt. 
Since r is negjitive we measure it in the direction opposite to 



that we should use if it were positive. Thus as 5 increases 
from a to TT that portion of the curve is traced out which 
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begins at an indefinite distance from C in the lower left-hand 
quadrant, and passes on through Q to A', HA' is found by 
putting 0 = 7r in (1); then r becomes — a (e + 1), therefore 
HA is in length =a{e+ 1). 

As 0 increases from tt to 27r— a, r continues negative and 
numerically increases, and may be made as gi*eat as we |>li*as(^ 
by tiiking 0 sufficiently near to 27r — a. Thus the brancli of 
the curve is traced out which begins at A and passes on 
through Q' to an indefinite distance. 

As 0 increases from 27r — a to 27r, r is again positive, and 
is at first indefinitely great and then diminislies. Thus the 
portion of the curve is traced out which b(‘gins at an indefi- 
nitely great distance from Ciu tlie lower riglit-hand (piadrant 
and passes on through H to A, 

The asymptotes CL and CIJ arc inclined to the transverse 

axis at an angle of which the tangent is ; hence we have 
o ® a' 

cos LCA— 7 ; ^ , and cos LCA = — - ; that is, 

V(a + 0 ) c e 

LCA=:a. Thus as 0 approaches the value a tlie radius 
vector approaches to a position parallel to CL. Similarly as 
0 approaches the value 27r — a the radius vector approaclies 
to a position parallel to CIJ. 


Equilateral or Rectangular Hyperbola. 

208. If in the equation to the ellipse a*//* + IV = 
we suppose h^a.vfc obtain j;* 4 which is the ecjuatioji 

to a circle ; so that the circle may \)G considered a particular 
case of the ellipse. If in the equation to the hyperbola 
ay — tv* == — we suppose t = a, we have = — a*. 

We thus obtain an hyperbola which is called the equilateral 
hyperbola from the equality of the axes. Since the angle 

between the asymptotes, which = 2 tan“* ^ , becomes a right 

angle when ft = a, the equilateral hyperbola is also called the 
rectangular hyperbola. 
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The peculiar properties of the rectangular h3T3erbola can 
be deduced from those of the ordinary hyperbola by making 
t = a. Thus since b* = a* (e* — 1) we have e* - 1 = 1, there- 
fore e = V2. The equation to the tangent is (Art. 220) 

yy* — XX = — a*. 

From Art. 227 PO = PO' = 

The e(|uation to the conjugate hyperbola is, by Art. 242, 
y* — X* = a*. Tims the conjugate hyperbola is the same curve 
as the original liyperbola, though differently situated. 

By Art. 248, (7P= CD, and therefore by Art. 259, CP 
and CP are equally inclined to the asymptotes. 


EXAMPLES. 

1. The radius of a circle which touches an hyperbola and 
its asymptotes is c(iual to that part of the latus rectum which 
is intercepted between the curve and asymptote. 

2. A straight line drawn through one of the vertices of an 
hyperbola and terminated by two straight lines drawn through 
the other vertex parallel to the asymptotes will be bisected at 
the other point where it cuts the hyperbola. 

3. If a straight line be draw'n from the focus of an hy- 
perbola the part intercepted between the curve and the 

asymptote = ; - v where 0 and a are the angles made 
^ sin a + sin 0 ® 

respectively by the straight line and asymptote with the axis. 

4. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB of a circle : find the locus of the 
point of intersection of AP and B Q. 

5. P is a point in a branch of an hyperbola, P' is a point 
in a branch of its conjugate, CP, CF, being conjugate semi- 
diameters. If S, F be the interior foci of the two branches, 
prove that the difference of SP and S'F is equal to the dif- 
ference of and BC. 
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6. If X, y be co-ordinates of any point of an hyperbola, 
shew that we may assume a; = a sec y = 6 tan 6, 


7. A straight line is drawn parallel to the axis of y meet- 
ing the hyperbola -a ~ ^ ifs conjugate, at points P, Q: 


shew that the normals at P and Q intersect each other on the 
axis of X, Shew also tliat the tangents at P and Q intersect 
on the curve whose equation is y* (tt*y* — 


8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate : shew that the chord of 
contact will touch the other branch of the conjugate. 


Find the equation to the radii from the centre to tlic points 
of contact of the two tangents, and if these radii are at rigid 
angles, shew that the co-ordinates of the ])OHit from which the 
tangents are drawn are 


/fP-2a\ , /f2h'--a^\ 


9. Two tangents to a parabola inchide an angle a: shew 
that the locus of their point of intersection is an hyperbola 
with the same focus and directrix. 


10. Shew under what limitation the proposition in Exam- 
ple 30 of Chapter x. is true for the hyperbola. 

11. The ratio of the sines of the angles made by a diaiiK^tcT 
of an hyperbola with the asymptotes is e(|ual to the ratio of 
tlie sines of the angles made by the conjugate diameter. 

12. With two conjugate diameters of an ellipse as asymf)- 
totes a pair of conjugate hyperbolas isconstructecl : pr(»ve that 
if one hyperbola touch the ellipse the other will do so like- 
wise : prove also that the diameters drawn through the points 
of contact arc conjugate to each other. 
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CHAPTER XIII. 

GEXERAL EQUATION OF THE SECOND DEGREE. 

269. We shall now shew thjit every locus represented 
by an equation of the second degree is one of those which 
we have already discussed, that is, is one of the following : 
a point, a straight lino, two straight lines, a circle, a parabola, 
an ellipse, or an hyperbola. 

The general equation of the second degree may be written 
ad? -h hxy + cy* + efe -f +/= 0 ; 

we shall suppose the axes rectangular; if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a. transformation cannot affect 
the degree of the e<iuation (Art. 87), the transformed equation 
will still be of the form given above. 

If the curve passes through the origin /= 0 ; if the curve 
does 7iot pass through the origin f is not = 0, we may there- 
fore divide by /* and thus the ecjuation will take the form 

a a? -f h'iry -f c'y* + d*x -f e y + 1 = 0. 

270. We shall begin by investigating the possibility of 
removing from the equation the terms involving the Jit'st 
])ower of the variables. 

Transfer the origin of co-ordinates to the point (//, k) by 
putting a; = x' -H /i, y = y i^nd substituting these values 
of X and y in the equation 

cw:* + i)ay+cy* + da; + ey ■f/=0 (1) ; 

thus we obtain 

ax* -h hxy -f cy'* -f (2ah + bk + df) -h {2ck -\-bh-\-e) y 

+/ = 0 ; ( 2 ), 

where f = al? -f hlik -f ci* + c?A + «£ +/. (3). 
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Now, if possible, let such values be assigned to h and h as 
will make the coefficients of x and y' vanish ; that is, let 

2aA + + ci = 0, and 2ci + + e = 0 ; 


thus 


_ 2c £? ’-'he j 2ae — bd 
1)^ — 4tac * * 6'* ~ iac ’ 


It will therefore be possible to assign suitable values to h 
and k, provided J* — 4ac he not = 0. 

We shall see that the loci represented by the general equa- 
tion of the second degree may be se))arated into two classes, 
those which have a centre, and those which in general have 
not a centre, and that in the former case — ^ac is not zero, 
and in the latter case it is zero. We. shall first consider the 
case in which V—4tac is not zero, and coiise(iuently tlie values 
found above for h and k arc finite. 


Equation (2) thus becomes 

CLX* + hxy + cy^ +/' =0 (4). 

Now if (4) is satisfied by any values y, of the variables, 
it is also satisfied by the values '’“Vv Hence the new 
origin of co-ordinates is the centre of the locus represented 

ijy (!)• 

Thus if V— 4ac be not =0, the locus represented by (1) 
has a centre, and its co-ordinates are A and k, the values of 
which are given above. 

The value of/*' may be found by substituting the values of 
A and k in (3) ; the process may be facilitated thus : we have 

2aA + hk + d = 0, 2ck -f AA -f c = 0 ; 

multiply the first of these equations by A, and the second by 
k, and add ; thus 2aA* + 2cA* -f 2hkh + cZA + ek = 0, 

or 2f'—dh — ek — 2/= 0 ; 

- dh’^ek . cd^-^ae^ --bed 
therefore / =/+ - - ^ =/+ — j;. - * 


We shall retain/' for shortness. 


T. c. S. 


15 
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271. We may suppress the accents on the variables in 
equation (4) of the preceding Article and write it 

ax^ + hxy + c/ +/' = 0 (5). 

This equation we shall further simplify by changing the 
directions of the axes. (Art. 81.) 

Put x—x cos d — y sin 0, y — x sin ^ ^ cos and sub- 
stitute in (5) ; thus 

aj'* (a cos® 0 + c sin® ^ + J sin cos 0) 

4* y® (a sin®^ -f c cos® 5 J sin 0 cos 0) 
4-a?y {2 (c — a) sin 5 cos 0 + (cos® 6 — sin® 0)] +/' = 0. . . (6). 

Equate the coefficient of xy to zero ; thus 

2 sin 6 cos 0 i (cos* ^ — sin* 6) = 0, 

or (c — a) sin 2^ + i cos 20 = 0 ; 


therefore tan 20= (7). 

fl •— c 

Since 0 can always be found so as to satisfy (7), the term 
involving xy can be removed from (G), and the equation 
becomes 

a'® (a cos* 0 + c sin® 0 + J sin 0 cos 0) 

+ y'* (a sin® 0 4- c cos* 0 — J sin 0 cos 0) 4-/' = 0, 

or Ax^ 4- Bij^ 4-/' = 0 (8), 

where .4 = ^ {a + c 4* (« — c) cos 20 + 6 sin 20J, 

J5 = -J {a 4 c — (a — c) cos 20 — J sin 20). 

Since tan 20 = — ^ , 

a — c 


cos 20 = 


;^j4-F:7)r “■* 

.4 = J [a 4" c 4“ d” ^)*}]: 
JB = i [a + c - + (a- c)*i]< 


Hence 
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We may suppress the accents on the variables in (8) and 
write it ~~ a;* - = 1. 

f y ^ 

(1) If -4, J5, and /' have the same sign, the locus is im- 
possible. 

(2) If A and B have the same sign and /' have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 

-/(-'S’ “•‘•/(’■S)- 

The locus is of course a circle if ^ = 7?. 

(3) If -4 and B have different signs, the locus is an 
hyperbola. (Art. 211.) 

We have supposed in these three cases that /' is not =0; 
if /'==(), and A and B have tlie same sign the locus is the 
origin ; if 0, and A find B have different signs the locus 
consists of two straight lines represented by 

From the values of A and B we sec that 

^ _ (a + c)* — “ (a — cf __ 4ac — V 

_ 4 “• 

Hence A and B have tlie same sign or different signs 
according as 6® — 4ac is negative or positive. 

272. Hence we have the following summary of the results 
of the preceding Articles of this Chapter. The eciuation 

ax^ 4- hxy + c/+ tir + cy 4-/= 0 • 

represents an ellipse if t® — 4ac be negative, subject to three 
exceptions in wdiich it represents res]r>ectively a circle, a point, 
and an impossible locus. If 5® — 4ac be j>ositive, the ecmation 
represents an hyperbola subject to one exception when it 
represents two intersecting straight lines. 

273. We may notice tliat the equation found in Art. 271, 

15—2 
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tan '2,$ = — — , ha.s an infinite number of solutions ; for if 2a 

CL *“ C 

be one value of 29 which satisfies the equation, then if 
20 = 2a + WTT, wlKire n is any integer, the equation will be 
satisfied. But these different solutions will all give the same 
position for the axes. For the values of 9 are comprised in 

the expression ^ , and by ascribing different values to 

n we obtain a scries of angles each differing from a by a 

multiple of and the only changes that wdll arise from 

selecting difh^rent values of n are that the axis of x in one 
case may occupy the position of the axis of y in another and 
vice versd, or tlie positive and negative directions of the axes 
may be interchanged. 

The radical in the value of cos 20 and of sin 20 in Art. 271 
may have either sign ; but the sign must be the same in botli 

in order that the relation tan 20 = may hold. 

a~c 

274. It appears from the former part of Art. 271, that by 
turning the axes through an angle 0 the e(piatiun 

ax’ + lixy + cy^ = 0 
becomes ax^ + h'xy + c'y'* 4*/' = 0, 

where a = J {a + c 4- (a - c) cos 20 4- 6 sin 20] , 
i' = (c — a) sin 20 4- i cos 20, 

= ^ {a4-c — (a — c) cos20 — J sin 20J. 

Hence a' 4- c' = a 4- c ; and 

J'* - 4a c' = {(c — a) sin 20 4- 6 cos 20j* 

— (a 4- c)* 4* ~ c) cos 20 4- sin 20-* 

= (a - c)* 4- J* — (a 4- c)* = - 4ac. 

Thus the expression h* — 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or after the axes have been shifted. 

The same remark applies to the expression a 4- c. 
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Hence we conclude that if the curve represented by the 
general equation ax^-^-hxy + cy^ + dx + ey +/= 0 be a rect- 
angular hyperbola, a + c = 0 ; for if the curve were referred 
to its transverse and conjugate diameters as axes this relation 
would hold, and therefore, as we have just seen, it must 
always hold whatever be the axes. 


27o. AVe have next to consider the case in which — 4ac 
is zero. AVe cannot now as in Art. 270 nunove the terms 
involving the first power of the variables from the general 
(‘(juation, but we can still simplif}^ the ecpiation as in Art. 271, 
by changing the direction of the axes. 

Let the equation be 

CLj^ -f- hxy "{“ cy* 4* dx -I- ty 4* J' ^ 0 ' 1 / j 

put x^x' cos d — y sin y^x sin 0 4 - y cos 
then (1) becomes 

(a cos* 0 4- c sin* ^ 4- J «in 0 cos 0) 

4- y^ {(t sin* 6 + c cos* 0 — t sin 0 (tos 0) 

4- xy’ {2 (c — a) sin 0 cos 0-\-h (cos* 0 — sin* 0 ) } 

4- X [d cos 0-\-e sin 0) 4- y (c cos 0 — d sin 0) 4-/== 0 (2). 


Now let tan 20= , then the coefficient of xy in (2) 


a — c 


vanishes, and as in Art. 271 the coefficients of ^r'* and y'* are 
i [a4-c ± \/[(a — c)*4- i*j]. One of these coefficients must 

therefore vanish since their product is , which, by 


hypothesi.s, =0; suppose the coefficient of x'* = 0, thus, by 
suppressing accents on the variables, (2) may be written 

C/4-/>x+%4-/=0 (3). 

If D be not = 0, this may be written 


and thus the locus is a parabola. (Art. 125.) 

If i) = 0, then (3) represents two parallel straight lines, or 
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one straight line, or an impossible locus, according as is 
greater, equal to, or less than 

Hence if IP — 4ac = 0 the equation 

ax^ + hxy + cy* + dx ey f= 0 
represents a parabola subject to three exceptions, in which it 
represents respectively two parallel straight lines, one straight 
line, and an impossible locus. 

By combining this result with those stated in Art. 272, 
we have a complete account of the general equation of the 
second degree. 

270. We have shewn in Art. 270, that when — 4ac is 
not =0, the general equation of the second degree represents 
a central curve; we shall now prove that when — 4([c = 0 
tlie curve has not a centre except when the locus consists of 
two parallel straight lines. 

If a curve of the second degree have the origin of co-ordinates 
for its centre, no terrn involving the first power of either of the 
variables alone can exist in the equation. 

For if possible su]>posc that the origin of co-ordinates is 
the centre of the curve 

ax® 4- hxy + cy® + dx -f ry +/= 0 (1 ), 

and let be the co-ordinates of a point on the curve, and 
therefore — a\, — ?/, co-ordinates of another ])oint on the curve; 
substitute successively in (1), then 

ax* + hx^y^ + cy* -t- -f ey^ +/= 0, 
ax* -f- hx^y^ -f cy* - dx^ - ey^ +/= 0 ; 
therefore, by subtraction, 

2(dx, + ey,) = 0 (2). 

Now unless d and e both vanish, (2) can only be tnie when 
straight line dc-f(?y = (). But the centre 
of a curve is a point which bisects eveiy chord passing through 
it ; hence the origin of co-ordinates cannot be the centre of 
the curve (1) unless both d and e vanish. 

277. Suppose then that we have an equation 

ax*-h ixy + cy* + dr-f ey-f/= 0 (1), 
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in which J* — 4ac = 0. Here a and c cannot both be zero, for 
then b would also be zero, and (1) would not be an equation 
of the second degree ; we shall suppose that a is not zero. 
Now if the curve denoted by (1) had a centre, and we took 
that centre as the origin of co-ordinates, the terms involving 
the first power of x and y would vanish by Art. 270. But from 
Arts. 270 and 274 it follows tliat when // — 4«c = 0, we cannot 
in general make these terms vanish by changing the origin or 
the axes. The only exception that can arise is wlieu the niiine- 
rators in the values of h and k in Art. 270 vanisli, so tliat the 
values of h and k become indeterminate, and the two e([uations 
for determining them reduce to one ; see A hjehra, Chapter XV. 

We have then 2rte — Jrf=0, so that c = Hence, by sub- 
stituting for c and c, the equation (1) becomes 

ax * + hxy + + <7x + y +/= 0, 

that is, a(x + + rf +/= 0 (2). 

Equation (2) will furnish two values of * + if 

these values arc possible the locus consists of two parallel 
straight lines. In this case any ]>oint on the straiglit line 
which is parallel to these two and midway between them will 
be a centre. 

Thus the result enunciated in the beginning of Art. 276 
is demonstrated. 

27<S. We may observe that relations simil.ar to those 
obtained in Art. 274; hold when the axes of co-ordinates are 
oblique. For suppose the equation ox* -f 4 cy* +/' = 0 
to be referred to rectangular axes, and let the axes ha trans- 
formed into an oblique system inclined at an angle oi ; sup- 
pose moreover that the new axis of x coincides with the old 
axis of X. We have then to put (Art. 84) 

X = X 4 y' cos «, y=y \ 
substitute these values in the above equation and it becomes 
aV*4iVy4cy4/' = 0, 
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where 

thus 

and 

80 that 
and 


a =5 a, 

V ~ 2a cos 0 ) 4- 6 sin w, 

= a cos* 0 ) -f & sin G) cos o) + c sin* g) ; 


U* — iac = (6* — 4ac) sin* co, 
a' + c' — V cos G) = (a + c) sin* g> ; 

— — = 6 — 4ac, 

sirr G) 

a ^ h* cos G) 

sin’* G> -” « + 


Therefore, by means of Art. 274, we conclude that for 
any system of axes, rectangular or oblique, the expressions 

J'* — 4a c' j a + c' — J' cos g) . , , , 

— ana r— ^ remain unchanged when the 

sm* G) sin'' G) ® 

axes are changed. 

These results are very important, because as we have seen, 
the curve will in general be an ellipse, parabola, or hyper- 
bola according as the former expression is negative, zero, or 
positive ; and a rectangular hyperbola if the latter expression 
be zero. 

These results may be obtained by another method, which 
will be found instructive. Suppose that the axes of x and y 
are inclined at an angle \\ and let us determine the points of 
intersection of the curve 


ax'^ + ctf = g ( 1 ), 

and the circle 

X? 4* 2a:y cos \ 4- y* = r* (2). 


Combining (1) and (2) we obtain 

g (oj* 4- 2^-^ cos X 4- y*) = r* (ox* 4- hxy 4- c\f ) ; 
that is (y — r*a)a5*4-(2y cosX — r*6)a?y4-(y --r*c)y* = 0. 

This is a quadratic equation for finding - . Solving the 

quadratic we find that the expression under the radical 
sign is 

r* (J* — 4ac) — 4r*y (6 cos X — a - c) - 4y*sin*X. 
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If this expression vanishes the two values of ^ are equal ; 

this indicates that the circle (2) touches the curve (1) : and 
hence we may draw the important inference that the squares 
of the semi-axes of the curve (1) arc numerically equal to 
the values of given by the equation 


¥ — 4ac . » i cos X — n — 
sia‘X 


^-V=o 


(4). 


Now suppose the axes of co-ordinates transformed into 
another system inclined at the angle X', and let (1) become 

a V* + Vxy + cy^ = g ; 

then tlie quadratic equation 


.h'^—4fac . 3 6'cosX' — r//-c . « ... 

" • sm'X' 


sin* X' 


has the same geometrical meaning as (4), and th(^ roots will 
therefore be the same. Hence (4) and (o) must coincide, 
and tliereforc 

¥ — 4ac _ h'^ — 4>ac 
siirX siirX' 


and 


b cos X — a — c ¥ cos X' — o' — 
sin* X sin* X' 


( 7 )- 


In fact if we divide — 4//* by (dther inend)er of ((>) W(‘ obtain 
the numerical value of the product of the s(juares of the semi- 
axes of the curve. Similarly if we divide 4// timcis either 
member of (7) by the corresponding member of (h) w'e obtain 
the numerical value of the sum or of the difference of the 
squares of the semi-axes, according as the curve is an ellipse 
or an hyperbola 


279. We shall now shew liow to trace a curve of the 
second degree from its equation without transformation of 
co-ordinates; the axes may be supposed obli(|ue or rect- 
angular. 

Let the equation be 

+ cy +/=0 ( 1 ). 
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Solve the equation with respect to y ; thus 

y “ - ± ^ - 4c (a** + +/)}* 

a ^ ± 1 {(&*-4ac) a!* + 2 (6e- 2cd) «+e*- 4c/ll. . . (2) 

= OJJ + ^ ± • (»* + 2j)x + 2 ) (3), 

, h a e — ^cd e* — 4c/ 

.here 


I. Suppose i* — 4ac negative, and write — /it for - — ; 

thus (3) becomes 

y-ax + jS ± 2px + j) j ^ (4) . 

Now ri3* + 2px + 2' = (^ + jr;)* + (7-p*; if then j-p* be 
positive, the quantity under tlie radical is negative and the 
locus impossible; if = the locus is the point deter- 
mined by X = — j), 2/ = ax + ^ ; if be negative, we may 
put (x + ;>)* 4- y -/ = {x + p + V(/ ~ !?)} - V( P* “ ?)} 

s= (x — 7) (x — 8) suppose ; and thus (4) may be written 

y = ax + ^± {-/x(x-7) (x-S)j« (5). 

Since (x — 7) (x — Sj is positive, except when x lies between 
7 and 8, the values of y in [5) are real only so lung as x lies 
between 7 and 8. Moreover y is always and thus the 
curve represented by (5) is limited in every direction. 

Since w’'c know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 26*9, it 
follows that it must represent an ellipse. 

From the form of equation (5) w^c see that the chords 
parallel to the axis of y are bisected by the straiglit line 

( 6 ). 

For let there be two points on the curve (5) having the 
common abscissa Xj, and the ordinates y', y", respectively; and 
let y, be the corresponding ordinate of (6), 
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then y, = airj + /3, 

y = oar, + ^ + {- /i (®j - y) (ar, - 8)}^ 

y'' = 0 x^ + 0 -[-ft (ar, - y) (aj, - S)}^ 

Thus y, = Hy +.y0» therefore the point (a*j, y,) lies 
midway between the points {x^, y) and (aj^, y*). 



/ 

In the figure DCD* represents tlie straight lino y^oix-\-P ; 
the abscissje of D' and D arc 7 and S respectively ; supfwjsing 
S greater than 7 . Tlie centre G is midway between J/ and 
D; its abscissa is therefore |/(7 + S). The equation to tlic 
curve will give the ordinates of //, D, G\ G. Since G G' is 
parallel to the chords which D'D bisects, DU and G G' arc 
conjugate diameters. GG is a known quantity since* the 
ordinates of G and G' are known. Dl/ is also a known 
quantity since the abscissce and ordinates of D and U arc 
known. The angle between GQ* and DU is known from 
the equation to DU ; the axes of the ellipse may therefore be 
found (Arts. 193, 195). 
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II. Suppose J* — 4ac positive ; put fi for j 

eciuation (3) becomes 

y = ax-\‘^±[fi{x^-V + g)]^ (7). 

Now 2px-\-q = {x+pY+ g-p^\ if then q - f be posi- 
tive, the quantity under tlie radical is always positive, what- 
iwer positive or negative value be assigned to x. The curve 
therefore extends to infinity. Also it may be shewn as before, 
that the straight line y ^ ax ^ is a diameter of the curve; 
but it never meets the curve, because the quantity ^px^-q 
or (x-hpY+ q-^p^ cannot vanish. Hence the curve consists 
(»f two unconnected branches extending to infinity, and is 
therefore an hyperbola. 

If 2 — j)’ = 0, (7) becomes y = aa? + /S ± (a; -hp). 

The locus now consists of two intersecting straight lines. 

If J-p* be negative we may as before write (7) in the 

form y ^ ax + j3 ± {/a (x - 7) (a? — J)}^. Hence x may have 
any value, positive or negative, except those between 7 and S ; 
thus the curve consists of two unconnected branches extending 
to infinity, and is therefore an hyperbola. 

Wo shall be assisted in drawing an example of this case 
by ascertaining the position of the asymptotes. 

The equation to the curve is 

y^ax-i-jS ±{p,(x^ + 2px + q)}^ ; 

therefore y = ax + j3±x^/i^l + ^^-h 

Expand by the Binomial Theorem ; thus 
y = or + ^ ± a; V/t |l + 1 + &c.|- 

= ax + j3±y/p(x +p) + &c. 

The terms included in the &c, involve negative powers of 
and may therefore be made as small as we please by suf- 
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ficiently increasing x ; hence from the nature of an asymptote 
the required equations to the asymptotes are 

y = ax + /3-h and y = ax + j3 - \//i (x+p). 


Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asymptotes is the centre, and thus tie* 
situation and form of the hyperbola are known. 

We may observe that the tangent of the angle between 
the asymptotes is, by Art. 41, 


I 


that is 


. 


substitute for a and fi their values and we obtain 


a+ c 


The expression , 

this vanishes when (e* — ^cf) (6* ~ 4oc) - [he — 2crf)* == 0, and 
therefore when (J* — 4ac) /+ os* + cd^ — hed » 0 ; so that if this 
relation holds the locus represented by (1) consists of two 


intersecting straight lines. 


We have hitherto supposed that c is not zero, and as 
V — 4ac cannot be negative if c be zero, it was not necessary 
to advert to the possibility of c being zero while considering 
the first case. But as c may be zero consistently with 6“ — 4ac 
being positive^ we must now examine the consequences <d 
supposing c zero. 


The equation (1) may be solved with respect to x instead 
of with respect to y. Hence it will be found on investigation 
that the results hitherto obtained, when 6*--4oc is positive*, 
are certainly true provided that a and c are not both zero; the 
latter case requires further examination. Suppose then a = 0 
and c = 0 ; thus (1) becomes bxy •{’dx + ey -f/= 0 ; by chang- 
ing the origin this can be put in the form bxy +/' = 0, 
^ bf"^ de 

where/' — ; the curve is therefore an hyperbola with 


the new axes for its asymptotes, except when cfe = 0, and 
then it becomes two intersecting straight lines. When a = 0 
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and c = 0, the expression (6® — 4ac),/+ oe* + cd* — hed reduces 
to h {bf- de ) ; thus we conclude that when 6® - 4ac is positive 
the equation (1) always represents an hyperbola, except when 
(J®- 4ac)/+ a^ + cdi‘-bed = 0, and then it represents two in- 
tersecting straight lines. 


III. Suppose J®— 4ac = 0, then (2) becomes 

(2(i«-2«Z)a;+e®-4c/}^ 


which may be written y = flw; + ^ ± ^ {p*x + 


where 


a = — 



A 


p {be - 2cc?), 2 ' = e* - 4c/. 

lip* be positive, the expression under the radical is posi- 
tive or negative, according as x is algebraically greater or less 

than — 2, ; if p be negative, the statement must be reversed. 

In both cases the curve extends to infinity in one direction 
only and is therefore a parabola. 


The straiglit line y — ax-\-P is a diameter, bisecting all 
ordinates parallel to the axis of y, and meeting the parabola 

at the point for which a; — ^ 7 . 

p 


If p* = 0, the equation becomes y = oa; + )8 ± 



this 


equation represents two parallel straight lines if q is positive, 
and one straiglit line if q' = 0; if q' is negative, the locus is 
impossible. 


We have hitherto supposed in considering the third case 
that c is not zero ; if c = 0, then 6 = 0, since 6* ~ 4rtc = 0 ; 
hence a and c cannot both be zero, for the equation (1) is 
supposed to be of the second degree. As before, we may 
solve equation (1) with respect to a:, and thus determine the 
peculiarities which occur when c = 0. We have found for 
example when c is not zero, that the locus will consist of 
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two parallel straight lines, when he — 2cci = 0, and e* ~ ^ef is 
positive ; in like manner, if a be not zero, we can shew that 
the locus will consist of two parallel straight lines when 
hd — 2ae = 0, and — ^af is positive. By means of tbe re- 
lation }? — 4ac = 0, it is easily shewn that the second form 
of the conditions coincides with the first when a and c are 
both diSerent from zero. When a = 0 the first is the neces- 
sary form of the conditions, but we see that the second form 
will then also hold. When c = 0 the second is the necessary 
form, though the first will then also hold. Hence we shall 
include every case by stating that hotK forms of the conditions 
must hold. 

Similarly the conditions under which the locus will con- 
sist of one straight line, or will bo impossible, may bo in- 
vestigated. 

280. We will recapitulate the results of tlie present 
Chapter with respect to the locus of the e(|uation 

cue* -f Ixy -f ■+ ey -f /= 0. 

I. If 6* — 4ac be negative, the locus is an ellipse admitting 
of the following varieties ; 

(1) c = a, and = cosine of the angle between the axes; 
locus a circle (Art. 104). 

(2) (e* — 4c/) (6* - 4ac) — {he — 2cc?)* positive ; locus im- 
possible. 

(3) (c* — 4c/) (t* - 4ac) - [be — 2cJ)* = 0 ; locus a point, 

II. If V — 4ac be positive, the locus is an hyperbola, 

except when (Z»* — 4ac) /-f + c//*— hde = 0, and tlien it con- 

sists of two intersecting straight lines. 

III. If J*- 4ac = 0, the locus is a parabola, except when 
Jc~2ci=0, and W--2ttc = 0; an<l then it consists of two 
parallel straight lines, or of one straight line, oris impo.ssible, 
according as e*-4c/ and ci*-4a/ are positive, zero, or 
negative. 
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EXAMPLES. 

1. Find the centre of the curve 

x‘- = 0 . 

2. Find the centre of the ellipse 

i^(l_y)+cx(l-^) = a*y. 

Find what is represented by ax* + 260 * 2 / 4 - cy*= 1, 
when 6* = ac. 

4. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the bounding radii of the 
sector ri'inaining fixed. 

5. In the aide AB of a triangle ABC^ any point P is 
taken, and BQ is draw’n perpendicular to AC: find the 
locus of the point of intersection of the straight lines BQ 
and CP. 

G. DE is any chord parallel to the major axis A A' of 
an ellipse whose centre is (7; andolPand CP intersect atP: 
shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. 

7 . Tangents to two concentric ellipses, the directions of 
whoso axes coincide, are drawn from a point P, and the 
chords of contact intersect at Q : if the point P ahvays lies 
on a straight line, shew that the locus of Q will be a rect- 
angular hyperbola. 

8. Find what fonn the result in the preceding Example 
takes wdien two of the axes whose directions are coincident 
are equal. 

9. Prove that an h)q)erbola may be described by the 
intersection of two straight lines which move parallel to 
themselves while the product of their distances from a fixed 
point remains constant. 
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10. Two straight lines are drawn from tlio focus of an 
ellipse including a constant angle ; tangents are drawn to tl)i» 
ellipse at the points where tlu^ straight lines meet the ellipse : 
find the locus of the intersection of the tangents. 

11. Find the latns rectum of the parabola (?/ — .r)’ = r/.r. 

12. Show that the product of the semi-axes of tlie ellipse 

?/ — = 2 is 2. 

18, Find tbe angle h(‘tween the asymptotes (^f the hyper- 
bola xy = -f c. 

14. Find the equation to a jjapibola wliicli touclies tlie 
axis of X at a distance a, an<l cuts the axis of y at distances 
fit from tbe origin. 

lo. If two points be taken in each of two na*! angular 
axes, so as to satisfy tin* <*ondition that a n'ctjingular byjuT- 
bola may pass tlinaigh all the. four, sln‘W that the position of 
the hyp(‘r)>ola is indet(‘nninate, and that its eiaitn; describes 
a circle which ])asses through the origin ami )>is(‘ets idl the 
straight lines wliich join the points two and two. 

Ifj, Two straight lines of giv(*n lengths coincidi* witli 
and move along two fix<*d axi*s in sucli a manmu' that a cireh^ 
may always be drawn through thtdr ( Xtremities ; lind tlu; 
locus *of tlie centre of the circle, and .sliew that it is an equi- 
lateral hyperbola. 

17. A variable cHi])se always touches a given ellipse*, 
and has a common focus with it; fimi the locus of its other 
focus, (1) wluui the major axis is given, (2j when the minor 
axis is given. 

18. Draw the curve y* — "^xy -f 0,/;* — 14.r -f oy -f- 4 = 0, 

1.0. Draw the curve a;* + y* — 3 [x -f y) — ^y = 0. 

20. Fmd the nature and position of the curve 

y* — Sxy -f 2o.z;* -f Gey — 42 cj? -f f)c* ~ 0. 

21. The equation to a conic section is ax^ -f- 2h.ry-\- cy’ = 1 : 
shew that the equation to its axes is xy [a — c) = 6 (x* — ?/*). 

T. C.S. IG 
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EXABIPLES. CHAPTER XIII. 


22. Tlic locus of tlie vertices of all similar triangles whose 
bases are parallel chords of a parabola will in general be 
another parabola ; but if any one of the triangles touch the 
parabola with its sides, the locus becomes a straight line. 

211. A series of circk‘s pass through a given point 0, 
have their centres in a straight line OA, and meet another 
straight line /JC. L(;t il/ hr the jxdnt at which one of the 
circh^s meets the straight line OA again, and let Abe either 
of the points at wliicii this circle nu‘ets lU!. From M and 
N straiglit lines are drawn parallel to JiC and OA respec- 
tively, intersecting at P; shew that the locus of P is an 
hy})erl)ola whi(dj becomes a parabola when the two straiglit 
lines are at right angles. 

24. The chord of contact of two tang('nts to a parabola 

subtends an angle /3 at the vert(‘X ; shew t hat the locus of 
their ])oint of intcu'seetion is an hyperbola whose asyni])totes 
are iindiinal to tin* axis of the parabola at an angle ^ such 
that tan ^ 1 tan fi. 

25. Determine the locus of the middle points of tln^ 
chords of the curve ax' 4- thxy 4- cn/ 4- tex 4- 'lf;i 4- // = 0, w hich 
are ])arallel to the straight line x sin 9 —v/ cos 9 = 0 ; and hence 
liiul the jiosition of the principal axes of the curve. 

2(). Shew that the e(juation (.r* — 4- — (i‘)' = a* re- 

j)resents two ellipses. 

27. AP and AO are given in ])ositi()n, and PC is of 
constant length : shew that if PP and PC be draw n making 
any constant angle witli AP and AC the locus of is an 
ellipse. 

28. A number of parabolas whose axes are parallel have 
a common tangent at a given point : shew that if parallel 
tangents be drawn to all the parabolas the points of contact 
will lie on a straight line passing through the givtm point. 

29. If on one of the longer sides of a rectangle as major 
axis an ellipse be described which passes through the inter- 
section of the diagonals, and straight lines be drawm from 
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any point of that part of the ellipse which is external to 
the rectangle to the extremities of the remote side, they will 
divide the major axis into segments which are in geometrical 
progression. 

30. A series of ellipses have their equal conjugate dia- 
meters of the same magnitude, one of them being common 
to all while the other varies in ])osition : shew that tangcuits 
drawn from any point in tlu‘ iixi‘d diametiT })ro(luccd will 
touch the ellipses at points situated on a circle. 

31. TP, TQ arc tangents to a central (’onic section, and 
the chord PQ is produced to meet the directrices at It and 
K : shew that 

EP.E'P : RQ.PiQ :: TP^ : TQ\ 

32. In any conic section if PQ, Pit mak(^ ecpial angles 
with a fixed chord PK, and QH he joiiu'd, shew tliat Qli 
will pass through a fixed point for all positions of PQ, I* It. 


16-^2 
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CHAPTER XIV. 


MISCELLANEOUS PROPOSITIONS. 


281 . We sliall give in this Cliapter some miscellaneous 
propositions for the most part applicable to all the conic 
jBectioiis. 


To find the equation to a conic section^ the origin and axes 
being unrestricted in jiositioiu 

L(5t a, h be the co-ordinates of the focus ; and let the 
etjuation to the dinjctrix be Ax + Hi/ + C = 0. The distance 
of any point (./•, ?/) from the focus is {(.c — {y’^h)‘]\ and 
the distance of tlie same ])oint from tlje directrix is 

Ax^ih/^ a 

Lot e be the exccntricif// of tlie conic section ; then if (x, y) 
be a 2)oint on the curve, ^ve liave, by detinilioii, 


ir{Ax-^By+Cy 

'' + 


therefore {x — a)’ + (y — h'f 


,...( 1 ); 

....( 2 ). 


Wc see from (1) that the distance of any point on a conic 
section from the focus cun be expressed in terms of the first 
power of the co-ordinates of that point whatever be the origin 
and axes. This is usually expressed by saying the distance 
of any point from the focus is a linear function of the co-ordi- 
nates of the point. 


282. It will be seen by examining the equations to the 
conic sections given in the preceding Chapters that any conic 
section may be represented by the equation y* = 4 wa*. 

The origin is a vertex of the curve and the axis of x an 
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axis of the curve ; m is the latus rectum ; in the parabola 
?i = 0 ; n is negative in the ellipse and positive in tlie liy- 
perbola. In the circle m is the diameter of tiie circle aiul 
n = — 1 . 

283. To find the equation to the tanpent at anj/ point of 
a curve of the second degree. 

Let the equation to the curve be 

+ hxij + cif + rf.r + cj/ +/= 0 (1 ), 

the axes being oblicpic or rectangular. 

Let .r , ?/ bo the co-ordinates of the j)oiiit, 

\ y' the co-ordinates of an a(lja(H*nt pennt on the ciirvi*. 

The equation to tlie secant througli these ]M)ints is 


y-y 


.( 2 ). 




Since (.r', y) and (/', y') are on the curve, 

+ h^ry -f cy '^ 4- d.t + ey + /*= 0, 

ax'^ 4- hx 'y" 4- cy’"^ 4- dx' 4- c//" 4-/= 0 ; 

therefore a (.r"* — 4- h {x'y' - xy) + c (?/"’* — 

4-(/(.r’-.T)4-e(y'-y) = 0, 

or (j;" — x) [a [x' 4- 4- hy' 4- d\ 

+ (y' -y) [c (/' + y) 4- lx 4- c] = 0 ; 

y' y Cl (x - 4 - X ) 4- in/ 4- d 
therefore d J ^ — ^ , , y ' . * 

X - X c [y 4- y ; + 4- e 

Hence (2) may be written 

fl’-Lt (x - a:'). 


c iy" + y) + + ' 

= X and ^ 
int (x, y) 

%ax ^rly d ^ ^ ,, 


Now in the limit x —x and y' —y \ hence the equation 
to the tangent at the point (x, y ) is 
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This equation may be simplified ; we have by reduction 
y (2c^' + Jic' + c) + a? (2(W5' + hy* + d) 

= y* {2cy + hx -{‘e)-\-x {2ax* + hy + d) 

* 2 {ax^ + Ixy 4- cj/'* + dx 4 ey 4/) - dx - ey - 2/; 
therefore 

y {%cy 4 hx 4 e) 4 a? {^ax 4 hy 4 rf) 4 dx 4 ey 4 2/= 0. 

If /*=: 0, the curve passes througli the origin, and the equa- 

d 

tion to the tangent at that point becomes y = — ~ a?, which we 

see (lo(\s not involve the coefficients of y®, or xyy in the 
equation to the curve. 

'l^hc (‘quation to the tangent at any point of (1) may also 
be found in the following manner : 

Let x\ y bo ibo co-ordinates of one point on the cuiwe ; 
and x \ y* tluj co-ordinates of another point on the curve. 

The eciuation to the secant through these points may be 
written 

a(x- x) (x - .(•■') + h (.r - x) {y - y") + c(y-y){y- »/') 

= ax^ 4 hxy 4 cy- 4 dx 4 ey 4 /. 

For it is obvious that this equation is really of the fil'd 
degree in x and ?/, and therefore represents some straight line. 
Moreover the equation is satisfied when x = x\ and y — y\ 
and also when x = x', and y = y \ Therefore the equation 
represents the straight line passing through the points {x\y) 
and [x\ y"). 

Now suppose .r" = x\ and y ' = y ; then the secant becomes 
the tangent at the point (-c', y'), and the equation becomes 

a (x - xj 4 6 (.c - x) (y - y') + c (y - yf 

= ax* 4 hxy 4 cy* 4 dx 4 ey 4/ : 
and by simplifying we obtain the same form as before. 

284. The equation to the normal at the point {x, y) 
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when the curve is expressed by equation (1) of the preceding 
Article and the axes are rectangular, will be 


, 2c»/' + + e . 


285. It may be shewn as in Art. 188, tliat if from a 
point {hy k) two tangents be drawn to the curve expressed by 
equation (1) of Art. 288, the eipiation to the chord of contact 
is y (2ck + Wt + c) + a: (2a/i + hk + <5?) + dh + ck + 2^’= 0. 

286. Jll chords of a conic section which subtend a riyht 
angle at a given point of the curve intersect on the normal at 
that iwinL 

Take tlie given point of the curve as the origin of a sys- 
tem of rectangular axes, and let the (‘(juation to the curve bo 

-I- Jury + ry* + d.r + cy == 0 ( 1 ). 

The axis of s' meets the curve at tin* points found by 
making ?/ = () in the above (*quation, that is, at th(‘ points 

X - 0, and . Similarly the axis of y me(‘ts tli(^ curve 

a 

, . e 

at the origin and also at the point for which y = — - . 
x 1 / 

Hence the equation — ^ -I- ~ = 1 , 

a c 

or . +•' 4 1=0 (i) 

(L e 

represents the chord joining the points of intcu'section of tiie 
axes and curve. 

Also the equation to the normal to the curve at the origin 
is by Art. 284-, 

.V = -,x Ci). 


Hence (2) and (8) meet at the point whose co-ordinates arc 

— , and whose distance from the origin is tlnre- 
« -H c a -h c ® 
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SEGMENTS OF A FOCAL CHORD. 


Now change the directions of the axes preserving the same 
origin ; the equation (1) will then become 

a V’ -f JVy + cy* + dV + ey = 0. 

Also it appears from Arts. 274 and 275, that 
a' 4- c' = a + c, and c?'* + + e\ 

Hence tlic normal at the origin will meet the new chord 
at tlio same distance from the origin as it met the original 
chord, that is, will meet it in the same 2)oint Since this is 
true whatever be the directions of the axes, it follows that all 
the chords iritersect at the same point. 


287. By comparing Arts. 154, 204, and 2G4, we sec that 
tlic polar ecpiation to any conic section, the focus being the 

})olc and the initial line the axis, is r = ^ ^ 7 , , where 


I = half the latus rectum. 


1 4- c cos d * 


We shall use this in proving the following proposition : 

Ihe semidatus rectum of any conic section is an harmonic 
mean between the segments made by the focus of any focal chord 
of that conic section. 

Let A'^P = 0y see figure to Art. 158; 


therefore SP ^-- — 


I 


1 4- c cos 6 ’ 

Suppose PS j)roiluced to meet the curve again at F ; 

I 


therefore SF 


1 4- e- cos (tt 4- 6 ) ' 


.1 f 11 1 4- c cos 6 1 — c cos 6 2 

+ — — = ( ■ 

which proves the proposition. 


288. The polar equation to the tangent to a conic sec- 
tion, the focus being the pole and the initial line the axis, is 
(Art: 205) 


= e cos 0 4“ cos (a — 6) 


( 1 )> 


where a is the avgu^ar co-ordinate of the point of contact. 
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Similarly tlic polar equation to the tangent at the 2 >oint 
DSC angular co-ordinate is is 

^ JOS 0 + cos ()8 - (2). 


At the jioint 'where those tangents moot, 'we have 
cos (2-0) = cos (/S-0). 

Now we cannot have a — 0 = /3 — 0, since a and /3 arc* hy 
supjwsitieii different; 'vve ihereiure take a-O^O-fS, tliere- 

Thus the two tangents (1) and (2) meet at tin* point wliose 
angular C(^-ordinatc is — ^ - . 

For exanipl(‘, suppose the conic section an ellipse; h*t 
ASP= 0 iy AS(J = I3, and let the tangents at P an<l Q meet 
at T; 



then AST^ ^ ; therefore i^ST = ^ = QST; 

that is, the two ianrjents drawn from any jmnt to an ellipse 
subtend e(pial anyles at either focus. 
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TWO TANOEXTS TO AX HYPERBOLA. 


Similarly the two tangents drawn from any point to a 
parabola subtend e([ual angles at the focus. 

With respect to tlie liyporbola we have to distinguish two 
eases. We liave sliewn in Art. that from any point 
included Ix'twecMi the asymptotes and the curve, two tangents 
can be drawn bot h meeting the same brancli of the curve, but 
from any point included within the sup])lemental angles of 
tlui asymptotes two tangents can be drawn meeting different 
branches of the curve. 

If now the two tangents from a point me(‘t the same branch 
of an liyperbola-, it may be shewn as in the cast‘ (»f the ellipse, 
that th(‘y siibttmd erjua,t angles at either focus. We will 
consider the casi* in which the tangents meet different 
branches. 



Let Tho a point from which tangents TP, TQ arc drawn 
to different branches of an hyperbola. 

Let -.*1 S'P= a ; and let tho angle which QS produced 
through S makes with AiS be /3; then /3 is an angle greater 
than TT, and — tt. 

Thus the equations to JTand TQ will be respectively 
^ = e cos 0 4- cos (a — 5), •" = c cos 6 -f cos {fi — 6), 



wo TANGENTS TO AN HYPERBOLA. 


2r>i 


At the point T where they meet, wc liavo 
cos (a — 0) = cos (/S — 6). 

Wc may therefore take ^ ^ ^ ^ , that is, we have 

as the angle which ^>5 jmHliieod makes witli tl)iis 


llicrefure TSr - ^ ; 
therefore 7 ’aS7*4- = tt ; 

that is, the angle which one* tang<'nt snhtc ials at either focus 
ivS the su]>plennuit of the angle which the othi'r tangent suh- 
tends at the sanu‘ focus. 


289. We liavo givcui in Art. 129 tin* (hhnrtions of a ])oh‘ 
and polar with re.sp(?ct to a given circle. Tin* same di*lini- 
tions are used generally substituting conic nertum for circle. 
If then the eejuatiou to the curve be 

ax^ + + cif -p (Ir -f (?// -f /= 9, 

the C(|uation to the polar of {jc\ y ) is (Art. 288) 

X {2ax + hy ’\-(l) + y {2.C7J 4- hx + c) + d.r + ey' + 2f- 9. 

The eejuation just given always represents a straight line 
at a finite distance from the origin excej)t when both 

2ax +hy' + d = 0, and 2cy + hx + <? = 0. 

But if X and y satisfy these relations they are tlnj co-ordi- 
nates of the centre of the curve; see Arts. 279 and 27(i. 
Hence strictl}" speaking th(*re is no polar corresponding to tlui 
centre of a conic section ; tliis fact is frecpnujtly ( xpressed by 
saying that the polar of the centre is the straiyiu line at infinity. 
See page 74. 

290. If one straiyht line pass throvyh the pole of another 
straight line, the second straight line will pass through the pole 
of the first straight line. 
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POLE AND POLAR. 


Let {x, y) be the pole of the first .straight line, and 
therefore the eejuation to the first straiglit line 

mi^ax'+hj +d) ■¥y{2cy' -^hx +e) +(ia:' + ey + 2/=0...(l). 

Lot (* , y ) be tlio pole of the second straight line, and 
tlierefore the equation to the second straight line 

xi2ax"+ ly'’+ d)-i-y{2cy"+bx"+e) + dx"+ey"+ 2 f:= 0 ...{ 2 ). 

Since (1) passes through {x", y") we have 

X (2ax + by + J) + y" (2cy' + bx + e) + dx + ey + 2/= 0, 
that is, 


x' {'2ax" + by" -f d) + y {2cy"+ bx" + c) + dx" 4 ey" 4 2/= () ; 
liciico (2) passes through (x', y'). 

y; i^^t^rsection of two strair/ht lifws is the pole of 

ScVlrt ^ lines. 


202. If a (jnadnlateral ABCD 
section, of the three points K, F, G, 
straight line joining the other tivo. 


he inscribed in a conic 
each is the pole of the 


P 



Lot Ehc the origin; EA, ED the directions of tlic 
ol X and y ; and let the equation to the conic section be 


axes 


ax^ + bxg + cy* + (fx + ey +/= 0. 


( 1 ). 
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Also suppose 

EA^K EB^h\ 

ED^k EC^Ic, 

The equation to .4(7 is ^ ~ ^ (-) » 


, X V 

the equation to BD is -f -^ = 1 

(•‘J); 

X V 

the cipiation to AD is y -f y = 1 

0); 

the ecpiation to CB is -f y, = 1 

',•>). 

From (2) and (3) it follows that tin* equation 


/I /I ^ 

CO 



‘presents ,s’(n/ic straight line passing through G, 

But from 


(4) and (5) it follows that ((») r(‘prcs(‘iits stune sirai^lit liiM; 
jiassiiig througli I\ Hence {(ij must be tlu^ (upiation to F(t\ 

Suppose in (1) that y = (); then wo liave tln^ (piadratie 
nj;“ + c/a’+ /= 0 ; and tlie roots of this ecpiation are k and It ; 

hence A + hh' ; therefore I + SI ini- 

a a h k f 

,,11 0 

j+t’--/- 

Hence (G) becomes dx -f cy + 2/= 0. 

But this, by Art. 2S0, is tin) ((puition to the p()]ar of tlie 
origin; therefore FG is the ]»olar of Similarly FG is the 
polar of F, Hence, by Art. 21)1, G is the pole of EF, 

2.03. To determine the form of the (jeneral equation to a 
conic section when the axes are tamjents. 

Let ax^ + Ixy + cy’ ^-dx-^ey +f = 0 (1) 

be the equation to the conic section. 

To find where the curve meets the axis of x, put y = 0 
in the above equation ; thus aar + c/x + /= 0. 
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If the axis of w is a tangent to the curve it must meet the 
curve at only one point (see Art. 171) ; hence the roots of the 
above quadratic must be equal ; therefore 

= ( 2 ). 

Similarly that the axis of y may be a tangent to (1) wo 
must have 

e’ = 4c/ (3). 

Substitut(i thc^ values of a and c from (2) and (3), then (1) 
becom(^s c/V + \dfx + + ^efy 4- ^ifxy 4 = 0, 


or 




[dx 4 4 2 /)* 4 ( 47 / — Me) xy = 0 , 

f d e - V 2hf — de 

(2/^"^ 2/^ 

d 2ljf--de 

2 /“” /r 2f~ k* 

thus we obtain fur the recjuired e(iuation 


Put 




By ])utting successively x and y = 0, we see that h is the 
distance from the origin to the point wliere the curve meets 
thii axis of X, and k is tln‘ distance from the origin to the 
point where the curve meets the axis of y. 

If it be re(|uired to determine a conic section which touches 
two given straight lines at given points, and also passes 
through another given point, we may assuliu^ the last written 
e(]uation to represent it, so that the straight lines to be touched 
are taken as the axes of .randy; then by ])utting the co-ordi- 
nates of the additional given point in the equation wx‘ find a 
single value for /i. Thus there is only one conic section 
satisfying the data. 


294. Suppose the equation 

to represent a parabola. Then, by Art. 280, 
/2 4 


( 1 ) 
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therefore /a = 0, or fi = - 


hk' 


It 

If /x = 0, (1) becomes ‘j 4* r — 1 =0; tliis e(|uiith>n n‘pre- 
/# tc 

sents the straiglit line joining the j)oints of contact of (1) 
>vith the axes. 


If = , Ave have from (I), 

file 

X y 4.n/ 

+ , . - 1 j = 


k ' k 


hk 


•(2); 


therefore - 4- y — I = ± - 
h Jc 


ft 




We may write this 

a/I VI-'-- 


■w, 


remembering thjit the radicals may be ])ositiv(‘ or negativa*. 
Thus (.Sj is the etpiatiun to a parabola referred to two tan- 
gents as axes. 

21)/). We may notice the form of the e piation to the 
tangent to the parabola 

'■ fi- 

The equation to the secant througli {x, y) and {x", y") i.s 

f v"-y , 

y-y =>_a;' (•»-*)• 

Since [x\ y) and {x \ if) are on the parabola, we have 

./-V.A' ^ 



256 


SIMILAR CimVES. 


therefore 


V3:"-Va;'. 


'^r. > 


and y = '^y'^- ^y = _ ^y' 

X — X Vx-" — six * \/x"-f six sih six' + six * 

Hence* tlic equation to tlie secant may be written 

y y v/tv-*"+vx'^ 

Ifiincc we have for the equation to the tangent at {x, y) 

, V(%') , .. 

y-y=-^{hx)^‘^--^^’ 

?/ _ , _ ^ j. *’ =1 

*J(hx) >^{l:y') >^ihx) 


Similar Curves, 


2!)(). Dkfinitiox. Two curves arc saiJ to be similar 
and similarlt/ situat(‘(l when a radius v(H*tor drawn from some 
fixed ])()iut in any direction to the first curve bears a constant 
ratio to radius vc^ctor (^rawii from some fixed point in a 
parallel direction to the second curve. 

Two curves are said to be similar when a radius vector 
drawn from some fixed point in any direction to the first curve 
bears a constant ratio to the radius vector drawn from some 
fixc<l point to tlm second curve in a direction inclined at a 
constant angle to the former. 

The two fixed points are called centres of similarity. 


207. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number of pairs of centres of 
simihu'ity can be found. 


For, suppose 0, O' to denote one pair of centres of simi- 
larity ; and let OP, OQ be radii vectores of the first curve, 
and O'P', G^Q: the corresponding mdii vectores of the second 
curve, so that the angle PO$ = the angle POQ^ and 

0'^' * Suppose qby point S taken and joined to 0; 
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then make the a'lgle P'O’S' = the angle POaS, the angles 
being measured in the same direction, and take (7 S' so that 

: then S and S' shall he centres of‘ similarity. 

For join SP, SQy ^ Q \ tlu'ii the triangli's aSOP, 

S'O'P' are similar; and so also are the triangle's 
aS'0'Q\ Hence it easily follows that the angle (JaSP= Q' S‘ P' ; 

and that ‘ , ; and thus the proposition is estahlished. 

o i o (J 

298. All parahohis arc similar curves. 

Ijct 4rf 1 k‘ lh(‘ latus rt'ctum of a })arahola, and \a th(‘ latus 
rectmii of a S(*cond ])aralM»la. The polar ('(juations of lh(*se 
curv'es, the foci being tlie respective j)oh's, are 




i’+vi,sd’ 


1 + C( >s 0 


. / 1* fl y 

Hence, if 0=6', we have = - . Tims any two para- 

r a * * 

holas are similar, and th<‘ foci arc* centres (►f similarity. 

29fl. To find tin* conditions which must hold in order 


that the curves 

aP + hxjf -h cy‘ + (lx 4* cy -\- f = 0 H ), 

a 4- Ifxy 4- c'// 4- iTx 4- ry -{-f = t > ' 2) , 

may he similar and similarly situated. 


Suppose (//, (//', h') tlie respective' centn's of similarity ; 

for X and y in (1 j ])ut // 4- r cos 0, and k 4* r sin 0 respectively ; 
we shall thus obtain a <piadratic in r which may lx* writtc'ii 

Lr^^-Mr^N = {) (3). 

Fora? and y in (2; jnit /f/4-^’cos^, and // 4- sin ^ re- 
.spectively ; we shall thus oi>tain a (piadratic in r which may 
be written 

L'T^-¥M'r^N' = i) (4). 

Now that the curves may he similar and similarly situated, 
we must always have r =Xr, where X is some constant (pian- 
tity ; thus (4) becomes 

X*Zy4-XJ/V4-N' = 0 


T. c. a 


..(5). 

17 
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r' 


( 6 ). 


Since neither .V nor iV" involves 0, we deduce as a neces- 
saij condition that j, must be constant whatever 0 may be. 
Put for L and IJ their values ; then 

aeo^Q -^hsinB eos6 -h cm\^ 6 ^ 

a cos 0 + b sill 0 cos 0 + 0 sin 0 r j \ j y 

tlierefore {a— fid)cos^ 0+ {h— ^V) sin 0cos 0 + (c— /ic')sin®0=O. 
Since this is to be true whatever 0 may be, it follows that 
^ _b 

d U c 


( 8 ). 


Hence wc have arrived at (S) as necessary conditions, in 
order that (1) and {t) may be similar and similarly situated. 
^Ve liav(‘ still to a.scertain whether these are su^cient to 
ensure tlu‘ similarity. The direct method would be to exa- 
mine if If, h, h\ 1c can be so chosen as to make (G) liold ; but 
the followin<jj method is more simple. The equations (1) and 
(12), by means of (8), may be written 

(u^ + hxy + cy^ + dx + ey +f Oy 
ax' + bxy + cy' + fi {d'x + ey -f /'; = 0. 


I. Suppose h' — 4rtC = 0 ; then each curve is in jijeneral a 
parabohi, and therefore the curves are similar ; also their dia- 
meters are parallel so that the curves are similarly situated. 
See Art. 279. Tiiis conclusion is subject to the exceptions 
that may arise when cither locus instead of a parabola, be- 
comes one or two straight lines, or impossible. 

II. Suppose h' — 4«c not = 0. We may then by changing 
the origin of co-ordinates for each curve reduce the equations 
to the form 

(U * + hxy -f cy' -f /, = 0, 
ax' + bxy -f cy' -j-/, = 0. 
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give 


By expressing these equations in polar co-ordinates, they 


r* = 


-.L 


a cos'* 6 -i-b sin $ cos + c sin* d * 


a cos’* 6^' + b sill ff cos 6^ + c sin’'^' ‘ 


7 ' 

Thus, if 0 = 0', we have ~> = constant. Hence the curves 
r 

are in general similar and similarly situated. This conclusion 
is subject to the exeejitions that may arise when either locus 
instead of a curve becomes two straight lines, or a ])oiut, or 
impossible. 

300. Next, suyipose we require the curves (1) and (2) of 
Art. 2,00 to be similar without the liinitation of being aitui^ 
larhj situated. For x and g in (1) we j)ut respectively 

h + r cos 0, k r sin 0, 

For X and y in (2j we jmt resjiectively 

li -f- V cos ot), k T sin {0 -I" ot), 

■where a is some constant angh* at yirescint undetermined. Pro- 
ceed as in Article 290 ; instead of eijuation (7) we shall now 
liave 

a cos* 0 sin 0 cos ^ + c sin* 0 
a cos* (^0 -{• a) b sin ( 6^ -t- a) co.s (6^ + c*) 4" c sin* [0 -f- ot) 

= a constant = /x say. 

This may be written 

a cos* 0 -\-h sin 0 cos 0 c sin* 0 __ 

A cos* 0 -i-JJ sin 0 cos 0 C si u* 0 

where 

A = a' cos* a + c' sin* a *f sin a cos a, 

B=2{c — a ) sin a co.s a + 6' (cos* a — sin* a), 

C = a sin* a + c' cos* a — sin a cos x 
That the curves may be similar we must have 

C 

a b c * 


17—2 
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1 ^ ^ 

pence each of tliose ratios must equal — ^ ^ ; 
therefore-^, , . 

therefore 

ac (a + c)*" 


^(7 _ ac 

(.l+(7)^'(a + c7' 

JP-4!AC __ 

{A + cy ”” (a + c)* ’ 

a=a'+c; • 

j5*-4^(7=6'*-4aV, (Art. 274); 

J'*--4aV_ 6* — 4ac 
(a' + c')^ - (a+c)- * 

This relation must therefore hold, in order that the given 
curves may he similar. 

From the results obtained in Art. 278 it is easy to derive 
an instructive verification of the condition of similarity just 
demonstrated. It will be seen that similar conic sections 
liave the same excen tricity. 


therefore 

Hence, 

But 

and 

therefore 


Area of a Polygon, 

301. In Art. 11 we have given an expression for the 
area of a triangle in terms of the co-ordinates of its angular 
p)ints : we shall now investigate the corresponding expression 
for the area, of any polygon. 

Lot the nngiilar points of the polygon taken in order ho 

••• (•"■«» y«) J y) 

polygon and draw straight lines to the angular points of the 
polygon, thus dividing the polygon into triangles having a 
common vertex at (x, ij). Then by Art. 11 the numerical 
values of the areas of these triangles are respectively 
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2 {•'’ (.'/= - i'l) + -'’i ^ + •*■- '>^1 ~ - 

2 |■'• >3 - V~) + -'s (.'/ - .'/») + “"a (y. - .'/)| . 

2 [‘’ 0/» - W -yJ + (//«-■ - //^l • 

2 j-® (.'/. - .'/J + (»/-.»/,) + (y„ -z/)| • 

Let us assume, for the present, that the sum of* these ox- 
pre.sKiuns will give the areiu By iulJitioii x anil y disappear, 
and we obtain 

1 {*. (y» - y ) + (^'i - yJ + (y. - y«) + ••• 

+ «... (y-H, - y.) + a;, (y,., -y,)| . 

By multiplying out tliis expression may bo written thus : 

2 {•'■ay. - ^.ya + •'•.ya - ^Jh + • • • 

+ - a-.-.y, + . 

The expression may also bo written tlius: 

5 {y. (^a - ^») + ya K - ^.) + y. k 

+ Vn-X (•«» - a^.-a) + yn(''^. - *«-.)| • 

802. We now proceed to examine the admissibility of 
the assumption made in the j>rece<ling Article. Sufipose that 
the ptdygun ha.s no re-entrant angle. We must then shew 
that the expre.ssions for the arca.s of the triangles used in the 
preceding Article are all of the same sign ; for unless this is 
the case we do not obtain a correct numerical value of the 
area of the polygon by adding these expressions. The re(piired 
result may be obtained by the aid of a principle which we 
have already applied ; see Arts. 54 and 215. 
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Consider the expression given for the area of the first 
triangle in the preceding Article. The expression will retain 
the same sign for all positions of {x, y) which are on the same 
side of the straight line passing through y^) and 
Similarly the expression given for tlie area of the second 
triangle in the preceding Article will retain the same sign 
for all positions of (ar, y) which arc on the same side of the 
straight line passing through (a*,, ?/.J and (x^y 7/3). Thus if 
the two expressions have the same sign for one position of 
(Xy y) within the polygon, they will have the same sign for 
all such positions. But by trial we can ascertain that the 

two expressions have the same sign when x— + and 

1 . . ' 

y ~ (yi "hys) * I^^O expressions will in fact be found then 

to coincide. Thus the two expressions liavo the same sign 
for all positions of (a*, y) within the polygon. Similarly the 
expressions for the areas of the secoml and third triangles 
have the same sign. And so on. Thus the assumption 
made in the preceding Article is justified. 

308 . We will now briefly illustrate the method by wdiich 
it may be shew n that tin* expressions obtained in Art. 801 for 
the area, of a polygon hold even when the polygon has re- 
entrant angles. 



Suppose, for example, w^e have a quadrilateral figure 
ABCJ)y with a re-entrant angle at B. Through B dniw a 
straight line parallel to the axis of a?, and take a point b on 
this straight line, such that AbCD is a quadrilateral figure 
without a re-entrant angle. 

Let the co-ordinates of A be oTj, y ^ ; let those of i? be 
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y^\ and so on. Let the abscissa of h he .r. Tlion >ve 
know that the area of AbCD is numerically expressed hy 

1 {a;. +* (y.-y.) + *,(y.-y.) + •'f* (y» -y,)| • 

Now as X increases tliis expression becomes algebraically 
greater since is positive; and as x increases we s<*(? 

from the figure that the area increases: hence it follows tluit 
the expression is ^o.si^‘rc. Put x — x^-vh^ so that h — Jib. 
The expression then becomes 

2 J*. (Vi - y) + (y. - y.) + (y. - y*) + *« (y. - y.)} 

+ 2^‘C'A-ya); 

and as (^i “ .Va) i^ obviously ecjual to the area of ABCh, 

it follows that the other part of the expression is e([ual to the 
area of ABCD, 

304. Although the results given in Art. 301 are not of 
great importance, y(‘t th<^ r<‘asoning in Arts. 302 and 303 is 
very instructive. Tlie metho<l of Art. 303 may b(‘ a])plied 
wliatever be the form of tlie figure, with slight modifications 
which do not affect the princi])le. 

Homologous Tinangles, 

30.5. In Art. 70 we have spoken of homologous trimigles; 
we will here give another property relating to such trianghis. 

Suppose ABC, AHC\ A'B'C" three triangles such 
that any two of them are honn»h»gou8 ; and suppose rnoreovcT 
tiiat AB, AB\ A' B" meet at a point : then the three centres 
of homology will lie on a straight line. 

For consider the triangles AAA' and BHB\ By sup- 
position AB, AB\ and A If meet at a point: then'fore, by 
Art. 7G, the intersections of corresponding sides of th(j triangles 
lie on a straight line; that is the intersection of A A and BH, 
of A A* and B'B", and of A" A and B"B lie on a straight 
line. 
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And conversoly if the three centres of homology lie on a 
straiglit line the sides ABy A B y A'B' meet at a point ; so 
also do BCy BO\ B'C"; and CAy G'A, (/'A", This also 
follows from Art. 70. 

It may be easily shewn that if we take the ecjua- 
tioiis to the sides of two triangles as in Art. 70, then the 
equations 

I'u + 7nv + mv = Oy lu -h vl"v 7iw 0, lu -^mv + ti'w = 0 

will (let(u*inine a third triangle sm*h that any two of the 
triangles an; lioinologous, and that any three corresponding 
sides meet at a point. 


EXAMPLES. 

1. Straight lines are drawn through a fixed point : shew 
that the locus of the middle points of the portions of them 
intoree})ted Indween two fixed straight lines is an hyperbola 
whose as^unptotes are parallel to thos(.‘ fixed straight lines. 

2. Through any point P of an ellipse' QPQ' is drawn 
parallel to the axis major, and PQ and each made equal 
to the focal di.stance JSP: find tlje loci of Q and (/. 

3. In the given straight lines A 1\ A Q are taken variable 
points py ip such that Ap : pP :: Q(j : qA : shew tliat tli(‘ 
locus of the point of intersection of Pq and Gp is an ellipse 
which touches the given straight lines at the points Py Q, 

4. TPy TQ are two tangents to a ]>arabola, P, Q being 
the points of contact; a third tangent cuts these at ?), n 

rp ^ rj-> 

respectively: shew that 

5. TPy TQ are equal tangents to a parabola, P, Q being 
the points of contact ; if PP, QT be both cut by a third 
tangent, shew that tlieir alternate segments will be equal. 

G. From a point Oare drawn two straight lines to touch 
a parabola at the points P and Q\ anotlier straight line 
touches the parabola at R and intersects OP, OQ at S and T : 
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it* I" be the intersection of the straight lines joining FT, QS, 
crosswise, 0, R, Tare on the same straiglit line. 

7. From an external point two tangents are drawn to an 
ellipse: shew that an ellipse similar and similarly situatiMl 
will pass through the external jioint, the points of contact, 
and the centre of the given ellipse. 

8. A and B are two similar, similarly situated, and con- 
centric ellipses; C is a third ellipse' similar to A and //, its 
centre' being on the circumfere'nce of B, and its axi's paralh l 
to those of A or B : she'w that the chord of iiiti'rsee'tion of ^1 
and C is paralh*! to tlie* tangeuit to 7^ at the ea'iitre of C. 

* 

9. The straight line^ Joining any point with tin* inter- 
se'ction of the |M»Iar of tliat ]>oint with a ilirc'ctrix subl.e'iiels a 
right angle at tlie corn‘S])onding focus. 

10. If normals be drawn to an e*lli))st‘ froiti a giv(‘n point, 
the points where tluw cut tlie curve will lie on a re'ctangular 
hyperbola which passes thnaigh the given ])oint and has its 
asymptotes parallel to the axes of the ellipsi;. 

11. If fU/, MF an* th(^ abscissa and ordinates of any 
point F, on the circu inference of a cire*le, and M(J is taken 
e*(pial to MF and ine-lined to it at a constant angle, the locus 
of the point Q is an eilijise. 

12. Having given the ecpiation to a conic section 

a:r^ 4- 2//.ry + y" -\-f =0, 

find the locus of the intersection of normals drawn at the 
extremities of each jiair of ordinativs to the sami' abs(!issa. 

13. Any t>vo jKunts P, Q are taken in two fixed straight 
lines in one plane such that the straight line. FQ is always 
parallel to a given straight lint? ; 7^ (J an? severally joined 
with two fixed points II, R ; find the locus of the intersection 
of P// and QlL 

14. The tangent at any point F of a circle meets the tan- 
gent at a fixed point A at 2\ ami T is joined with B the 
extremity of tlie diameter pas.sing through A : shew that tin* 
locus of the point of intersection of AF and BT, is an ellipse. 
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15. Tlie polar equation to a conic section from the focus 
being - — ccos0=J, shew that the equation to a straight line 
which cuts it at the points for which ff=a and y8 respectively, 


IS c cos 

r 


0 = 0 cos f G ^ \ sec — 2 * 


1 G. Chords are drawn in a conic section so as to subtend 
a constant angle at the focus : prove that the locus of the foot 
of the perpijiidicular dropped from the focus upon the chord 
is a circle, except in a particular case when it becomes a 
straight line. 

17. If SP, 5^(3 focal distances of a conic section in- 
cluding a con.stant angle ; shew that PQ touches a coiifocal 
conic. 


18. Having given two fixed points through which a conic 
section is to j)ass, and the directrix, find the locus of the 
corresponding focus. 

19. The focus and directrix of an ellipse are given; 
through the former a straight line is drawn making with the 
latter an angle whose sine is the excentricity of the ellipse. 
Find the locus of the points where this straight line meets the 
curve, the excentricity being variable. 

20. A series of conic sections is described having a com- 
» • • • . ^ 

mon focus and directrix, and in each curve a {)oint is taken 

wliose distance from the focus varies inversely as the latus 
rectum : find the locus of these points. 

21. Two conic sections have a common focus S through 
which any radius vector is drawm meeting the curves at P, Q, 
respectively. Shew that the locus of the point of intersection 
of the tangents at P, Q, is a straight line. 

Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these straight lines are in- 
versely proportional to the corresponding excentricities. 

22. A straight line is drawn cutting an ellip.se at the 
points P, p\ let Q be either of the points at which the same 
straight line meets a similar, similarly situated, and concentric 



EXAMPLES. CHAPTER XIV. 2G7 

ellipse : shew thfit if the straight line moves parallel to itself, 
PQ . Qp is constant. 

23. In two straight lines OX, OY, w^hich intersect at f), 
take OA = a, OB — b ; shew^ tliat the centres of all the conic 
sections which touch the straight lines at A and B lie on the 
straight line ay = bx, 

24. About two equal ellipses wdiosc centres c(uncitlo, and 
whose major axes are inclined to each other at a given angle 
an ellipse is circumscribed; if A find be the smni-axes of 
the circumscribing ellipse, a and b the semi-axes of the e(]ual 
ellipses, and 2a the inclination of their major ax(‘s, then will 

+ AMr^ = (A'^h^ -f 7/V) cos* a + (AV + 7/^//^ sin* a. 

Hence shew that about the two cfjual ellipses a similar 
ellipse may be circumscribed. 

25. Two similar ellipses have a common centre and touch 
each other ; if n be the ratio of their linear magnitudes, m 
the ratio of the major to tlie minor axis in eitlier, and a the 
inclination of their major axes, prove that 

2f). Two tangents (a, h) to a parabola intersect at 7\at an 
fingle cy, and a circle is described between these tangcuits and 
the curve : shew' that the distance of its centre from P is 

ah 


(a -}- 6) sec ^ 2 ^{ah) tan 


27. If tw'o chords at right angles be drawn through a 
fixed point to meet a curve of the second degree, shew that 

is constant, where R and r are the segments of one 

lir li r 

chord made by the fixed point, and K and r those of the 


other. 


28. The equation to the locus of the foci of all parabolas 
w'hose chords of contact with axes inclined at an angle a cut 
off a triangle of constant area is r = A* 0 sin (a - 0)], 
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29. A parabola slides between two rectangular axes, find 
the curve traced out by the focus. 

30. A parabola slides between two rectangular axes, find 
the curve traced out by the vertex. 

31. Successive; (;irch*s arc drawn each touching the pre- 
ceding one; externally anel each having elouble contact with a 
given parabola : shew that th(;ir raelii form an arithmetical 
progression whose common differene^e is the latus rectum. 

32. A system! e^f ellipses is n‘presented by the efpiatie»n 

in reertangular co-e>rdinates -f 2 c./*// -1- = /e (a-^b), wheue 

a, bf c are variiible anel n cemstaiit: sliew that every i)tmillel- 
ogram cemstrncteel on a pair of perpend ieailar eliameters as 
diagonals will circumscribe' a certain fixed circle. 


33. If from any pe)int in the* tangent te) a (-emie* S(*e*tie)n a 
perpemelicular 1)0 dro])pcd n])on the straight line joining the 
focus and the pe/mt of contact, prove* tliat the elistance* e)f the* 
])oint in tin* ta]ig<*nt from the* elirectrix is to tlie distance of the 
foot of t he* pe;r])cndicular from the; focus as 1 is to e, 

34. Upon a give*n straight line as latus ree tum, let any 
numbe*r of cemic sectiems be* elrawn, anel from the focus li*t 
twe) straight line's be elrawn inte*rse*cting them all : then the 
chejrds of all tin* intercepted arcs will, if pre>duced, pass 
thre)Ugh a single j)oint. 

35. A straight line e)f constant length moves se> that its 
ends always lie on two given straight lines: find the locus 
traced e)ut by a point in the straight line wliich divides it in a 
given ratie). 

36. In any conic section if r and r' be fe^cal elistancos at 
right angles to each other, and I be half the latus rectum, then 

(t-t) +(?“]■) '*““*“*"*• 

37. Two conic sections equal in every respect are placed 
with their axes at right angles and with a common focus S ; 
SP, SQ being radii vectores of the one and the other at right 
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angles to oacli other, find the locus of the intersection of the 
tangents at P and Q, 

Also find the locus when SPQ is a straight liiu\ 

38. fs and II are the foci of an ellipse*, and ro\ind H as 
focus and centre, another ellipse is descriluMl, having its minor 
axis eejiial to tlie latus n‘(‘tuin ed* tin* former. Tlirough any 
point P in the first draw t^PQ to meet tin* second ; it is re- 
(juired to find the locus of the intersection of IIP and the 
ordinate QM. 

3,0. A and B are the centres of two (‘(|ual circles ; AT\ 
BQ, radii of th(‘se circles at right angles. If A == "2AP’\ 
tile straight lim* always jiasses through one of the jioints 
of intersection of the circles. 

40. Tangents an* drawn to a conic s(‘ction at tin* ])oints P, 
7?; another tangent is drawn at an intermediate |»oint (J, and 
inet‘ts the other tangents at M, N : shew that the angh: MSN 
is half the angle PSII S being a focus. 

41. In a jiaralada the angle betwe(*n any tw() tangents is 
half the angle* subtended at the focus by the chord of (‘onta(!t. 

42. If tw<^ e(|ual ellipses have the saim* c(‘ntre, shew 
that their ])oints of int(*rsection are at the extremities of 
diameters at right angles to one anotlu*!*. 

43. (Jiv(‘n a focus and two tangents to a conic s(*ction, 
shew that the chord of contact jias.ses through a fixt;d jioint. 

44. A circle is described upon the minor axis of an ellipse 
fi-s diameter; find the locals of the pole with respect to tlie 
ellipse of a tangent U) the circle. 

45. In a jiarabola tw'o focal chords PSp, QSfj, are drawn : 
shew that a focal chord parallel to PQ will meet pq produced 
on the tangent at the vertex. 

46. If from the vertex of a parabola a pair of chords be 
drawn at right angles to each other, and on them a rectangle 
be completed, prove that the locus of the further angle is an- 
other parabola* 



270 


EXAMPLES. CHAPTER XIV. 


47. From a point P in the circumference of an ellipse 
chords PQ, PR are drawn at right angles; express the co- 
ordinates of the point of intersection of QR with the normal 
at P in terms of the co-ordinates of P. Shew that as P moves 
along the ellipse this point of intersection will describe the 

48. Shew that the locus of the centre of an equilateral 
hyperbola described about a given equilateral triangle is the 
circle inscribed in the triangle. 

49. Two equal parabolas have the same axis and vertex, 
but are turned in op])osite directions ; chords of one parabola 
are tang(^nts to th(; other : shew that the locus of the middle 
points of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

50. The co-ordinates of the focus of the parabola whose 
ecjuation when referred to tw'o tangents inclined at an angle 



a* -f U + ^2,ah cos <u ’ a* -f -f -a6 cos to ’ 

51. If f/.r® -f ^Ibxy 4- cif + -1- 2c'?/ + rf = () be the equa- 

tion to a j)arabola, the axis of the parabola wdll be given by 

the equation (a + 5) ^ ^ ^ ~ 

52. Two eipial parabohis have the same focus and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal to the other; })rove that 
the locus of the intersection of such normals is a parabola. 

53. Find the locus of the intersection of two normals in 
an ellipse which are at right angles. 

54. Normals are drawn at the extremities of the conju- 
gate diameters of an ellipse, and by their intersections form 
a paiallelogram. If ^ denote the excentric angle of an ex- 
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tremity of one of the conjugate diameters, shew that the area 
4 (a^ — t*)* 

of the parallelogram is — ^ ^ — -- sm*<|>cos* 


55. Through the four angular points of a given square a 
circle is drawn, and also a series of curves of the second 
order, and common tangents to the circle and each curve are 
drawn. Find the locus of the points of contact of each curve 
with its tangent. 


5G. From any point T outside an ellipse two tangents TP 
and TQ are drawn to the ellipse: shew that a circle can he 
described with T as centre so jus to touch SPy 11 Py SQ, llQ^ 
or thftse straight lines produced. 


If a' and y are the C(>-ordinjites of T, shew that the radius 
of the circle is 


57. If from a point thr(‘e radii vectores an* dniwn to a 
circle, and from the same jM)int in the sjune dirt‘ctions threi^ 
radii V(‘Ctores are drawn to another circh*, Jind the correspond- 
ing radii Jire in a constant ratio, tluit point is a centre of simi- 
litude of the circles. 


58. Tangents are draw'n to the parabola r (1 4 cos 6) = I 
at three p(»ints for which 0 is efjUJil to a, /3, y resp(‘ctively : 
shew' that the e(|UJition to the circle wdiich passes round the 
triangle formed by the tangents is 


a 0 y 
r COS ^ cos cos 





Hence shew" that the circle which ]>asses through the 
intersections of three tangents to a jiarabola will pass through 
the focus. 
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CHAPTER XV. 

ABRIDGED NOTATION. 

307. Through five points, no three of which are in one 
straight line, one conic section and only one can he drawn. 

Let tlic axis of .r pass tlirongli two of the five points, and 
the axis of y throngli two of the remaining three points. Let 
the distances of tin* first two points from the origin be h^, 
respectively, and those of the se(!oiid two ])oints re- 

spectivi‘ly ; also let h, k be the co-ordinates of the remaining 
j)oint. {Suppose (Art. 20.9) 

+ h,ry -f c/ -h d.'* + cy 1 = 0 (1 ) 

to be the oc|UJiti(m to a conic section passing through the five 
]>oints. Since the curve pjisses through the points (Z/^, 0) 

0), we have from (1) 

+ + l =0 (2), 

1 =0 f3}. 

Similarly, since the curve passes through (0, kf (0, 

"we have 

(4), 

cA*/ + eA:,-M=0 (:>). 

Lastly, since the curve passes through (/<, k), wc have 
tt/i* -f- hhk -f ck^ -f dA- + ci' -f 1 = 0 (C 

From (2) and (3) we find a = , d = - 

From (4) and (5) we find c = ^ , e = - ^ ^ > 
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then from (6) we can determine the value of 5. Since no 
three of the five given points are in the same straight line, 
none of the quantities A,, A,, Aj, A, 7 j, can be zero ; hence 
the values of the coefficients a, A, c, rf, c are all finite. If 
we substitute these values in (1), we obtain the equation to a 
conic section passing through the five given points. As each 
of the quantities a, A, c, d, e, has only one value, only one 
conic section can be made to pass through the five given 
points. 

308. The investigation of the preceding Article may still 
be applied when three of the given points are on oik' straight 
line ; the point (A, A*) for instance may b(3 suj)pose(l to lie on 
the straight line joining (0. AJ and (Aj, 0) ; the conic section 
in this case cannot be an ellipse, j)aral)ola, or hyperbola, since 
these curves cannot be cut by a straight liin^ in more than two 
])oiuts ; the conic section must therefore n‘thu*(' to two straight 
‘lines, namely the straight line joining the thre(‘ j>oints already 
specified, and the straight line joining tin* other two pi>ints. 
If, however, of the given points are on oin* straight line,, 
the method of the preceding Artich* is inappli(‘ab!e ; it is 
obvious that more than oiui jiair of straight linijs can then be 
made to pass through the live points. 

309. \Ve shall now give some useful forms of tin* (Mjna- 
tions to conic sections passing through the angular points of a 
triangle or touching its sides. 

Let u = 0, v = (), w = 0 be the equations tn three straight 
lines which meet and form a triangle; the e(juation 

Ivv? + mwu -\-7inv — {) H 

where 7, m, n arc constants, will represent a conic section 
described round the triangle; also hy giving suitable valii(*K 
to 7, w, the above equation irnay lx? made to njpresent any 
eonic section described round the triangle. This W(.‘ ])rocee(J 
to demonstrate. 

I. The equation (1) is of the second degree in the varialdes 
X and y, which occur in the expressions u, r, w ; hence (1) 
must represent a conic section. 

II. The equation (1) is satisfied by the values of x and 

18 
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y, which make simultaneously t? = 0, = 0 ; the conic section 

therefore passes through the intersection of the straight lines 
represented by v =*= 0 and = 0. Similarly the conic section 
passes through the intersection of w; = 0 and -w = 0, and also 
through the intersection of w *= 0 and v = 0. Hence the conic 
section represented by (1) is described round the triangle 
formed by the intersection of the straight lines represented 
by M s= 0, v = 0, = 0. 


HI. By giving suitable values to Z, m, w, the equation 
(1) will represent any conic secticm described round the tri- 
angle. For let S denote a given conic section described round 
the triangle ; take two points on S\ suppose h the co-ordi- 
nates of one of these points, and A,, those of tne othbr. K 
we first substitute and for x and y respectively in (1), and 
then substitute A, and we have two equations from which 


we can find the values of j and ^ ; suppose ^ =jp and j = 
Substitute these values in (1), which becomes 


vw + quv = 0, 


( 2 ); 


this is therefore the equation to a conic section which has 
five points in common with fif, namely, the three angular 
points of the triangle and the points (A^, A,), (A^^, AJ. The 
conic section (2) must therefore coincide with S by Art. 307. 
Hence the assertion is proved. 


We might replace' one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 

. I 711 n 

written - H H -=» 0. 

u V w 


310. Equation (1) of the preceding Article may be written 


w (Iv + mu) + nuv = 0 (1) ; 

we will now determine where (1) meets the straight line 
represented by 

lv-hmu = 0 (2). 

By combining (2) with (1) we deduce 7iuv = 0; therefore 


either « = 0, or v = 6 ; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold ; hence the straight line (2) meets the 
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curve (1) at only one point, namely, the point of intersection 
of = 0 and t; = 0. 

Hence (2) is the tangent to (1) at this point. Similarly 
mw + wt; = 0 is the tangent to (1) at the point of intersection 
of w? = 0 and v=0, and »m4-^w=0 is the tangent at the point 
of intersection of u = 0 and w = 0. 


311. The demonstration of the preceding Article is imper- 
fect, because we know from Arts. 132, 222, that a straight line 
parallel to the axis of a parabola or to either asymptote of an 
hyperbola meets the curve at only one point, but is not the 
tangent at that point. The proposition may however be esta- 
blished in the following manner. Take the axis of a coinci- 
dent with the straight line u = 0, so that u becomes gy, where 
j is some constant ; also take the axis of y coincident with the 
straight line v = 0, so that v becomes pa:, where p is some 
constant. Suppose -h C. Then (1) of the pre- 

ceding Article becomes (Ax-tBy-hC)(lpx+mgy)+npga:t/=s:0. 
By Art. 283 the equation to the tangent at the origin, that is 
at the intersection of a? = 0 and y =s 0, is Ipx + mgy = 0, or 
Iv + mu = 0 ; which was to be proved. 


312. Let each of the three tangents in Art. 310 bo pro- 
duced to meet the opposite side of the triangle fonned by the 
straight lines u — 0, v = 0, w = 0 ; then it may be shewn that 
the three points of intersection lie on the straight lino 


u V w 

_ 4- " q. 

I m n 


= 0 . 


The straight lines joining the angular points of the triangle 
formed by the tangents with the angular points of the original 
triangle respectively opposite to them, are represented by the 

equations =0, =0, f = 0; these three 

^ I m m n n L 

straight lines meet at a point. Thus when a triangle is in- 
scribed in a conic section the straight lines joining each point 
with the pole of the opposite side meet at a point. 

313. Let 24=0, v = 0, w = 0 be the equations to three 
straight lines, then the equation 

Ai? + Bv^ + Cu? + 2Avw + ^B'wu + 2C'uv = 0 

18—2 



276 EQUATION TO A CONIC SECTION. 

will generally represent any assigned conic section, if the 
constants A, B, C, A', B\ O' are properly determined. 

For suppose we divide the equation by one of the constants 
as C\ there are then five independent constants left. Now 
let /S" denote any assigned conic section ; take five points on S 
and substitute the co-ordinates of the five points successively 
in tlie above equation ; we shall thus have, five equations for 
determining the five constants. Suppose a, 6, c, a, h' the 
values thus determined, then the equation 

aw* -I- fe* + cw^ + '^a’vw + 2h'ww + 2uv = 0 

represents a conic section which has five points in common 
witli /S', and which therefore coincides with S. (Art. 307.) 

314. The method of the preceding Article, although im- 
portant and instructive, is not satisfactory, because we have 
not shewn that the five equations from which the constants 
are to be determined are consistcAit and independent. There 
may be exceptions to the theorem, and we therefore use the 
word generally in the enunciation. If the three straight lines 
meet at a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned cordc section. If the three straight 
lines are parallel, u, v, w take the forms 

lx + my + p, lx -h my lx + 7ny d- p\ 

and the equation takes the form 

A {Ix-^-rnyY + p {Ix + my) + y = 0, 

which represents two parallel straight lines, and thus will not 
represent any assigned cmic section. With these exceptions, 
however, the theorem is universally true, as we shall now 
shew by another demonstration. 

Since the straight lines are not all parallel, two of them 
at least will meet ; suppose w = 0 and v = 0 to be these two, 
and take their directions for the axes of y and x respectively; 
then w=0 becomes 0,and f; = 0 becomes y=0; also 
may be written + my + n = 0. We have then to shew that 
the equation 

As? -h + (7 (7a? + my -hn)®-P 2i4'y (2r + my + n) 

+ 2jB'a?(7a? + my + 7i) +2Ci:y = 0 (1) 



will represent any assigned conic section by properly deter- 
mining the constants A, Suppose 

ax^ 4- 'Ihxy + cy^ 4- ^dx -h 2ey -h 0 (2) 

to be the e{|uation to the assigned conic st‘ction. Arrange the 
terms in (1) and equate the coefficients of the corre.-^poiiding 
terms in (1) and (:ij ; thus 

Cn* = /, A'n 4“ C^nn = c, B'n 4- CIn = d, B+ Cnd 4- 2A'm = c, 
Chu 4- A 7 4- Bvi 4- C" = />, A + (T-^ 2 U'l = a. 

These e(juations detorinino successively T, A\ U\ //, (^\ A, 
As the given straiglit lines do not nu‘(*t at a ])()int, ;/ is not 
zero; •lienee tlie values found lor C, A\ ... an* all liuite and 
determinate*. Thus (1) is shewn to coincide with (2i, and the 
required theorem is demonstrated. 

31 0 . We will now in\e.->ligate the equation to tlie tan- 
gent at any point of tin* curve re]>resi‘nted by 

Aid 4- Bv^ 4- i V 4- 'lAvw + tirtvii 4- 2 ( ^'av = 0. 

Let a\ v\ w he tin* values of u, v, w respc'ctivi'ly at om* 
point of the curve*, and u \ v \ w" tlu*ir valu(‘s at another ]>oint 
of the curve. Then tin* cMjuation to the straight line joining 
tlicse two })oiiits may be put in the form 

A {u — ?/') {n — ') + B{y — v) {v — v') + C{w^ w) [w — w') 

4- 2 A' (r — i;') ( w — -za") 4- 2 7/ ( /a — ?//) w ') 4- 2 (7 '(m — w' j (y — v") 

= Aid 4- Bv^ 4- Cud 4- 2A'viv 4- 2Bwu 4- 2 Cuv, 

For this equation is really of the first degree in the variables 
tt,v, and and therefore represents some straight line; more- 
over the equation is satisfied at the point (m', v , and also 
at the point (w", v\ w'), and tlierefore it represents the straight 
line which passes through these two points. 

Now suppose the point {u\ v\ w") to move along the 
curve until it coincides with the point (u, v\ tn). Then the 
secant becomes ultimately the tangent at (u , v\ w'), and the 
equation to this tangent is 

Auu + Bvv 4- Cww' 4- A' (yw 4- tvv) + B {wd 4- uw*) 

+ C' {uv 4- vu*) = 0. 
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316. As a particular case of the preceding Article sup- 
pose that A', J? , and C' are zero. Then the equation to the 


Au^ + Bv^-h Cw^ = 0 ( 1 ) ; 

and the equation to the tangent at {u\ v\ w) is 

Auu + Bvv + Cww =0 (2). 


Hence we can find the condition which must hold in 
order that a proposed straight line may touch the curve 
denoted by (1). Let the equation to the proposed straight 
line be 

\U + fJLV vw = 0 o(3). 


If (3) denotes the equation to the tangent at v\ w)^ 
we find by comparing (3) with (2) that 

\ fl V * 

Let r denote the value of each of these fractions ; then 


u = 


A^ 


B* 


, vr 


These values must satisfy (1) since {u\ v\ w) is a point on 
the curve ; thus 




this is therefore the required condition. 


317. The investigation of Art. 315 may be modified in 
special cases by using a different form for the equation to the 
secant. For example suppose that A, B, and G are zero. 
Then the equation to the curve is 

Avw + B'wu + C^tov = 0, 
which may be also put in the form 


A' B^ C" ^ 

H 1 = 0 

u V w 


( 1 ). 


The equation to the straight line which passes through 
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the points (u, v, tr) and («", v". to") on the curve umy be 
put in the form 

A^u C'to _ 

>'// I / // “r ' f ft V* 

■It u vv to w 


For this equation is of the first degree in the variahlos r, 
and therefore represents some straight line ; moreover tlio 
equation is satisfied at the point {u\ v\ tr) and also at the 
point ?e"), and therefore it represents the straight line 

which passes through these points. 

Therefore the equation to the tangent at (?/, v\ 20 ) is 


Au 






Hence we can find the condition which must hold in order 
that a proposed straight line may touch the curv(‘ denoted 
by (1). Let the equation to the proposed straiglit line be 

\u fiv + pw ^ 0 (3). 

If (3) denotes the equation to the tangent at {u, v\ w), 
we find by comparing (3) with (2) that 

Xw* fjtv^ vw* ’ 

From these relations and (1) we obtain as the required 
condition 

V(^'X) + VTO + V((7V) = 0. 


318. To express the equation to a conic section which 
touches the sides of a triangle. 

Lettt = 0, v = 0yW — 0 be the equations to the sides of 
a triangle; then any conic section may be represented by the 
equation 

Au* + Bv* + Cw* + 2A'vw + 2B*wu -f 2C*uv = 0 (1). 

To find where this conic section meets the straight line w = 0, 
we must put u = 0 ; thus (1) becomes 

J5r* + Ceo* 4* 2.4 Veo = 0, 


( 2 ). 
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Now from (2) we obtain by solution two values of — , say 

V . V . ^ 

^ = /Ltj, and - = /Lfcjj. Tlie equation v = fijW represents some 

straight line passing through the intersection of v = 0, and 
= 0. Hence since (1) is satisfied by those values of x and 
y which make simultaneously u = 0 and v—fi^w = 0, the inter- 
section of the straight lines m = 0 and — ^ is a point 

on (1). Similarly the intersection of ?/ = 0 and v — fi^w = 0 is 
a point on (1). Hence the straight line 0 will meet (1) 
at two points, and therefore will not be a tangent to it, unless 
the straight lines v — fJL^w =0, and v— = 0, coincide. Hence 
that = 0 may touch (1) we must have a, = u.., and theisefore 


Similarly that may touch (1) we must have = CA ; 
and that w = 0 may touch (1) wo must have AB. From 
these threes relations we see that Ay By and C must have the 
same sign, because the product of each two is positive. Also 
the sign of A, B, and C may be supposed positive, because 
if each of them were negative we could change the sign of 
ev(‘ry t('rm in (1), jind thus make the coefficients of r*, 
and positive. We may therefore put 

A=r\ B=vt\ 

thus 

A' = ± mil, B' ± nly C" = + Im. 

Hence (1) becomes 

fa* + vaV + n^ici^ ± ^wnvw + 2nlicu ± 2hnuv = 0 (8). 

We shall now examine the ambiguity of signs that appears 
in this expression. 

I. Suppose all the upper signs to be taken. The equa- 
tion may then be written 

{lu -f mv -f mey = 0. 

Tliis is the equation to a straight line, or rather to two 
coincident straight lines. 

II. Suppose the lower sign to be taken twice and the 
upper sign once ; we have then three cases, 

+ = or (fii — + WM?)* = 0, 
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or (— lu + mv + nw)^ = 0. 

Each equation represents two coincident straiglit lines. 

III. Since then the forms in I. and II. represent straij^ht 
lines, we see by excluding these cases from (8), that if a curve 
of the second degree touch the straight lines 

M = 0, V = 0, w = 0, 
its equation must take one of the forms 

4- — *2mnviv — 2nlwu — 2Jinuv = 0 . . . (4\ 

PiP + mV 4- — 2mnvw 4- 2tdwH 4- 2huur = 0 . . . (o' , 

i'lP 4- iiPir 4- 4- 2ninvw — 2tilivu 4- 2hnur = 0 . . . (li . 

IV -f 4- 4- 2tnurw 4- ^nltru — 2hnuv (7/. 

These four forms may also be written 

\/(h() + 4- >^{nw) =0 (8) fnnn (4), 

V(— /a)4- 4- \{nw) =i) (J)) from (o), 

(lu) + {— mv) \/(uiv) = 0 (lOj from (()'•, 

\/(lu) 4- 4- V(— 7/m;) = 0 (11) from (7), 

which may bo verified by transposing and s/piaring, so as to 
put tlie e(juatioiis in a rational form. 

31 f). It is easy to verify the pro])ositioii that the curve 
represented by tlie e(]uation 

V(/m) 4- ij(mv) 4* *J{nw) = 0 

cannot cut the straight lines u — i), v — 0, w = {). For sup- 
pose the ab(;vo e(|uation satisfied by the co“Ordinat<-:s of a 
point ; then these co-ordinates must mak(; lu, rnv, and mv, all 
positive, 07' all negative, Suppose hi is positive;; then fi)r any 
point on the other side of u = i), the (jxpression iu becomes 
negative, and thus the co-ordinates of such a point will not 
satisfy the equation unless both viv and nw are also negative. 
But if the curve cuts the straight line m = (), there will be 
points on both sides of w = 0 lying on the curve, and it will 
be possible to change the sign of u without changing the signs 
of V and w. Hence the curve cannot cut the .straight line 
%i = 0. Similarly it cannot cut the straight lines r = 0, m; = 0. 
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The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), aud (11), of the preceding Article 
cannot cut the straight lines u = 0, v = 0, = 0. 

320. The forms in equations (5), (0), and (7) of Art. 318 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) may be derived from (4) 
by changing the sign of 1. In the following Article we shall 
use (4) as the equation to a conic section touching the sides 
of a triangle ; it will be found that We might have used (5), (6), 
or (7). We shall see in a subsequent Article, a case in which 
it is necessary to distinguish the fonns. See Arts. 324, 325. 


321. Equation (4) of Art. 318 may be written 

{l\L — mvY + nw {nw — 2mv — 2Iu) = 0 (1). 

If we combine this with w = 0, we deduce that 

lu — mv^O ( 2 ) ; 


hence we can interpret the last equation ; it represents a 
straight line passing through the intersection of u = 0 and 
t? = 0, and also through the point where the straight line «?=0 
meets the curve (1). It may be shewn as in Art. 310, that 

nw - 2mv - ‘llu = 0 (3) 

represents the bingent to (1) at the other point where (2) 


meets it. 

Similarly we can interpret 

viv — mv = 0 (4), 

liL — 2nw — 27111; = 0 (5), 

nw—lu= 0 (()), 

mv — 2lu — 2nw = 0 (7). 


The intersection of (3) with w; = 0, of (5) with = and 
of (7) with v = 0 mil lie on the straight line 

lu + mv'^’ nw == 0. 

The straight line lu 4- mv = 0 passes through the intersec- 
tion of = 0, and v = 0, and also through the intersection of 
(8) with tv =* 0 ; hence its position is known. 
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Similarly the equations wiv -f ww = 0, and mo + lu = 0, 
con be interpreted. 


322. We will now investigate the equation to the tan- 
gent at any point of the curve represented by 

ji \/w + -Z? \/v + = 0 (1 ). 

We might clear this equation of radicals and so obtain tlic 
form already considered in Art. 315, and tlien express the 
equation to the tangent at any point. Or we may proceed 
thus : 


The equation to the straiglit lino passing through the 
poinis (?/, v\ w) and (a ", v \ w") on the curve may be put in 
the form 

A (u — 11 ) B {v — r') C {w — y/) _ 

»Ju' -f s/n' ^ hjv -I- ijo' >slw 4- \jw' 

For tliis equation is of the first (]egr(‘(i in the variables 
M, Vy Wy and therefore represents some straight line; nioreovcT 
the equation is satisfied at the point (?//, r', w) and also at the 
point {ii \ v'y io”)y and therefore it represents the straight line 
passing through these two points. 

Now suppose the point (m", v\ w') to move along the 
curve until it coincides with tlie point {Uy v, to'), Theii the 
secant becomes ultimately the tangent at {u, v, w ) ; and the 
(K|uation to this tangent is 

A (u — n) B {v — v) CJw — w') __ 

aJu a/v aJw ’ 


that is 


An Bv Off} 

aJu mJv aJw 


Hence we can find the condition which must hold in order 
that a proposed straight line may touch the curve denoted by 
(1), Let the equation to the proposed straight line be 

Xtt + im; = 0 (3). 


If (3) denotes the equation to the tangent at [u\ v\ w) we 
find by comparing (3) with (2) tliat 

ABC 
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From these relations and (1) we obtain as the required 
condition 


4 * 


JB* C* ^ 

H ^ — = Of 

/L6 V 


323. To find the equation to the circle described round a 
triangle. 

It will be convenient in this and the two following Articles 
to use the form ajcosa +2 /sina— = 0 as the type of the 
equation to a straight line ; we shall therefore put a, yS, 7 for 
Uy Vy w respectively (Art. 73). 

Let a = 0, )8 = 0, 7 = 0 be the equations to the sides of 
a triangle ; then, by Art. 309, 

ZySy + mya + wa/9 = 0 (1) 

will represent aivj conic section described round the triangle ; 
hence l)y giving proper values to vi, n, this e(|uation may 
be made to represent the circle which we know by geometry 
can be described round the triangle. We miglit proceed 
thus: in (1) write for a, /3, 7 the expressions which they 
represent, then eipiatc the coefficieiit of .r?/ to zero, and the 
Coefficient of a? to that of we shall thus have two ecpia- 

tions for determining ^ and y; and with the values thus 

obtained (1) will ropres(uit the r(‘(|uired circle. We leave 
this as an exercise for the student, and adopt another method. 
The ccpiation t(^ the tangent to (1) at the intersection of 
a = 0, and = 0, is, by Art. 310, 

+ ma— 0 ( 2 ). 

Let Ay By C denote the angles of the triangle f)pposite the 
sides a = 0, = 0, 7 = 0, respectively ; by Euclid, ill. 32, 

the tangent denoted by (2) must make an angle A with the 
straight line a = 0, and an angle B with the straight line 
^ = 0. Suppose the origin of co-ordinates within the triangle, 
then the equation to the straight line passing through the in- 
tersection of a = 0 and /S = 0, and making angles A and B 
respectively with these straight lines, is 

a sin J5 + ^ sin ud = Q 


(3). 
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Thus (2) must coincide with ( 3 ) ; therefore we have 

I sin^ , m sin^ 

' = — o • Similarly, - = - - 

m sin iJ w sin 6 

Thus the equation to the circle described round the tri- 
angle is 

^7 sin ^ -f 7a sin 7 ? -f ayS sin G = 0. 

324 . To find the equation to the circle inscribed in a 
triangle. 

Suppose the origin of co-ordinates within the triangle ; then 
for all points on the circle a, /^, 7 are negative (juantities 
(see “Art. 54). Now the ecpiation to the circle must Ik* of one 
of the forms (8), (D), (10), (11) given in Art. 318 ; tlie first is 
the only form applicable, namely, 

sl{h) + VCm/S) + V(??7) = 0 f I '), 

which is equivalent to 

V(- h) + V(- m^) + V(~ ^^7) = (> 

The other forms arc? ina])plicabl(*, lK*cause tliey would 
introduce impossible expr(‘s.sions. We hjive then to dcster- 
mine the values of /, m, and n. If we j>ut a = 0 in (1), we 
(3 n 71 , * 

obtain - = -- ; thus - is the ratio of the perp(?ndiculars drawn 
7 7ii m ^ ^ 

to the sides ^ = 0, 7 = 0, respectively, from tlu? jioint where 
the circle meets tlie straight line a = 0. Lc?t r lx? the radius 
of the circle ; then we know" from geometry that the perpeii- 

C (J 

dicular from this point on ^ = 0 is r cot sin C or 2rcos* ; 
a similar expression holds for the perpendicular on 7 = 0. 


Hence 


n 

m 


co.s 




CO.S 




I 2 

Similarly ^ . 

cos* 2 


Therefore tlie required equation is 

ABC 

cos 2 V« + cos 2 V(8 + cos ^ Vy = 



286 


ESCRIBED CIRCLE. 


S2o. To find the equation to the circle which touches one 
side of a triangle and the other two sides produced. 

Let the circle be required to touch the side opposite to 
the angle A and the other two sides produced. Suppose 
the origin within the triangle ; then for all points comprised 
between the side a =-0 and the other sides produced, a is 
positive and j3 and 7 are negative. Hence by Art. 318, the 
form of the equation to the circle must be 

V(-- la) + V(^/3) + V(^7) = 0* 


Hence, as before, by considering the point where the circle 
meets the straight line a = 0 , we have 


,7r^O . ,0 

cos*-y- sm »2 


cos 


2 


J cos TT 

n z - f 2 

m”" n jTt— 6 ’ . , 

cos*— ^ sin*-^ cos* — 5— sm*- 

2 2 2 2 


Hence the required equation is 

A B C 

cos 2 V(~ a) + 2 2 

Similarly the equations to the other two circles may be 
written down. 


326. The results in Arts. 312 and 321 which hold for 
any conic section, wir of course hold for a circle inscribed in, 
or described about, a triangle respectively. We have only to 
use the values of I, m, n, found in Arts. 323 ... 325. 

327. Many applications have been made of the method 
of abridged notation to express the equations to circles deter- 
mined by various conditions. We will give some of these 
applications as specimens, and the student will have no diffi- 
culty in applying the same methods to other examples. 

328. If the equation to one circle, expressed in a rational 
form, be denoted by < 8 = 0 , the equation to any other circle 
can be expressed in the form /8 + \a + /zyS + j /7 = 0 , by pro- 
perly choosing the constants X, /a, and v. This result follows 
from the known form of the equation to a circle in the com- 
mon co-ordinates ; see Arts, 88, 104, 110. Thus, to take the 
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most general supposition, let the equations to two circles be 
in common oblicjue co-ordinates 

K + 2,xy cos « 4-^) + Zo; + My + iV"= 0, 

k (ic® 4- 2xy cos <» 4-y*) 4- tc 4- my 4- n = 0. 

Denote the first equation by /S= 0 ; then the second equa- 
tion is equivalent to 

54- ^ 4- my 4- w) — Zic — J/y — 0, 

which we may denote by 54-1^ = 0. Here u is an expression 
of tli^ first degree in x and y, and so will be identical with 
Xa + 4- 17, if we determine X, /a, and v suitably. 

If 5=0 and 54'Xa4‘/i5 + f7 = 0 l>e the equations to 
two circles, Xa4-/a5 + P7 = 0 will be the equation to the 
radical axis of the two circles; see Art. 110. 

Since ax 4- 55 + ^7 is a constant, by Art. 73, we may 
instead of 54- (Xa4'/A^4-i7) use 

54'(ax + i^4-C7) (/a4-m^4' ny) 

or 54- (a sin A 4- )3 sin JS 4- 7 sin C) (Za 4- 4- W7), 

provided we properly determine the constants in each case. 

329. To express the equation to the circle which passes 
through the middle points of the sides of the triangle of reference. 

Let a = 0, ^ = 0, 7 = 0 be the equations to tlie straiglit 
lines which form the triangle of reference ; see Art. 78. Assume 
for the required equation 

)37 sin A 4- 7a sin 5 4- a/S sin 0 

4- (a sin A 4- )3 sin 54- 7 sin C) (Zx 4- myS -j- ny) = 0 ; 
see Arts. 323 and 328. 

At the middle point of the side BC we have x = 0, and 

^ _ sin (7 
7 sin B * 
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substituting in tbe assumed equation we obtain 


sin A sin C 


+ 2 sin (7 


m sin C 


+ n =0, 


nr sin ^ + 2 (m sin C + n sin B) = 0 . 

But sin A = sin B cos G + cos 77 sin (7 ; thus 
sin C + cos B) + sin B ( 2 w + cos G) = 0. 

In a similar manner we obtfiin two analogous equations ; 
and from the three equations we deduce 

Z = — cos Ay 771 — - ^ cos By n = — ~ cos C. 

^ ^ ^ 

Hence the required equation is 

/37 sin 4- 7 a sin 77 + sin C 

— (a sin ^l+yS sin 77+7 sin 6 ^} (a cos -4 + /3 cos 77 +7 cos C) = 0 . 

The nidical axis of tliis circle and the circle described 
rouiul th(‘ triangle of reference is therefore determined by 

a cos -4 + ^ cos 77 + 7 cos (7=0. 

XM), To e.rpress the efpiaiion to the circle which passes 
throyf/h the feci of the perpendiculars from the angles of re- 
ference on the opposite sides. 

Assume for the required equation 
j 37 sin A + 7 a sin 77+ ay 8 sin C 

+ (a sin .4 + ^ sin 77 + 7 sin C) {li + + ny) = 0 . 

At the foot of the perpendicular from A on 77(7 we have 

^ S cos (7 , I 

a = 0 , and = , • substituting in the assumed equation 

7 cos h ^ 

we obtain 


, sin 5 + sin (7 


n cos (7 
cos 77 


sin A cos C , /cos C . „ , . /m cos (7 . \ ^ 

A — + — j. sin B + sin C + r? = 0, 

cos 77 Vcos B / \ cos B } 

or sin A cos B cos (7 + sin A (m cos (7 + n cos .B) = 0 ; 
therefore ~ cos B^j cos C7 + 1 cos c'j cos 77 = 0. 
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28<) 

In a similar manner we obtain two analogous equations ; 
and from the three equations we deduce 

i J cos J, 7/1 = — “ cos B, 7? = - ^ cos C. 

Hence the required equation is 

/3y sin A -t- yoc sin B + a/3 sin C 
— ^ (ct sin A +/8 sin B-{-y sin C) [a cos ^ -f yS cos cos T) = 0. 

Thus the circle is the same as that considi'red in the pre- 
ceding Article. 

8ol. Let 0 denote the intersection of the )>erpeiidi(Mi]ars 
from the angles of a triangle on the oj/posite sides. TIumi it 
is known that tlie circle which pass(*s through the six ])oints 
specified in the preceding two Articles also passes through 
the middle points of OA^ OB^ and OC. The circle is called 
the niue-jyoints circle. See Appendit to Euclid, 

It is easy to shew that the circle which passes through 
the six points specified in the preceding two Arti(h‘s also 
passes through the middle points of OA, OB, atxl <)(\ Kt)r 
consider the triangh? OBC, The perpendiculars from the 
angular points on tlie opposite sides meet thc^se sides rcispec- 
tively at points which coincide with the feet of tiic^ perpen- 
diculars from the angles A, B, C on tlu? opposite* sides ; thus 
we know that the circle considered in tlu^ ])rec(;ding two 
Articles passes through these points: hence it also passes 
through tlie middle points of OB and OCt as well as through 
the middle point of BC. Similarly the circle also jiasses 
through the middle point of OA. 

0 is a centre of similitude of the circle d(‘scrihed round 
the triangle ABC and the nine-points circle of the triangle ; 
see Art. 119. For, as we have just seen, the throe radii 
vectorcs drawn from 0 to the circumference of tlie former 
circle, namely OA, OB, OC, are respectively double the radii 
vectores drawn in the same direction to tlie latter circle ; and 
it is easy to shew that the same ratio will hold for any cor- 
responding radii vectores. 


T. c. s. 


19 
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-332. To investigate the conditions which mvist hold in 
order that the general equation of the second degree may 7*e- 
present a circle. 

Let the equation be 

ia* + + Ny^ + 2L'^y+ 2M'yi + 2N'a^ = 0. 

Let A denote the area of the triangle of reference ; then, 
by Art. 73, 

—2A ; 

therefore ao? = — 2Aa — (b^ 4- cy) a. 

Similarly (cy -i- ast) /?; 

and cy^ = — 2A7 ~ (ai + hj3) 7. 

Substitute for a*, and y* in the general equation, and it 
becomes 

\ a b c J 

T}ieii,by Arts. 323 and 328, we see that tiie necessary and 
sufficient conditions in order tliat this e(juation may represent 
a circle are 

e)jj _ ~ ^ V^— 

b c ^ c a a b 

a I c ’ 

that is, 

2Lbc - J/c* - Nb^ = 2 J/'ca - AV - ir = 2Nab - LV - 3Ia\ 

333. To detennine the radical aa:is of iico circles I'epre- 
sented by general equations. 

Let the equations be 

ia* + Jl/^* + AV + 2L')37 + 23r7a + 2A^'a/3 = 0, 

/a* -f 771^3*+ 717* -f 2r^y + 2m yz + 2n j^ = 0. 
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Since, by supposition, these equations represent circles 
they may, by the preceding Article, be put in the form 


1 

a 




{a^y -f 67a + ca/S) 


- 2A 


/Tjol 37)8 A ^ 7 \ 

U + '6 ^ c) 


-0, 


^ i^V (a^ + frya + 

+ "^)= 0 . 

\ a b c J 

lienee the C(iuatioii to the radical axis is 


Loi Ny 

a b r 


It, inB iiy 
a b c 


ttbe - - nb^ ’ 


Lt sin 7/ sin (7+ d//3 sin sin A 4* Ny sin A sin B 
2 A sin JJ sin M sin'** C — N sin’* 77 
_ It sin B sin C 4 - ?/?/3 sin 6' sin A -f- ny sin A sin B 
~ 'll' sin B sin C — m sin'^ C — n siii“ B 


.‘334. The nine-points circle of a trioufjle touches the in- 
scribed and escribed circles of that triamjle. 

The er^uatiou to the nine-p(»ints cirde nmy hii put in the 
form 

ci sin A cos A 4- sin B cos B 4- 7* .sin C cos C 

— ^y sin A —ya sin B — a/8 sin C ~ 0. 

Tlie equation to the inscribed circle is 

A , to t A 

cos -- Va 4- cos -- V 4- cos ,, V7= '' i 


putting this in a rational form we obtain 

cos^ ^ 4- yS* cos* 4- 7* cos* 

o ,A ,B 

-2^7 cos' cos - 27 :c CO.S' - cos - lu/Scoa cos = 0 . 


19—2 
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The equation to the radical axis of these circles by 
Art. 333 is 

sin A sin 7? si n f7(^cos J + /3cos g + 7 Cos 0) 

sin A sin B^G + sin BcosB^vl O' -t- sin O' cos Osin' 

ABC 

a cos* ^ sin j5sin C-t-yScos^gSin C'sin.4+7 cos* —sin .4 sin 5 

2 cos* ^ cos* ^ sin i? sin (7 + cos* ^ sin® G + cos* sin* jB 
that is, 

a cos A ^ cos 2? + 7 cos C 






,(7N 


sin A sin B sin C' 


4 n 4 4 

a cos^ 2 H cos^ 2 7 cos - 

— ; y j ^ 

sin A sin B sin C 


.. A 


a 


U 


or 


2 cos cos “ cos 
2 2 2 

(ucosu'l +^cosB+ycos O) cos^ cos ^ cos ~ 

/ ,A ^ ,B 

. A , B . C \ 2 2 2 


= 4 sin - sin sin , y — . — ^ ^ — 77 

2 2 2 \ sinyl sin iV 


sin (J 


This equation may bo siinj^lifiod by substituting for the 
trigonoinotrical functions their known values in terms of the 
sides ; let s denote the half sum of the sides, then we obtain 


(a cos cos -B + 7 cos C) 

a COS pcos 7 cos - 
sin A sin U sin (J 


therefore 
a 




+ 7|cas C- 


ca 

2(s^c r 

ab 


}-«, 
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or 

or 


g (c — n) fa - b) ^ - b)(h- c) ^ •yjb-c) (c- n) 

bo oat ab 

6 — c c — a a — 6 


0 , 


tins may also be written thus 

CL cos I A , cos J 7? ^ 7 cos \ C _ ^ 

si^r sTiiirfcd ) sm “ ”• 

Now the radical axis touches tlie inscribed circle; for it 
may be shewn that tlie condition of tan^cncy investipited in 
Art. 322 is satisfied ; and as the radical jixis toiuilies one of 
the (?lrcl(!S the circles must touch, and the radical axis is tin' 
common tangent at the point of contact. 

Similarly we may shew that the nine-points circle touches 
the escribed circles. 


335. If 5=0 be the equation to a circh' in a rational 
form, the equation to any concentric circle will be of the* form 
S—k = 0, wljcn* k is some constant. Or, as hj-i cy is 
a constant, we may put the e<|uation in the Ibnu 
5 — / (f/ a + bjS 4“ cy f ~ 0, 
where Z is some constant. 


For exain])le, re(|uir(‘d the ocpiation to a circle whi(;h is 
concentric with tlu* circle described round the li-iangle of 
reference, and which touches the sifie a. Assume Ibr the 
equation 

a0y 4 - hy2 -h c: ^ I {aa + + cy)'^ — 0 . 

At the point of contact with the side a we have a = 0 ; 
thus a/^y — I {h/3 4- ey f = 0. This (juadratic in ^ must thiai 

have equal roots, so that = (a — 2Ztc/ : thus l — • 


330. Let there bo any quadrilateral, and let its sides bo 
represented by the e([ nations 

Z = 0, w = 0, V = 0, w -0, 
then the equation 


tu + kvw = 0, 
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where h is a coiistant, represents a conic section circumscribing 
the quadrilateral For the equation represents a conic section 
passing through the four points determined respectively by 
f=:0 and v = 0, t = 0 and w-0, 

u = 0 and v = 0, w = 0 and w = 0. 

Also by giving a suitable value to k, the equation maybe 
made to represent any conic section passing through these 
four points. 

The above equation has the following geometrical inter- 
pretation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears aconstantVatio 
to the product of the perpendiculars on the other two sides. 

We may observe that the term quadrilateral is often used 
in analytical geometry in a wider sense than in ordinary 
synthetical geometry. Thus, if we have four given points, we 
may obtain three different quadrilaterals by connecting these 
))oints in different ways. Take, for example, the figure in 
Art. ; and let A, B, I) he the given points. The three 
different quadrilaterals arc (1) the figure hounded hy A B, 
nC, GL\ DA \ (2) the figure bounded hy AC ^ CDy DB, BA ; 
which in fact consists of the twa> triangles GAB and GCD\ 
(11) the figure bounded by AO, CB, B/J, DA, which in fact 
consists of the two triangles fri?6'and GDA. 

Similarly, four given straight lines may he considered to 
form three different quadrilaterals hy their intersections. Take, 
for example, the figure in Art. 75, and let the given straight 
lines be EDC, BAB, AGO, BGD. Tlie three different quad- 
rilaterals are (1) the figure hounded hy GL\ CE, EB, BG ; 
(2) the figure hounded hy GD, DE, EA, AG ; (3) the figure 
hounded hy AC, CD, DB, BA. 

If four straight lines have for their equations 
^ = 0, 74 = 0, v = 0, 7C = 0, 

the conic sections passing through the angular points of the 
three different quadrilaterals which these straight lines form, 
may be denoted by the equations 

tu-hk^vw^O, tv + kjuw—0, tw + k^tLV^O. 
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337. We shall next consider the equation wr-wl* = 0. 

This represents a conic section which passes throuf]jh the point 
determined by « == 0 and and also through the point 

determined by v = 0 and w = 0. Also each of the straight 
lines u — 0 and = 0 touches the conic section whore it meets 
it; for if wo combine with the above equation, wc see 
that ?/? = () also, that is, the straight line 7 a = 0, meets tlie 
curve at only one point, namely, that point at which v-o 
and «? = 0 intersect. Similarly the straight line v = 0 tonchi's 
the curve. Thus 7/- = 0 and ?;=(> represent two tang(mts to 
the conic section, and = 0 represents the corresponding 
chord of contact. 

We may also shew in the following way that tin' siraiglit 
line n— 0 cannot cut the curve : for points on one siih' of t lic 
straight line ?/ = (), the expression v is positiv(*, and f(»r points 
on tiie other side of the straight liiu', negative; Init is of 
invariable sign; thus the straight line u — O cannot cut the 
curve. 

TIjc geometrical interpretation of the abov<‘ e(jualior> is as 
follows. The product of the p('rp<*ndiculars frmn any point of 
a conic section on a pair of tangents hears a constant ratio to 
the square of tli(‘ perpendicular from the same ])oint on tin* 
chord of contact. 

338. We will now considcT the equations io a secant and 
a tangent to the curve denottMl by tiv = 7v^; the n ‘suits for 
this particular case arc included in the g(‘neral results of 
Art. 31.5, but the investigation may l>e put in a diffenmi 
form. 

Let (m\ v\ w) denote* one point on the curve, and [n\ v\ ?//') 
anotlu'r. The equation to any .straiglit line j)assing tlirougli 
the first point may be denoted by 

uv — wiv = X {vu — ww)^ 

where X is a constant. For this cfiuation is of the first degn‘(j 
in r, n\ and therefore represents some straight line; and 
the equation is obviously satisfied* at the point {uy ?/, t//). 
Suppose the straight line to pa.ss also through the point 
\ v \ w '') ; then we have 

n t n t <%. / ff f *• '\ 

U V --WW = X (f U -“W 7J)). 
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Hence, by division, 

uv' — ww' vu — ww' 
u'v — w'w v'u -“W w' 


that is. 


or 


uv — ww 

W , 

V —w w 
V 


vu — ww* 


ft fiJ 

vw „ , 
— , w 

V 


V V 

—r, iuv ~ ww) + —7 W — ww) — 0. 
w ^ 'w 


This equation then represents the secant passing through 
the two given points. Hence the equation to the tangent at 
the point {u, v, w) is • 

uv + vu — = 0. 

u* 

Suppose — then from the equation to the curve 

similarly if ^ then = -4 . Thus the equa- 
tion to the secant may be written 

^,(^_w) + l,(V-«,) = 0, 

u+ fifi'v — 0^' -f fx') w=0; 
and the equation to the tangent may be written 
u + fx^v — 2fxw == 0. 


339. Next take the equation Pu^ + mV = r^W. This 
^^t)e written {^nw + mv) [nw — mv) = Vu^, Hence by 
Art. o37 nw + 7av = 0 and nw — mv =; 0 are tangents to the 
conic section represented by the equation, and w = 0 is the 
equation to the corresponding chord of contact. Since these? 
two tangents meet at the point of intersection of i; = 0 and 
w = 0 , it follows that this point is the pole of “W = 0. 

Similarly we may write the equation in the form 
{nw + lu) {nw — lu) = m®?;*, 

and infer that the point of intersection of = 0 and w = 0 is 
the pole of i? = 0. 
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Hence it follows that the point of intersection of « = 0 and 
V = 0 is the pole of iv = 0. See Art. 291. 

340. The following is a particular case of the preceding 

Article, + = (See Art. 71.) Suppose the straight 

lines a = 0, /3 = 0, at right angles ; then a“ 4- /3“ is the stpiare 
of the distance of the point (a:, y) from the intersection of 
a = 0 and /3 = 0. Hence the above (equation represents a 
conic section wliich has 7 = 0 for its directrix, and the inter- 
section of a = 0 and ^ = 0 for its focus. The straight lines 
ny — a = 0 and 717 + a = 0 are tangents to the conic section, 
touching it at tlic extremities of the focal chord /d = (); also 
these tangents meet on the straight line 7 = 0; hence, the 
tangents at the eairemities of any focal chord meet on the cor- 
responding directrix. Also the above tangents meet on tiuf 
straight lino a = 0, which by supposition is porpentlioular to 
)8 = 0; hence, the straight line which joins the focus to the 
intersection of tangents at the extremities of a focal chord is 
perpendicular to that focal chord, 

341. If w = 0 and t; = 0 be the equations to two conic 
sections which meet at four points, then u + fo = 0 will repre- 
sent any conic section which passes through the four poinU 
of intersection. This will be obvious after the proofs given 
of similar propositions. 

Also if = 0 and w = 0 be the equations to two .straight 
lines, u + lww will represent any conic section passing 
through the four: points at which the lines 'm; = 0 and w =0 
meet the conic section m = 0. 

Also = 0 will represent a conic section passing 

through the points of intersection of the conic section a = 0, 
and the straight line ty = (). This conic section will have the 
same tangent as i^=0 at the points where w = () and 7/; = () 
intersect; we might anticipate this would be the case from 
observing the interpretation of the equation u + Iww = 0, and 
supposing the straight line xv = 0 to approach the straight 
line iy = 0, and ultimately to coincide with it. We may 
prove it strictly by taking one of the points where w = 0 
meets iu — 0 for the origin, and the straight line w = 0 for the 
axis of X ; thus u becomes of the form 

.Ax* 4* Bxy + Cy* ^ Dx Ey, 
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and we can see, by Art. 288, that 

Ax* 4- l*ory -{- Qy* + Dx + jEJy = 0 
find Ax* + Bxy + Cy* + Dx Ey -^-hf = 0 

have the same tangent at the origin. 


Also by giving a suitable value to I the equation n -f he' = 0 
may be made lo represent the two straight lines which touch 
the conic section ?a = () at the points whore it intersects the 
straight line ?>« = (). Tliis may be inferred from Art. 298; 

the e(|uation w = 0 is equivalent to j + — 1 = 0, and the 

tl tC 


equation v — 0 is 


— 1 ) + fLxy = 0. * Thus 


by taking / = — 1 we have ?/ + /?/»* = yi.ry ; and the ( (juation 
./ 7 y = () d(‘notes the two tangents to the conic section v/ => 0 at 
Its points of intersection with the straiglit lim^ ?c = (). 


842. PascaVs Tliiwem. The three i)itersecti()}is of the 
opposite sides of (nty hc.ivyuii inscribed in a conic s^'ction are 
on one straight line. 

L(*t ?’ = (), ~0, / = 0, ?/=:0, r = 0, ?r = 0, be tli(‘ equations 
to th(‘ sides of a lM‘xagon wdiich is inscril>ed in tin* cnnic sec- 
tion S = i), Jjct the hexagon be divided bv a new straight 
lino (f)~0 into two (piadrilaterals, one of wlii(di has for its 
sides the straight lines ol)tain(Hl by e(]uating to zi'ro succes- 
sively, r, ,<?, t, and the other tlie straight lines obtained by 
eqtiating to zero successively, w, i\ ta, <f). Now wt‘ know that 
if CT, hf h ni are appropriate constants, the equation to the 
conic section may be wTitten in the forms as(f> bri = {) and 
/r(f> -f muw = 0 ; therefore as^ -f hrt and lr(f> -f inuw must each 
be identical w ith S\ therefore 4- = + there- 

fore (as — Iv) <f> = niU'W — brt. 

The right-hand member of this equation vanishes wdien 
u and r simultaneously vanish, and ^vheu u and t simulta- 
neously vanish ; also >vhen w and r simultancou.sly vanish, 
and "when w and i simultaneously vanish. Since the left- 
hand member is identically equal to the right-hand, the left- 
hand member must also vanish in these four cases ; that is, 
one of its two factors ^ and as-~lv must vanish in each of 
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these four cases. By coustruciion, — ropvoscnts llu' 
straight line joining the point dotermined by and ?/* = (), 
with the point determined by / = 0 and ?/ = 0 ; and thus we see 
that GW — /y = () is the straight line joining tli(‘ intersection of 
u = 0 and ?’ = 0 with that of t~0 and ir = 0. But tl\e straigiit 
line as — lr = {) obviously ])asses through the inters(‘etion of 
s — 0 and r = 0 ; therefore the three ])oints dett'nnined respec- 
tively by If = 0 and r = 0, 0 an<l to = 0, s = 0 and v — 0, lie 

on a straight line. 

It is to be observed that if six ])()ints be cmiiu'cled by 
straight liiu's in ditferent ways, as many as sixty tigun's can 
be formed which may lx* cnlhal he.riKjiws in an exlendixl st'nse 
of that word. Tims tor six givfui ]x)ints on a conics s<*ction 
there will be sixty applications of Bascjd's 'rh(HH-em. 

343. L(‘t ,<? = () be the (Mpiation to a conic siM*tion, and 
n = (), ?j = (), ?c = 0, (M]nati(His to three straight lini's ; tlaui 
.S’ — = 0, ,9 — 7aV = 0, a — - th represt*nt curvi's of the 

second dcgn’c tou(‘hii»g tin* proposcxl conic s(‘ction. b)y pro- 
perly claxjsing ?/, n\ /, i)t, wr may naake each of the last 
three e(|unli<*ns repn’semt a jxdr of straight lims touching 
,9 = 0. (S<‘e Art. 341.) Thus, if th<‘r(* be a hexagon circum- 

scribed rouml the conic sectioti .9 = 0, th(5 (‘(juations 

- rii^ = 0. . .(I ), .9 ~ - 0. .9 - //’ba" = 0. . . (3), 

may bo taken to represent the six side’s of the hexagon. 

By combining (1) atul (2) we obtain 
s — /V — (5 — irVv^) = 0, or (mv — In) {mv hi) = 0. . . (4), 
for the equation to a pair of straight lines which jkiss t hrough 


the intersections of (1) and (2). 

Similarly {n w — mv) (?? w 4- mv) = 0 (n) 

repre.sents a pair of straight lines which pass through the in- 
tersections of (2) and (3). And 

{In — nw) {III -f nw) = 0 (0) 


represents a pair of straight lines which pass through the in- 
tersections of (3) and (1). 

The six straight lines which we have obtained may bo 
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arranged in four groups, each containing three straight lines 
which meet at a point, namely, 

Tifiv — = 0, fiw — WjV — 0, III ■— uw = 0, 

mu + Zii = 0, ntu + mu = 0, lu — nw = 0, 

-j. In = 0, nw — mv = 0, lu + nw = 0, 

mv-lu = 0, nw-hmv = 0, Iu + nw = 0. 

This result is consistent with Brianchon’s theorem ; if a 
hexagon he described about a conic section the three diagonals 
which join opposite angles meet at a point 

For suppose that a hexagon is described round a conic 
section, and let its angular points be denoted by Ay (7, 

Ey F. By properly choosing Uy u, Wy Z, m, n, we may make 
equation (1) denote the straight lines AB and DEy equation 
(2) denote the straight lines BG and EFy and equation (3) 
denote the straight lines CD and FA, We will now examine 
what straight lines are determined by equations (4), (5), and 
(6). Equation (4) determines the two straight lines whicli 
pass through the intersections of the straight lines determined 
by (1) and (2) ; and as the signs of I and m are at present in 
our power we may take them so that mu — lu = 0 shall repre- 
sent the straight line BEy and then mv + lu = 0 will represent 
the straight line joining the point which is common to AB and 
EF with the point which is common to BG and DE, Simi- 
larly as the sign oi n is still in our power, we may take it 
so that nw — mv = 0 shall represent the straight line GFy and 
then wzu + 7?iu = 0 will represent the straight line joining the 
point which is common to BG and FA with the point which 
is common to CD and EF, One of the two straight lines 
represented by (G) is ADy and the other is the straight line 
joining the point which is common to IJE and FA with the 
point which is common to GD and AB] it is however not 
obvious how we are in general to discriminate between these 
two straight lines. Thus the proof of Brianchon’s theorem 
is not perfectly satisfactory, and accordingly we shall give 
another proof by which the theorem is deduced from that 
of Pascal. 

Let the angular points of the hexagon be denoted as 
before by the letters Ay B, G, By E, F, Let the straight line 
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he drawn wLicli passes through the points of contact of tlic 
(!onic section and the tangents AB, BC\ also let the straight 
line be drawn which passes through the points of contact of 
the conic section and the tangents EF\ and It't iMeiioto 
tlie point which is common to these two straight lines. Then 
J* is the pole of BE\ see Arts. lOJb 1-0, 2Sf). In tlu' same 
way we may determine the pole of (7^' which wo shall denote 
by Q, and the pole of AD which we shall denote by IL By 
Pascars theorem P, Q, and R lie on a straight line; hence 
OF, BE, and AD meet at a point, namely, at the pole of the 
straight line PQP; see Art. 291. 

For further infoimation on the subject of this Chapter 
the student is referred to Salmon s Conic Sections. 


EXAMPLES. 

1. Shew^ that if a — c:a—c::h: h\ a circle may be 
described through the intersections of the two conic sections 

aP + hxy + cy* + rfx 4- cy + / = 0, 
a V + Vxy 4- c y + d!x 4- ey 4- / = 

Find also the condition that a parabola may be described 
passing through the origin and the points of intersection of 
these curves. 

2. T\vo conic sections have their principal axes at right 
angles: shew that a circle will pass through their points of 
intersection. 

3. The equations to two conic sections arc 

Ay® 4- 2Bxy 4- 4- 2 A'a; = 0, ay® 4- 2/>;ry 4- cP 4- 2a'.r = 0. 

Shew that the straight lines joining the origin with their 
points of intersection will be at right angles to each other if 

a'(A4- = ^ 

4. An ellipse is described so as to touch the asymptotes 
of an hyperbola: shew that two of the chords joining the 
points of intersection of the ellipse and hyperbola are parallel 
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5. If a/3 = c® be the equation to an hyperbola (Art. 7l), 

then 0 ^= 0 , = 0, a* - = 0, are the respective equa- 

tions to the asymptotes, the axes, and a pair of conjugate 
diameters, n being any constant. 

6. The straight lines which bisect the angles of a triangle, 
meet tlic opposite sides at the points P, Q, Jt, respectively ; 
find the equation to an ellipse described so as to touch the 
sides of the triangle in these points. 

7. From any point two straight lines are drawn, one in- 

TT 

dined at an angle a, the other at an angle ^ + a, to the axis 

of a parabola : shew that another parabola may be described 
which shall pass through the four points of intersection, 
whose axis is inclined at an angle 2a to that of the given 
parabola. 

8. Prove that the equation to the conic section which 
passes through the point (h, k), and touches the parabola 

= lx at the vertex and at an extremity of the latus rec- 
tum, is ( 2 /'^ — lx) {k — 2hy = (y — 2x)^ [k^ — ZA). 

Shew that it is an ellipse or hyperbola according as the 
point (/t, Ic) is within or without the parabola. 

9. A conic section touches the sides of a triangle ABC at 
the points a, h, c ; and the straight lines Aa, Bb, Cc, intersect 
the conic section at a\ U, c : shew that 

(1) the straight lines Aa, Bhy Cc pass respectively 
through the intersections of Be and Ch\ Ca and Ac, Ao 
and Ba, 

(2) the intersections of the straight lines ah and ab\ be 
and l)d, ac and ac, lie respectively on AB, BC, CA» 

10. A conic section is described round a triangle ABC ; 
straight lines bisecting the angles of this triangle meet the 
conic section at the points A\ B\ C\ respectively : express 
the equations to A B, A' C, A'B'. 

11. If a conic section be described about any triangle, and 
the points where tJie straight lines bisecting the .angles of the 
triangle meet the conic section be joined, the intersection of 
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the sides of the triangle so formed with the corresponding 
sides of the original triangle lie on a straight line. 


12. Interpret the equation 


find how many parabolas can be drawn through four given 
points. 


13. If w = 0, i’ = 0, = 0 represent tlie sides of a tri- 

angle, shew that the sides of any triangk^ whieli lias one 
angle ^n each side of the former may be represe nted hy 

y) y 

u + =0, +v-\‘lw = 0, , + ?r = 0, 

m n I 

where Z, m, n are constants. 

Find also the relation which must hold between Z, m,n, in 
order that the straight lines joining corresponding angles of 
the two triangles may meet at a point. 

14 A circle and a rectangular hyperbola intersect at four 
points, and one of their common chords is a diameter of the 
hyperbola : shew that another of them is a diameter of the 
circle. 


15. A CA! is the major axis of an ellipse, P any point on 
the circle described on the major axis, Al\ A'P meet the 
ellipse at Q, Q'; shew that the equation to QQ is 

(a* + J*) y sin ^ 4- cos 0 — 2c/6* = 0, 
the ellipse being referred to its axes, and 0 being the angle 

AGP. 

If an ordinate to P meet QQ at P, the locus of 11 is an 
ellipse. 

IG. The locus of a point such that the sum of the s<juare.s 
of the perpendiculars drawn from it to the sides of a given 
triangle shall be constant, is an ellipse ; and if the constant 
be so chosen that the ellipse may touch the side opposite to 
the angle A at P, then CD : BD :: t* : c*. 
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17. With the notation of Art. 323, shew that the equation 
to the straight line through G and the centre of the circle is 

a cosi? = cos A, 

18. Suppose in Art. 323 that D is the middle point of the 
arc AB ; then the equations to BD and AD are respectively 

« sin (7+7 (sin ^ + sin 5) = 0 ; 

/3 sin (7 + 7 (sin A + sin B) = 0. 

].9. In Art. 318, equation (4), if A\ S, C be the points 
of contact of the triangle and conic section, shew that the 
eijuatiou to A'B' is lu + mv — mo = 0. 

20. In the figure of Art. 292, suppose u = 0 the equation 
to A (7, = 0 the equation to BD, and w = 0 the equation to 
BF, and that iV + - nW = 0 represents a conic section 

]>assing through A, B, C, D ; then express the equations to 
the tangents at A, B, C, D, and also to the straight lines 
AB, BC, CD, DA, Shew also that the straight line FG 
passes through the intersection# of the tangents at A and B, 
and of those at (7 and 2). 


21. Express by the aid of Art. 323 the equation to the 
circle described round the triangle formed by the straight lines 


y = m^x + 




a a 

y = m„a;+ — , . 


Ilencc deduce the last proposition of Art. 146. 


22. Give a geometrical interpretation of equation (1) in 
Art. 310, and shew that it is a particular case of the theorem 
in Art. 336. 


23. Interpret the last equation in Art. 323 : deduce the 
following theorem ; if from any point of the circle which 
circumscribes a triangle, perpendiculars are drawn on the 
sides of the triangle, the feet of the perpendiculars lie on one 
straight line. 

24. If ellipses be inscribed in a triangle each with one 
focus on a fixed straight line, the locus of the other focus is 
a conic section passing through the angular points of the 
triangle. 
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25. Three conic sections are drawn touching rof^pcctivelv 
each pair of the sides of a triangle at the angular poii,ts whore 
they meet the third side, and each passing througli the centre 
of the inscribed circle: shew that the three tangents at tlanr 
common point meet the sides of the triangle whicli intersect 
their respective ceiiics at three points lying on a straight liin*. 
Shew also that the common tangents to each pair of coni(*s 
intersect the sides of the triangle which touch the several 
pairs of conics at the above three points. 

2G. With the angular points of a triangle ABO tis centres, 
and the sides as asymptotes, three hyjK'rbolas are deserilxM], 
having A\ B\ C' as their vertices respectively : prove that if 

A A' sin ™ = BB' sin — = (7(7' sin the intersections of each 
2 2 2 

pair of hyperbolas lie on the axis of the third. 


27. The necessary and sufficient condition in order that 
the equation ix* -f + ny^ = 0 may represent a rectangular 
hyperbola is i + m + n = 0. 


28. Shew that -f + >J{ny) = 0 represents in 

general an ellipse, parabola, or hyperbola according as 

Imn ^ positive, zero, or negative ; where a, h, c 

denote the lengths of the sides of the triangle formed by 
a = 0, )8 = 0, 7=0. 


29. Shew that l0y-{-inyoL+nal3 = 0 represents in general 
an ellipse, parabola, or hyperbola according as 

Pa*+ + nV — 2ltnab — 2mnbc — 2nlca 
is negative, zero, or positive. 

30. Express the equation to the circle which is con- 
centric with the inscribed circle of the triangle of reference, 
and passes through the angular point A, 


31. Find the fourth point of intersection of the conic 
sections . Ivw 4- mwu + nuv = 0, and, Ivu) -f mwu + n'uv = 0. 

20 


T. C. S. 
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32. Shew that the equation to the radical axis of the 
circles inscribed in a triangle and circumscribed about it is 

A. B C 

a cosec A cos^ ^ ^ 2 ^ ^ ^ ~ 


33. Find the equation to the diameter of the curve 
l^y + viya + nafi = 0 which passes through the point of in- 
tersection of the straight lines y8 = 0 and 7 = 0. 

34. Find the equation to the tangent to the curve 
v'(i3t) + \/(wi)8) 4- V(w7) = which is parallel to the straight 
line 7 = 0 ; and thence shew that the centre of the curve is 

determined by r = t = 71 7 • 

me 4 wo na-\- tc /o 4 vna 


35. Employ the method of Art. 332, and the result given 
in Example 29 to find the condition which determines whether 
the general equation 

ia* 4 Mfi* 4 iVy -h 2i'/37 + 2if '7a 4 = 0 

represents an ellipse, parabola, or hyperbola. 

36. A conic section passes round a triangle, and the 
tangent to the curve at each angular point is parallel to the 
opposite side of the triangle : shew that the curve is an 
ellipse. 

37. OP, OQ are tangents to an ellipse at P, Q, and 
asymptotes of an hyperbola 5 liS is a common chord parallel 
to PQ : shew that if PR touches the hyperbola at R, QS 
touches it at fi'; also if PS, QR intersect at U, then OU 
bisects PQ, 


38. If t, u, V, w be linear functions of x and y, shew that 
the eejuation to the tangent at the point {t\ u\ v', w') to the 
conic section given hy tu = vw is tu 4 ut' = vw 4 wv. 


39. 


0 




If« = 0,/9=0,7=0,;^+^+J^=0, 

“ 4 ^ ~ =0,be the equations to the sides of a hexagon which 

circumscribes a conic section, shew that 

{ V. - - VJ + «. (^c. - V.) = ®- 
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40. ABC is the triangle of reference ; D, E, F are the 
middle points of the sides : express the equations to the 
straight lines which bisect the angles of the triangle DEF. 

41. Express by means of abridged notation the equation 
to the ellipse which touches the sides of a triangle at the 
middle points of the sides. 

42. From a point P two tangents are drawn to a conic 
section meeting it at the points M and N respectively ; the 
straight line through P which bisects the angle MPN meets 
the chord MN at Q ; any chord of the conic section is drawn 
through Q : shew that the segments into which the chord is 
divided by the point Q subtend equal angles at P. 


20—3 
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CHAPTER XVL 

SECTIONS OF A CONE. ANHARMONIC RATIO AND HARMONIC 

PENCIL. 

Sections of a Cone. 

344. We shall now shew that the curves which are 
included under the name conic sections, can be obtained by 
the intersection of a cone and a plane. 

Definition. A cone is a solid figure described by the 
revolution of a right-angled triangle about one of the sides 
containing the riglit angle, which remains fixed. The fixed 
side is called the axis of the cone. 



Let OH be the fixed side, and OliC the right-angled 
triangle which revolves round OH, In order to obtain a 
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cone such as is considered in ordinary synthetical geometry, 
we should take only finite straight line OG\ but in analy- 
tical geometry it is usual to suppose OC indefinitehj produceil 
both ways, A section of the cone made by a plane through 
Oil and OC will meet the cone in a straiglit line Olh which 
is the position OG would occupy after revolving half wav 
round. Let a section of the cone be made by a plane ])(t- 
pendicular to the plane BOG; letyl/*be the section, yl being 
the point where the cutting plane meets OC; we have to liiul 
tlie nature of this curve AP. L(»t a plane pass through any 
jK)int P of the curve, and be ])(Tpmiilicular to the axis Oil ; 
this plane will obviously meet the cone in a circle DPK, 
havin'J^ its diameter DE in the plane POC, Let MPho tlu* 
straight line in which tluj jilane of this circle meets th(‘ j)lan(‘ 
s(‘ction we are cmisid('ring, J/luhig in the straight line DK. 
Since each of the planes which int<*rsect in MP is ]>erpen- 
dicular to the plane li(>(\ piTpendicular to that plaiuv 

and therefore to every straight lino in that plane. 

Draw AF parallel to ED^ and ML parallel to OP; join 
AM. Lot AM=t. MP = y. OA^c, HOC^a, O.IJ/ = 0; 
the angle AML will be e(|ual to the inclination of AM to ()//, 
that is, to TT ~ ^ — 


Now 


MD 

JfA 


siuJfAD 
sin J'WA 


sin 0 Xfimff 

- - ; therefore ML = . 

cos a cos a 


EM = FL = FA-AL = 2c sin a - AL ; 


therefore 

therefore 


AL _ sin AML __ sin (tt — ^ — 2g) 
AM sin ALM • ^ \ ' 


AL^ 


or sin (6 -f- 2a) 
cos a 


EM = 2c sin a — 


X sin (0 -f 2it) 
cos a 


But, from a property of the circle, MP* = EM. MD ; 


therefore = 


X sin 0 


cos 


|2c sin a — 


a? sin (0 + 2a)) 


cos a 


r 
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If we compare this equation with that in Art. 282, we see 
that the section is an ellipse, hyperbola, or parabola, accord- 

sin 0 sin (0 4* 3a) . ... . 

ing as cos* a ~ negative, positive, or zero, that 

is, according as ^ + 2a is less than tt, greater than tt, or 
equal to tt. 

Hence if AM parallel to OB the section is a parabola, 
liAM produced through M meets OB the section is an ellipse, 
HAM produced through A meets Oi? produced through 0 the 
section is an hyperbola. 

If c = 0 the section is a point if 0 + 2a is less than tt, two 
straight lines if 0 + 2a is greater than tt, and one straight line 
if 0 4- 2a = TT. The section is also a straight line whatever c 
may be, if = 0 or tt. 

The equation above obtained may be written 




, sin 6 sin {6 4- 2a) (2c sin a cos a 2 ] 
cos* a ( sin -4 2a) ^ ^ 


suppose 04-22 to be less than tt, so that the curve is an 
ellipse ; then by comparing this equation ivith the equation 
V 

if = 2 (2aa; — a?*), we have 


Thus 


Also 


2a = 


2a = 


2c sin a cos a 
sin [6 4- 2a) ’ 
c sin 2a 
sin (0 4 2a) ’ 


, _ 6* _ cos* a — {sin* (0 4 a) — sin* a} 
a cos a 


V _ sin 0 sin (0 4 2a) 
a* cos* a 

c*sin*a sin 0 
sin (0 4 2a) 

cos® (0 4 a) 




If we suppose in the figure on page 308 that AM is pro- 
duced to meet the cone again at A^, then 2a = as might 
have been anticipated ; also h may be shewn to be a mean 
proportional between the perpendiculars from A and A on 
the axis OH. Similar results may be obtained when the 
curve is an hyperbola. 

S-tS. An ellipse of given excentricity can always be ob- 
tained from a given cone by properly choosing the cutting 
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plane. For we have the equation cos* (0 + a) = c* cos* a, in 
which a and e are given, e being less than unity. Now it is 
manifest that there must exist a value of 0 between 0 and 

- — a which satisfies this equation, and also a value of 0 
between ^ - a and tt - 2a. 

From a given cone we cannot obtain an hyperbola of 
given excentricity unless the given quantities are such that 
e* cos’* a is not greater than unity. 

346. Art. 344 admits of great extension. 

'VT’e may first give a more general definition of a cone. 
If a straight line move so as always to pass through a fixiul 
point and a fixed curve the surface generated is called a com*. 
The fixed point is called the vertex, and the fixed curve the 
directrix. 

^ a cone be formed with any conic section as directrix 
any plane section of the cone will be a conic section. 

The demonstration will be similar to tliat in Art. 344. 
Let 0 be the vertex, and instead of the circle with ISC a 
diameter let there be any conic section for directrix. TIk^ 
plane EPD is to be taken parallel to the plane of the direc- 
trix, so tliat the curve EPI) will be a similar conic section. 
The plane OBG may be any fixed plane passing through the 
vertex, so that it will not be nece.ssarily perj>(*n(lic\ilar to th(^ 
plane EPI). Now an equation of the second degree will hold 
between MP and MD, because the curve EPI) is a conic 
.section ; and MD bears a constant ratio to AM ; thiirefon* an 
equation of the second degree liolds between MP nml AM, 
And MP is always parallel to a fixed direction. Tliere*fon; 
the curve AP is a conic section. 

347. In consequence of the extension of the definition 
of a cone it is necessary to have a special name for the [»ar- 
ticular cone considered in Art. 344; and accordingly it is 
called a right circular cone. The word circular indicates 
that the directrix is a circle ; and the word right indicates 
that the straight line drawn from the vertex to the centre of 
the directrix is at right angles to the plane ai the directrix. 
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An oblique circular cone is a cone in which the directrix 
is a circle, but the straight line drawn from the vertex to the 
centre of the directrix is not at right angles to the plane of 
the directrix. 

When the word cone occurs in mathematics the student 
will often have to determine from the context whether the 
word is used in the general sense of Art. 34?C, or is used as an 
abbreviation for right circular cone, 

34(S. The case of an oblique circular cone deserves sepa- 
rate; consideration. 

Let 0 be the vertex of the cone ; EPD a section pQTallel 
to the plane of the directrix, which is therefore a circle. 



L(‘i vli^be a section made by any plmu'. Let Pp be the 
intevsi’ction of these two planes ; and Kl) tliat diameter of 
the base which bisects Pp, JjcI M be the point of bisection, 
and MA the intersection of the jdane PAp and the plane 
EOl), Then MP is always parallel to a fixed direction, but 
is not necessarily at right angles to AM, 

Proceeding as in Art. 344 we have il/P® = KM , MD, 
Now KM = FA — AL, Also the ratio of AL to AM is con- 
stant, and so is that of MD to AM, Thus finally avo obtain 
J/P* = \ . AM — p , AM^, where \ and p are constants, which 
involve FA and the sines and cosines of the angles MAD, 
MDA, AAIL, 

It is easy to shew that in a certain special case the section 
is a circle. Suppose the plane OED perpendicular to the 
plane of the directrix ; and suppose the plane MAP perpen- 
dieulai* to the plane OKD ; then MP is at right angles to 
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AM. Let u4ilf produced meet OE at A' \ then the section 
will be a circle provided MP = JJ/. MA\ that is provided 
AM, MA = EM, MD. This requires the triani^les A ,]fl) and 
be .similar; thus the angle MAD must he equal to 
the angle 2IEA', and the angle MDA equal to the angU‘ 
MAE, Such a section of an oblique circiihu' cone is called a 
sub-contrary section. 


34J9. Conversely, suppose wo have a given conic section, 
and we require to form an oblicpie circular cone which shall 
contain the conic section. 

Refer the conic section to axes consisting of a <lianu‘tcr 
and file tangent at its extremity. The angle hc'twt'en these 
axes will determine the angle AMP id* the preceding tigure. 
Then X and fi will have known values, so that wi‘ have two 
equations for finding four unknown quantities, namely, FA 
and the angles MAD, MDA, AML, 11 ence the prohiein is 
indeterminate ; and will remain indetoiuuiiate even if one 
condition is introduced. 

Such a condition, for example, migld he the fdlowing : 
let J7-1 produced meet at Q the plane through U parallel to 
the plane of the directrix; and let AQ he required to have 
a given value. 

Suppose produced to meet OE at A ; tlien 

OQ_MD OQ LA 

AQ'^M.r aq^Ma' 


therefore 


_ or/ _MD.AL 

aqTaQ^ MA 


The right-hand expression is what we liavo denoted by /t; 
thus wdieii the conic section i.s given, and also AQ, it follows 
that OQ is known. 


Anharmomc Ratio and Harmonic Pencil. 

350. We will now give a short account of anharmonic 
ratios and harmonic pencils, which arc often used in investi- 
gating and enunciating properties of the conic sections. 
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Let there be four straight lines meeting at a point ; then 
if any straight line ADGB be drawn across the system, 


AB DB 
AG'^lJC 


will be a constant ratio. 



Suppose 0 the point where the straight lines meet ; then 

^ AC ^Bin A 00^ 

AO ^ihABO* AO sin AGO* 


therefore 


AB sin A OB sin A GO 
AG^ sin AOG' sin ABO' 


Similarly 


DB^sinDOB sin DGO 
DG'~' sinDOG' sinDBO '^ 


therefore 


AB . 

AG' 


DB _ sin A OB sin D OB 
DG^ sin AOG ' sin DOC' 


Now suppose any other straight line A'UC'B' drawn 
across the system, then since AOB and A' OR are the same 
angle, and so on for the other angles, we have 

AB^^_^ ^RB' 

AG ■ DU A'C' ‘ l/C* 

which proves the proposition. 
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Similarly we can prove that each of the following is a 
constant ratio 

AB^CB AC^BC 
AD * CD AD ' BD' 


351. Definitions. Any four straight lines meeting at 
a point form a pencil, 

A straight line drawn across a pencil is called a trans- 
versal. 


The four points at which the straight line meets the pencil 
is called a I'ange, 

A r.i . . 

Any one ot the constant ratios . ^ , -r -r ^ , , 

AC DC AD CD 


AC __ BC 
AD • Bl) 


is called an anharvionic ratio of the pencil. 


The pencil is called harmonic AB , DC ^ AD ,BC, that 
is, if the rectangle formed by the whole straight line {AB) 
and the middle part {DC) is equal to the rectangle of the 
other two parts {AD), {BC), 


352. The harmonic pencil is so called V>ccause it divides 
any transversal harmonically. For .since A B , DC ^ AD ,B 6', 

= that is, if w© call ABy AC, AD, the first, second, 

and third quantities respectively, the first is to third a.H 
the difference of the fir.st and second is to the difference of the 
second and third. 

When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 

We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as the anharmonic ratio of the pencil. 


353. Suppose OA, OB, OC, OD form an harmonic pencil ; 
if we take any new origin (/, and join (/A, OB, O C, OD, 
these four straight lines form a new harmonic pencil ; for the 
transversal ABCD is cut harmonically. 
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354. The Enharmonic ratio of a pencil is not altered if 
the transversal meet the straight lines of the pencils produced, 
instead of the straight lines tliemscdves. 



Suppose OAy OBy OCy 01) to be a pencil, and let a 
transversal AB CD' meet three straight lines of the pencil, 
and the fourth A 0 produced at A\ Tlie angles A OBy A OB 
are sup})leinental ; and so arc AODy AOD'\ and so on. 
Hence any anharmonic ratio formed on A BCD is C(]ual to 
the corresponding ratio formed on AB'G'D\ 

355. Suppose AB . CD = AD . B C so that OA OB, 0 C, 
OD furni an liarnionic pencil. By tlie last proposition 

AB_CB_AB^CB 
AB ' CD AD CD ’ 
therefore OA, OB, 0C\ OU form an harmonic pencil. 

Similarly 0C\ OB, OA, and DO produced through 0 
will form an harmonic pencil. Thus from one harmonic 
|)eucil by producing the straight lines through the vertex, 
we can derive four other harmonic pencils. 

356. The straight lines whose equations are a = 0, = 0, 

a — Z;/J = 0, a + = 0 form an harmonic pencil. 

Lot OM be the straight line a = 0, ON the straight line 
y3 = (), OP the straight line a — i:)8 = 0, OQ the straight line 
a + Av3 = 0. 
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Let a transversal meet the pencil at mpnq ; then (Art. 71 ) 
sin POM mi QOM ^ 
sin POX ”” sin Q ON ’ 


therefore 


sin POM sin QON 
sin * sill (J OM ’ 


therefore (as in Art. 350) = 1 ; 

^ ^ qm q m 

therefore pin .qn=pn, qvu 

The same result will follow if we draw the transversal in 
a different position. The luarmonic pencil is so formed that 
its outside straight lines are always one of the two a==0 and 
= 0, and one of the two a — i/3 = 0 and a + = 0. 


357. The anharmonic ratio of the four straight lines 
a = 0, i8 = 0, a-k^-0, a + i'/8 = 0, i.s . 

For as in the preceding Article we have 
sin P OM J siu lyirt J , 

k 

therefore, by Art. 351, p expresses the anharmonic ratio. 
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858. Article 356 will also hold if the equations to the 
straight lines be = 0, t; = 0, — Ari? = 0, and w -I- = 0. For, 

by Art. 57, we have u = Xa, v = where X and ft are con- 
stant quantities; hence the equations and u + hv^Q 

may be written Xa — k^^ = 0 and Xa + kfifi = 0, or a — k'fi = 0 

and a H- = 0, where Ic^^. Hence Article 356 becomes 
immediately applicable. 

359. The four straight lines EB, EC^ EG, EF, in Art. 75, 
form an harmonic pencil ; for their equations are 

w = 0, ^ = 0, — = lu-\-nw=^0. 

By symmetry FB, FA, FQ^ FE, will also form an har- 
monic pencil. 

Also OD, OC, OF, GEiorm an harmonic pencil, for their 
equations are respectively 

0, mv--nw = 0, lu — mv — {mv — nw) = 0, 

Zm — mi; -f mi? — nw = 0. 


3G0. A straight line drawn through the intersection of 
two tangents to a conic section is divided harmonically by 
the curve and the chord of contact, 

Eefer the curve to the tangents as axes ; its equation will 
•be of the form (Art. 293) 

w- 

Suppose a straight line drawn through the origin, and let 
its equation be (Art. 27) 


Thus the distances from the origin of the points of inter- 
section of (1) and (2) wdll be the values of r found from the 
equation 


( Ir . mr ^ 
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W. 

If 7^ and r' be the roots of the equatioui we have 



Also the equation to the chord of contact is 


X 

A 



(5). 


Hence for the distance (r,) of the point of intersection of 
(2) and (5) from the origin, we have the equation 


^ mr, 
A Jc 


1 ^ I .m 

1 > 


W- 


From (4) and (6) we have 
monic mean between r' and r". 


2 


hi- 


thus is an har- 


Since LMNO is divided harmonically, if from any point in 
AB we draw straight lines to i, AT, and 0, these straight lines 


o 



with AB form an harmonic pencil. A particular case is that 
in which the point in AB is the intersection of the tangents 
at AT and L, which we know will meet on AB produced. 
(See Arts. 103, 185.) 
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361. Let A, By C, D be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on ABy the perpendicular from the same point on BCy 
7 on CDy B on DA, Then by Art. 336 we know that 
wherever P may be, arf bears a constant ratio to / 8 S. Now 
AB . a = twice the area of the triangle PAB 

= PA . PB . sin APB; 

. - PA.PB.RmAPB 

therefore a = j~tz . 


Similar values may be found for 7 , 8 . Thus 
PA. PB, PC, PD 


AB.CD 
bears a constant ratio to 

PA, PB. PC .PD 


sin APB . sin CPD 


thcrcfoi'e 


BO. AD 

sin APB . sin CPD 


sin BPC . sin DPA ; 


• — . is constant, that is, the pencil 
sin BPC . sin DPA * 

drawn from any point P to the four points Ay By Cy Dy has a 
constant anharmouic ratio. 


EXAMPLES. 

1 . Different elliptic sections of a right c^»nc arc taken 
all jierpendicular to one plane which contains the axis of the 
cone; if the elliptic sections have equal major axes, shew that 
tlie locus of the c'entres is an ellipse. 

2. If two spheres be inscribed in a right cone so as to 
touch the plane of any section, the points of contact of the 
plane with the spheres will be the foci of the conic section, 
and the intersections of this plane w ith the planes of contact 
of the spheres and the cone will be the directrices of the conic 
section. 
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3. Find the locus of the foci of all tlie piirahohis which 
can be cut from a given cone. 

4. Shew that a given h 3 ^perbola cannot be cut from a 
given cone unless the verticjil angle of tlie cone is greater than 
the angle between the as^^mptotes of the hyperbola. 

5. Shew that the latus rectum of any section of a given 
cone varies as the perpendicular from tlie vertex of the cone 
on the plane of section. 

G. A conic section circumscribes a triangle, and at c'aeh 
angular point the tangent, the two sides of the triangh', and 
the ]fl;rpendicular on the opposite side form an harmonic 
pencil: determine the equation to the conic section. 

7. If the equations to the three diagonals of a quadri- 
lateral be a = (), 'r=:0, = sliew tliat lh(‘ (sjuaiions to tin' 

four sides may he put in th(‘ form ht -f- mr + nw =* G, 

— lu -I- mv + vw = 0, lu — mv + niv ~ 0, lu -f- /// y ~ n w = 0. 


T. C. S. 


21 
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CHAPTER XVII. 

PROJECTIONS. 

302 . In the preceding Chapters we have carried on our 
investigations chiefly by the aid of co-ordinates ; there are 
various other methods by which we may discover and de- 
monstrate theorems relating to the Conic Sections : we shall 
now explain one of these, which is called the metjiod of 
jmjections. 

363. There are two kinds of projection which may be 
called respectively orthogonal projection and conical pro- 
jection : we proceed to consider the former. 

364. Definitions. From any point let a perpendicular 
be drawn on a fixed plane ; the intersection of the perpen- 
dicular with the plane is called the orthogonal projection of 
the point on the plane. The plane on which the perpen- 
dicular is drawn is called the plane of projection. 

The orthogonal projection of any line straight or curved 
is the locus of the orthogonal projection of every point in 
that line. 

365. We shall use the word projection as equivalent to 
the term orthogonal projection^ until the contrary is specified. 

366. The projection of a straight line is in general a 
straight line. 



Let PQ be a straight line. From any point P in the 
straight line draw Pp perpendicular to the plane of projection, 
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meeting it at p. Let a plane pass through PQ and and 
let its intersection with the plane of projection bo 

Then pq is a straight line, by Euclid, XL 3: and we shall 
shew that pq is the projection of PQ. 

Take any point B in PQ; and in the piano QPp draw 
Br parallel to Pp, meeting pq at r: then Br is perpendicular 
to the plane of projection, by Euclid, XL 8 , so that r is the 
projection of B. 

If the given straight line bo perpendicular to the plane of 
projection, its projection is a point. 

3fl7. The length of the projection of a straight line is 
equal to the length of the oiiglnal straight line mnlti plied hy 
the cosine of the angle hetween the straight line and Us 
jection. 

Let PQ be a straight line, pq its projection ; draw Pm 
parallel to pq meeting Qq at 7n. Then 

pq = Pm = PQ cos QPm. , 

And by the angle between PQ and pq is meant the angle 
between one of these straight lines as PQ, and any straight 
line Pm yiarallcl to the other. Thus QPni is the angle be- 
tween PQ and pq. 

368, The projections of parallel straight lines are them- 
selves parallel straight lines. 

Let there be two parallel straight liiU'S : denote llietn by 
PQ and BS. Let p denote tlie projection of P, and r the 
projection of B. 

The plane QPp is parallel to the plane SBr, by Euclid, 
XL 15; the intersections of these planes with the plane of 
projection are parallel by Euclid, XL 16; and these inter- 
sections are the projections of PQ and B8 by Art. 366. 

The angle between PQ and its projection is equal to the 
angle between BS and its projection by Euclid, XI. 10. 

369. Lei the boundary of any plane figure be projected; 
then the area of the projected figure is equal to the area of the 

21—2 
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original figure multiplied hy tlie cosine of the angle between 
the two planes. 

First, suppose the figure to be a triangle having one side 
in the plane of projection. 

Let ABC be the triangle, having the side AB in the 



plane of projection. Let c be the projection of C. Draw 
CD perpendicular to AB^ and join cD. 

Cc is perpendicular both to .4 c and J)c\ thus 

AD^ ^AC^ - CD^ = ^cH Cc*- (/V-f Cc*) = Ac^lk^) 

therefore the angle ADcisa right angle. 

Now the area of ADc- \ AB . l)c\ and the area of 

ABC=\aB.DC-. therefore 

areaof.4j?c Dc 

.. t = cos CDc ; 

area ot ABC DC 

and CDc is the angle of inclination of the planes. 

Next, suppose the figure to be any triangle. 

Let ABC be any triangle. Let the plane of ABC meet 


o 



the plane of projection in the straight line ah. Let 7 denote 
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the angle between the planes. Join aJ 5 . Then, by the 
former case, 

area of projection of aCb = area of aC 6 x cos 7 , 
area of projection of uBh = area of alih x cos 7 ; 
therefore, by subtraction, 

area of projection of aCB = area of aCIi x cos 7 . 

This shews that the jn'oposition is true for any triangh* 
which has one angular point in the }»lane of projection. 
Hence it is also true for the triangle aAJl And therefore, 

by subtraction, it is true for the triangle ABC. 

• 

Next, suppose that the area i.s any jdane rectilinear 
figure. Then the figure may be decomposed into triangfi’s, 
and as tlie proposition is true for each triangle, it is true fi»r 
tlie whole figure. 

Last, suppose that tlu^ area is boundiul by curv(‘d lim'S. 
Wo may inscribe any rectilinear polygon in this figure, and 
the proposition will be true of the polygon ; and by suffi- 
ciently increasing the number of sidt^s of the polygon, and 
diminishing the length of t‘ach side, the area of the polygon 
can be made to differ as little as we please from the area of 
the figure. Thus we may admit that the proposition is also 
true for the area bounded by the curved lines. 

37t). Tlie projection of the tanrjent at anp point of a curve 
is the tangent at the corresponding point of the 'projection of 
the curve. 

Let P and Q be two points on a curve ; let p and g 
l)e their projections. Tlien the straiglit lino througli p and g 
is the projection of the straiglit line through P and Q. Let 
Q move along the curve to P \ then the limiting position of 
the secant through Pand Q is the tangent at P to the curve: 
and as Q moves to P along the curve, g moves to p along the 
projection of the curve, and the limiting position of the secant 
through/? and g is the tangent at p to the projection of the 
curve. 


371. The projection of a circle is an ellipse. 
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Let Che the centre of a circle ; let BCB be that diameter 
which is perpendicular to the intersection of the plane of the 



circle and tlie plane of projection*. Let AA' be the diameter 
at right angles to BB. 

Take any point P on the circumference of the circle, and 
draw PM perpendicular to AA\ Then 

CiP^‘P^P^CP^^CA\ 


Now, suppose the projections of (7, P, M to be denoted 
by c, j), m respectively. Then cm is parallel and ecpial to 
OM^ and pn = PM cos 7 , where 7 is the angle of inclination 
of PM to its projection. Thus 


(cw)* + 


-CA'. 

COS 7 


Let cm = a?, pm = y, CA = r : then 




cos* 7 


= r*. 


Now 7 is the same for every ordinate ; see Art. 308 ; and 
cm and mp are at right angles by the reasoning in the first 
part of Art. 309. Thus the above equation represents an ellipse 
having r for the semi-axis major, and r cos 7 for the semi- axis 
minor. 


The straight line AC A' is either the line of intersection 
of the plane of the circle and the plane of projection, or is 
parallel to this line. In the former case m and M coincide, 
and 7 is the angle of inclination of the two planes ; in the 
latter case 7 is equal to the angle of inclination of the two 
planes by Euclid, XI. 10. 
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It is obvious that the centre of the circle is projected into 
the centre of the ellipse. 

872. Conjugate diameters of an ellipse are the projections 
of diameters of a circle which are at right angles to each 
other. 

For if diameters of a circle are at right anglt\s to eaoli 
other, each diameter is parallel to the tangent at the extremity 
of the other diameter. 

Hence, by Arts. 368 and 370, the projection of each dia- 
meter is parallel to the tangent to the projection of thi^ 
circle at the extremity of the other diameter. Therefore, by 
Art. 101, the projections of diameters of the circle whicli ani 
at right angles to each other are conjiigati* diameters of tho 
ellipse. 

373. The area bounded by two radii of a circle which 
arc at right angles to each other, and the corn^spondirig arc 
of the circle, is a (piarter of the area of the circl(‘. The<r(‘fort‘, 
by Arts, 369 and 372, the area hounded by two conjugate semi- 
diameters of an ellipse and the corresponding arc of the ellipse 
is one quarter of the area of the ellipse, 

374. To find the area of an ellipse. 

Let a and h be the major and minor semi-axes of the (dlipse ; 
therefore, by Art. 371, the ellipse can be obtairnMl l)y pn>j(‘cti()n 
from a circle of radius a; and the cosine of the angle b(! tween 

the plane of the circle and the plane of the ellipse is - . The 

area of the circle is known to be 7ra* ; scje Trigonometry, 

Hence, by Art. 369, the area of the ellipse is ~ x Trd\ 

that is TToh, 

375 . It is now easy to sec that certain properties may 
be immediately inferred to l)clong to the ellipse from tl)o hict 
that they belong to the circle ; for cxamj)lc, the restdis of 
Arts. 182, 184, 185, and 194 may bo thus obtained. Such 
properties are called projective properties, 

•Also Art. 203 may be thus obtained ; for it is obvious by 
Euclid, III. 31, that if a chord and a diameter of a circle are 
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parallel, the supplemental chord is parallel to the diameter 
of the circle which is at right angles to the first. 

370. Again, Art. 208 may be obtained by projection. 
For by Euclid, iii. 35, if two chords of a circle intersect, the 
rectangles contained by their segments are equal. Denote 
the chords by FOp and QOq^ so that PO x Op^ QO x Oq, 
Let CD be a radius parallel to OF, and CE a radius par- 
allel to OQ. Then as CD= CE^ we have 

POx Op_QOx Oq 

Now when the circle is projected into an ellipse, since 
FO is parallel to CD, the projection of PO bears to the 
])r()jection of CD the same ratio as FO bears to CD ; and in 
like manner the projection of Oj} bears to the projection of 
CD the same ratio as Op bears to CD. A similar remark 
applies to the projections of QO and CE, and to the pro- 
jections of Oq and CE. Hence the property of the ellipse 
follows from that of the circle by projection. 

377. It will be instructive for the student to apply the 
metliod of lu'ojections to the following examples: 20, 38, 42, 
50 of tluj Examples attached to Chapter ix, and 2, 3, 9, 
1.9, 23, 24, 25, 31, 32, 43, 52 of the Examples attaclied to 
Cha})ter X. 

378. We proceed to consider the other kind of projection 
which is called conical projection, and sometimes perspective 
projection. 


379. Definitions. Tlie conical projection of any point 
on a given plane is the intersection of the plane by a straight 
line drawn from a fixed origin through the point. The conical 
projection of any line, straight or curved, is the locus of the 
conical projections of every point in that line. Or we 
may put the definition thus: if every point in a line, straight 
or curved, be joined with a fixed origin, the assemblage of 
these joining straight lines will constitute a cone, and the 
intersection of the cone with any given plane is called the 
conical projection of the line on the plane. 
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The fixed origin is called the vertex, the given plane 
is called the plane of projection ; when tlie projected line lies 
in a plane, that plane is called the original plane. 

3S(). It is obvious from our definition that the shadow 
formed on any plane by a figure when light falls on it from 
a point, is the conical projection of the figure corresponding 
to the point as vertex. 

By tlie single word projection in the remainder of this 
Chapter is to be understood conical projectloii, 

381. The projection of a straight line is in general a 
straight line. 

For tlie projection of a straight line is the intorsootioii of 
two ))lanos, namol}', the }>lane of jirojection and the })lane 
passing through the given straight lim‘ and th(‘ vertex. 

If the given straight line passes through th(^ verhix, its 
projection on any }»lane not passing through the vertex is 
a point. 

382. The projection of the tangent to a enrve at any point 
is the tangent to the projection of the curve at the corresponding 
point 

This may be established in the manner of Art. 370. 

383. Projections on parallel planes of the same figure 
with the same vertex are similar. 

Let 0 denote the vertex. Let P, Q, R be tb<^ projections 
of three points of a figure on any ])lane ; /?, g, r the {pro- 
jections of the same points respectivady on a parallel plane. 

Join PQ, QUipep Then hy Euclid, vi. 4, 
IfQ^OP^QR 
pg Op (jr 

Also the angle PQP = the angle by Euclid, Xl. 10. 

In this way we can shew when the projections are recti- 
linear figures that they are similar ; an<l the projwsition may 
l>e extended to curvilinear figures in the manner exemplified 
in Art. 3(J0. 
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384. It follows from our definitions that if two plane 
sections be made of a cone, each curve thus obtained may be 
considered as the projection of the other. Now it appears 
from Art. 349, that any conic section may be projected into 
a circle by a suitable adjustment of the cone and the plane 
of projection. And thus it will follow that certain pro- 
perties may be inferred to be true for the conic sections 
when they have been shewn to be true for the circle. Such 
properties of a figure as may be inferred to be true for the 
projection of the figure are called projective properties. It is* 
not possible to give a brief definition of these properties ; 
it will be seen that they relate to the positions of points 
and straight lines, and not to the magnitudes of lines. < 

385. For an example of projective properties we may 
take the theory of polos and polars. Thus the properties 
of Arts. 101 and 102 being demonstrated for a circle, may b(‘ 
inferred to be true of any conic section by Arts. 382 and 
384. 

Again, Pascal’s Theorem and Brianchon’s Theorem might 
be demonstrated for the circle, and then inferred to Iiold for 
any conic section. Of course the method would bo ad- 
vantageous only in the case in which it w'dild be easier to 
demonstrate the property for the circle than for a conic sec- 
tion generally. 

386. But the great advantage of the method of pro- 
jection arises from the fact that by properly choosing the 
projecting cone and the plane of projection, we are able to 
simplify the theorem we wish to establish by substituting 
some particular case instead of the general enunciation : this 
we shall now proceed to explain. 

387. It is obvious from our definition that every point 
has its projection unless it lies in a plane through the vertex 
parallel to the plane of projection ; and then the straight line 
from the vertex through the point never meets the plane of 
projection. Hence we may say that points in the plane 
through the vertex parallel to the plane of projection have no 
projections; this is usually expressed by saying that such 
points are projected to infinity. 
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The plane through the vertex parallel to the plane of 
projection may be called the vertex plane. 

388. 1/ two straight lines intersect in the vertex plane 
their projections are parallel straight lines. 

The projections cannot meet because the point at wliich 
the original lines meet is projected to infinity by Art. 3S7. 

389. Conversely, if the projection of a point is at an 
infinite distance, that point must be in the vertex jdano. If 
the projections of two or more points arc at an itifinito dis- 
tance, those points must be in the vert(\x ])lane ; if the points 
are Itnown to be also in another plane, they must be in 
tlie intersection of this jilanc and the vertex plane, so that 
they must be in a straight lino. 

390. Ang angle mag be projected into an angle of as- 
signed magnitude. 

Let A denote the angular point; let a plane be drawn 
parallel to the plane of projection meeting tlie straight lines 
which form the angle at B and C. (hi BG in tiie plane 
parallel to the plane of projection describe a s(^gnu*nt of a 
circle containing an angle ecjual to the given angle. Join A 
with any point on this segment and take any point on the 
joining straight line for the vertex. Then the angh* BA C 
wdll be projected into an angle of the assigned magnitude. 

391. In the preceding investigation, the plane of pro- 
jection may be any plane which does not coincide with the 
plane of the angle, and is not parallel to it: we may, tlicre- 
fore, take the plane of projection such that the corresponding 
vertex plane shall pass through an assigned straight line, 
tliat is, so that an assigned straight line shall be projected to 
infinity. 

If we require a second angle to be also projected into 
an angle of assigned magnitude, we must determine in the 
manner employed a second segment of a circle ; and when 
these segments intersect, the point of intersection may be 
taken as the vertex. 
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39 2. Any quadrilateral may be projected into a parallelo- 
gram having a given angle. 

Draw the third diagonal of the quadrilateral; see Art. 75. 
Take the plane of projection such that this straight line is 
projected to infinity : then the projection of the quadrilateral 
is a parallelogram, for the opposite sides of the projection do 
not meet. 


393. As an example of the application of projections we 
will take the following theorem : a quadrilateral is inscribed 
in a conic section ; tangents are drawn at the angular points, 
thus forming a second quadrilateral : the diagonals of both 
quadrilaterals intersect at a point. 

Project the figure so that the inscribed quadrilateral may 
be a rectangle; see Art. 392. The sides of a rectangle in- 
scribed in a conic section arc parallel to the axes. Hence, 
by symmetry, the diagonals of this figure and of that formed 
by the tangents at the angular points will intersect at a 
point. 

394!. Any conic section way he projected into a circle, and 
a given straight line in the plane of the conic which does not 
iidersect the conic section may be at the same time projected to 
infinity. 

This has been shewn in Art. 349. 

395. The following demonstration of Pascal’s Theorem 
has been given by the method of projections ; Project the 
conic into a circle, so that the quadrilateral formed by two 
pairs of opposite sides may become a parallelogi-am ; see 
Arts. 392 and 394: the theorem then reduces to a simple 
property of the circle, namely, if a hexagon be inscribed 
in a circle, and two pairfe of opposite sides be parallel, so is 
the third pair. This simple property may be established by 
elementary geometry. 

This demonstration is however not complete. For in 
Art. 394, there is the limitation that the straight line which 
is projected to infinity does not intersect the conic section, and 
thus Pascal’s Theorem is only established for such figures as 
conform to this restriction. Writers who use the method 
of projectious are accustomed to assume that theorems which 
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are demonstrated under certain limitations Avill hold ulieii 
those limitations are removed. For example, a strai^dit lino 
which really does not meet a curve, is called an {deal secant, 
and treated in effect as if it did meet the curve. Ihit it 
would ht' beyond the scope of an elementary work like 
the present to discuss the grounds on which the assumption 
is based. 


EXAMPLES. 


The ft »1 lowing Examples may be treated by tlie method 
of 2 >rojectlons : 

1. CP and CD are any two cmijugate semi-diameters of 
a giv(‘n ellipse ; tangents to the (*llipse at P and JJ imtet 
at T: shew that the triangle CPT is e([ual to the tri- 
angle CDT. 

2. CP and CD are any conjugate semi-diamolnrs of a 
given ellipse; A" is any point in PD, and CL is tlie siuni- 
diuim.UT parallel to PD: shew that the triangle KCL is of 
constant area. 

3. CP and CD are any conjugate serni-diamoters of a 
giv(*n ellipse; Pi} is a chord drawn 2 )ara]lel to a fixed 
.straiglit lino: shew that DQ will be imrallel to a fixed 
straight line. 

4. If from tlie extremities of the axes of an (‘llipsc any 
four jiarallel straight lines be drawn, tlie jioints at which they 
cut the curve will be the extremitie.s of conjugate diameters, 

* 5. CP and CQ are any two semi-diametersof an ellipse; 
from Pa straight line is drawn parallel to the conjugate to 
CP, meeting CQ at J/; from Q a straight line is drawn par- 
allel to the conjugate to CQ, meeting CP at N: shew that 
the triangle.s CPM and CQX are equal. 

6. PQ is any diameter of an ellipse; P, 8 any two 
points on the curve; let Pit and Q/S, or these straight lines 
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produced, meet at JIf, and P8 and at T: shew that TM 
IS parallel to the diameter conjugate to PQ. 

7. If parallelograms which circumscribe an ellipse have 

their areas constantly equal to n times that on the major and 
minor axes, all the angular points of the parallelo^ams lie 
on two ellipses similar to the given one, and having their 
axes to those of the given ellipse as + ± 

unity. 

8. If a parallelogram be inscribed in the inner of two 
similar, concentric, and similarly situated ellipses, and its 
sides bo produced to meet the outer, and the adjacent points 
of intersection belonging to each pair of parallel lines be 
joined, shew that the quadrilateral figure formed by producing 
these joining straight lines will be a parallelogram, having its 
corners situated on a third ellipse, similar to the two former, 
and independent of the original parallelogram. 
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ANSWERS TO THE EXAMPLES. 


CHAPTER I. 

8. The coordinates of I) are | (a:, -f and (y, + y J The 
co-oMinat(‘8 of G are J (x^ + J (y^ + y^ + y,,). 

10. Ijot r and 6 be the polar co-ordinatcH of C, Tlien the 
angle AOC = the angle HOC] or 0 - 0^ - 0^ - Oy thus ^ (0 ^ 4 6^, 

Again, from the known expression for tlie ai(‘a of a triangle 
(see TvujonompXryy Chapter xvi.), triangle AOli - ^r,rjj8in 
triangle AOC ^ ^rxrm\{0 triangle BOV 

Thus sin {0^ - ^i) = r^r sin {0 - 0^ + r/ sin {0^ - 0) 

-- r(r,+r,)Kiii |(l9,-e,); 
therefore r (r^ + = 2r/a cos ^ (0^ - 6). 


CHAPTER III. 


1. 

(1) y + 2x=l. 

(-^) 

« = 

2. 

(3) y 

X. ()) x = 

0. 

0 

1 

II 

1 

y- 

-4: 

J(x- 

4). 



3. 

y-l = (V3-2)^c, 

y “ 

-1 = 

= -(V3 + 2)x. 



4. 

y = x, y=-x. 

5. 

y. 


a = 0. 



G. 

90', x = -\, y=?. 


7. 

GO®. 

8. 

45'. 


9. 

y = *(*-«). 

10. 

y 

= a?. 

11. 

2^2. 


12. 

ah -« 



ah 

14. 

X y 1 

1 



:y = 

a 4- 6* 

a* t’ ~ a 

"* h 


15. (1) The origin. (2) Two straight lines, y*® and y = -*a;. 
(3) Two straight lines, « = 0 and * + y = 0. (4) The axes. (5) Ini- 
lK)S8ible. (6) Two straight lines, x ==0 and y = a. 16. (1) Two 
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straight lines, a = a and y^h. (2) The point (a, h), (3) The point 
(0, a). 17. The straight lines y = x and y=Zx. 1 9. iy = 5x, 

and 3?/ + 2aj-20 = 0. 20. Let a be the length of the side of 
the hexagon; the equations are to AB, y = 0; AG, yJ^ = X] 
AD,y^x^JZ\ AE,x^^\ AF,y + x = 2^ = ^/3 (a? - a) ; 

BD, x-a; BE, 2 / + ^3 (a:-a) = 0; BE, 2 / +«-» = 0; CD, 
2/ ® \/3 ~ \/^ i y X = 7 >Qi *, CF, 2y = (i;^3; DE, 

y = J^a\ DF, y^3-a; = 2a; EF, 21. If 

(^i> y)y (^a» Vify (^ 3 > angular points, the co-ordinates of 

tlie point midway between the first and second are — ^ — ; 

similarly the co-ordinates of the point midway between the second 
and third points are known ; and then the required equation can 

be found by Art. 35. 22. ytana). 24. ~-f ^=1 

^ ~ ; tangent of the angle between them , 29. The 


points whoso ahscisste are a-f^^(a® + 6“) and a + h^). 

31 , ~ ^ 

of straight linos through the origin; sin 30=0 gives the three 
straight lines y-O, y - x y--xj3, 4(1. The second 

pair of straight lines Insect the angles included by the first pair. 
44. Let ABC be the triangle; take A for the origin and straight 
lines through A parallel to the tw’o given stmight lines as axes ; 
let aij, 2/1 he the co-ordinates of B, and a?^, y^ those of (\ Then it 
may bo shewn that the equations to the three diagonals are 


y-y.= 


.*'1- 


fi'om these equations it may be shewn that tlie three diagonals 
meet at a point. 45. Take 0 as origin and use ix)lar equations 
to the given fixed straight lines. 46, Let 0 ^ be the abscissa of the 
point of intersection of the t>vo straight lines ; then the area of the 
triangle is i (c* - cj asj, 47. This may be solved by Art 11. 
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Or we may use the result of the preceding Example; for by di*aw- 
ing a figure we shall obtain three triangles to which the preceding 
Example applies, and the required area is the difference between 
two of these triangles and the third. The result is 

\2 (m, - Wa) 2 (to, - TOj) 2 (to, - «>,) J ’ 
which may also be written thus 

2 (//jg - 7n^) - m^) - m^) 

That sign should be taken which gives a positive result. It will 
be se?n that the numerator vanishes if the three points of inter- 
section of the straight lines lie on a straight line ; the denominator 
vanishes if any two of the straight lines are parallel. 

CHAPTER IV. 

CC V iC V 

1. - 4- i 4- 7. Since the renuired straight lino is 

a b a b 

parallel to that conHidcrcd in Exam\)le 5, we may assurai^ for its 
equation a cos A — p cos J5 4 - /c = 0, wdu;rc k is some constant to bo 

c 

determincjd. Now' at the middle jK>int of AB^ wo liavo - a - sin />*, 

Jd 

c c c 

- jS ~ sin A j therefore - , sin B cos A + -■ sin A cosB + k == 0 ; 

thus h is determined. 13. Assume for tlie ccpiatiou \?x+/ir4-viO" 0; 
then since the sti*aight line passes through the first point, 
XZ 4-ftm 4 - vn -- 0, and since it jiusses through the second jxjint, 
XZ' 4- ixm 4- - 0. From these two equations find tlie ratios 

of Xf fly V ; thus wo obtain for the required equiition 
{mn — mn) u 4 * {ul' - 7t'Z) v 4- {Im' - I'm) to = 0. 

14. ah (u-v) c(b + a)to = 0, 

15. Assume for the required equation la + mfi 4 ny = 0 ; at the 

centre of the inscribed circle a = ~ y ; tlius Z4-m4'ne0; at tbe 

centre of the circumscribed circle a, /?, y are proportional respec- 
tively to cos if, COB J?, cos (7 ; thus Z cos ii + m cos i? -f n cos C s 0. 
Hence the required resnlt may be obtained. 

T.C.a 


22 
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18. To CFy 2mv - wu>s= 0 ; to DP, %lu - + nw? = 0 ; 

to AQ, lu — 2mv + 2nw = 0 ; to BQ, hi ~ 2m» = 0. 

26. Take o = 0, )5 = 0, y = 0 to represent the sides of the 

triangle A*B'(T \ then the equations to BC, CA, AB will be resjiec- 
tively -f y - 0, y + a ■* 0, o + = 0. Then the equation to AA^ 

will bo /?-y = 0, so that A A' is perpendicular to BC\ 

27. Tlio equation to 00' is - y = 0 ; take )3 - y - Xa = 0 
for the equation to the straight line drawn through D. Then it will 
be found that the equation to OF is /S - y — X (a — y) = 0, and that 
the equation to O'E is /3 - y - X (a + )8) = 0. Thus at the point P 
we have ^ = - y. The same relation holds at the point Q, 

2g + + 

J(t* + 'm* + — *lmn cos A — 2nl cos B ~ 2lm cos ( ') 

I' a + m'p + n'y 

~ ^ ^ cos A — '2nC cos B - 'Sl'm' cos C ) ' 

30. See Ex. 29 and page 72. 31. Denote the triangle 

byPO^?; the area is o whore p is the j)erpendicular 

from P on Qli, Tlio length of this j)eq)endicnhir is known from 
Example 30 ; and sin P, sin Q, and sin B are known from page 70. 


32. aX + 5/4 + cv = 0, 33. ?X + mp + nr = 0. 

€L — OL B — B' 

34. We must have , - - " identical with 

X p 

a — aa + hfi — (aa + ^ 

X cv 

A Tt J 

this gives oX + 5/i + cr = 0. 35. We shall find that - , — ; 

AC tc + nd 

, AF Jh - triangle AEF Phc 

and ; hence -7 - , . = n r-j, 

AB lb + ma triangle ABC (Ic + na) (lb + imi) 

triangle DEF _ 2abc Imn 

triangle ABC ” (fc + na) (lb + ma) {nb ^ vie) * 
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Q 

37, Divide by y* ; thus we have a quadratic in ~ : then 

as in Art. 60 we obtain {F^ - AB) (/>* - BC) = (FD - /iA)*, that w 
AD^ + BE^ + CF^-^ABC- WEF^ 0. 

38. See Art. 9 and xii. of Art. 78 : thus we get the firat 
form. Also (a^ - a^) sin A 4- (y3i ~ sin B + (yj - y,) sin 0 0 ; 
transpose the last term and square; thus wo exj)ro88 (a, — a^) 

in terms of (a, - a^)*, and (y, - y^)“, and so obtain the 

second form. To obtain the third form from the lirst wo put 

~ {(^1 ” ^ (yi ~ 7a) shi 6*1 for (ai - ttj,)®, and make a 

similar substitution for 

CHAPTER V. 

1. (x* + 2/^)* 3. y'* 

4. y* sin*a= 4rt;c'. C. By Art. 83, wo have 

sin(<j)— a) 8in(u) — /3) , sin a , sinfi 

fTt ~ ■ • - . ■ . . . 71 ~ . • 

sin (0 sin (II sin ui sin oi 

CHAITER VI. 

1. (1) Co-ordinates of the centre 2 and - 2, radius 3. 

(2) Co-ordinates of the centre —3 and '2, radius J. 

2. The first stniight line meets the circle nt the points 
(-4, 3) and (3, — 4); the second at the jioints (0, - 5) and (-5, 0); 
the third touches it at the jxiint (- 4, — 3). 

5. a® - ar {z 4 - a;") + y* - y (y + y ') 4 zz 4* yy" 0. 

8. For determining the absciss® of the jioiuts oi' intersection 

( 2.»v oz. 

1 4- ^ 4- y {h -‘k)z^ 2az 4 ^ - 2bk = 0 ; if the straight 

line touches the ciix'le we must have {kb ~ ha)* 2kh {ka+ hb)^h^k*, 
9. 2y4 33C = 0. 14. ar* 4 y* - a^/ - Ac ~ /:y = 0. 

15. Inclination of axes 120® ; co-ordinates of the centre eaoh = h ; 
I'adius^A. 16, Inclination of axes 60^; co-ordinates of the 

22—2 
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oentre each = ^ ; radius = . 

18. a^ + ^-¥x^+x + y-l=0. 


17. a* + y'4-a:^^2 ~ 9 =0. 
1 o - 2/iA; cos w) 


27. A circle. 

28. Use the equation in Example 26. 29. Using polar 

co-ordinates, we have 

r + J{r^ + a* - 2ra cos + a* - 2 ra cos (3 ” | i 

reduce and we get |^3r — 2 a cos - 0 ; thus the locus is 

the circle circumscribing the triangle. 


23. fl=‘ + y'=«(a: + j 3 );r=^*cos( 


30. siu*a-f-sin *)8 + sin*y-i- ... ~ cos* a + cos® + cos*y+ ... 

and sin 2 a + sin 2P + sin 2 y -H . . . - 0 . 

32. If the j)erpcndioulars are both on the same side of the 

straight lijie the locus is a circle ; if on different sides the locus 

consists of two straight lines. 33. A circle. 34. A circle. 

3G. Solve the quadratic in r ; it will Ih' found that r = 2a cos $ 

or - a sec 6 ; thus the locus consists of a straight line and a circle. 

38. Take the extr(*mity of the diameter tis the pole ; it will 

follow from Example 37, that the tangent at P is i*epresented by 

the equation 2 ccos*a = r cos ( 2 a — ^), and the tangent at Q by the 

liquation 2c cos* /? = r cos (2/3 - 6). These tangents meet at T, so 

. , . . , cos (2a -^) cos {2/3-0) . 

at that point wo have — - = 7 1 “^m tins we shall 

^ cos“a cos p 

find tand = , so that if (7 bo the centre of the circle 

2 cos p cos a 

Ct = — . Hence we can shew that Cg — Ct = Ct — Cp. 

2 cusp cos a ^ ^ 

39 and 40. Assume a;* + y* + Ax + By + C = 0 for the required 
equation, and substitute successively the co-ordinates of the given 
points (* 1 , y,), (sr,, and (aj„, y,). It will be found that the 
values of A, if, and C have for their common denominator 
+ Then see Art 36. 
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CnAPTER VII. 


t « 

4. a = and x + y= 

fl + o 

5. Let y = vvc be the equation to one straight lino ; then 

* ^ * !y(i ’■ + “’) = (y. - i 

this is a quadratic for finding m, and wo may replace m by 

X 

V AV + C*a’ + n‘ac + ACb*-1A Cae - Ith {Ac + Ca) - 0. 

10. Let the given ratio bo that of <7 to p ; then tho required 

J3 ff 

equations are (la 4- 7np + jiy) -^4: a + 7tip + n'y), wJicre 

A V 

7^® -- Z* + w® + 71® ~ 2m7i cos A ~ 2nZ cos B - 2 / 7/1 cos C\ 

Q* = /'* + 7 / 1 '® + 7i'® - 2m It cos A — 2n!l cos 7i - 2/V/i' cos C. 


11. Let a and p be the inclinations to the axis of x of the 
straight lines repres(3nted by tho given equation ; and lot 0 bo 
the inclination of one of tho bisecting straight lines. Then 

^ i (a 4- /3), or “ 4- J (a 4 - p), SO that 2^ = a + /?, or ir 4- a + 

In both cases tan 20 -- tan (a 4- 0), so that 

2 tan 0 tan a 4- tan 0 
i ~ tan" ^ 1 — tan a tan p * 

Now by the theory of quadratic equations tan a 4 - tan P 


and tan a tan 


And as the ec[uation to one of tho required 


2'fi^ 

straight lines is y = rc tan 6, we have finally = 


B 

A^(J* 
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CHAPTER VIIL 


1 . y=i2x. 2. y*= 5 aa 5 -a:*. 3. The locus consists 

of two parabolas of which the centre of the circle is the common 
focus, and the directrices are the two tangents to the circle which 
are parallel to the fixed diameter. 4. The second curve is 
a parabola having its axis coinciding with the negative pari of 
the axis of y ; the curves intersect at the origin and at the point 
a;s=4a, y~ ~-ia, 5. y = x + a, 6 . tan~^ 7. y + a: = 3a. 

8 . At the point (9a, — 6 a) ; length 8 a J2, 9. y = 2a ^3, 

a: = 3a. 11. The abscissa of the required point is 0 or 3a. 

13. The curve is a parabola having its axis parallel to that 6 f y, 
and its vertex at the point The straight line is a tan- 
gent at the point £C = 1, 3 / = 0. 20. Abscissa of required point is 

^ y ) » ordinate - ^y- + y'^ ; length of chord ^3 (4a*+2^'*)^. 

22. Locus of Q, a:s=-2a. Locus of Q\ x^ = ay^, 23. Refer 
the parabola to PT and the diameter at P as axes. See Art. 151. 
25, See Art. 155. 27. Transform equation (1) of Art. 125 

to polar co-ordinates, and we shall deduce r * 2 tt . 

sin'* 

28. Use the result of the preceding Example. 


29. 


sin 0 * ^(- cos 2 ^) 


30. The locus is a 


cos*^ 

parabola ; see Art. 147. 32. Jx + Jy = J{a2 J2), 

33. (2/' ~ - Sax' J2 - 0. 34. x® 4- y®- x (a -f- x') - yy'+ ax = 0. 

37. Use the result of Example 5, Chap. vi. 41. The equation 


to one tangent can be written y « w (x + a) -f- ~ , (see Example 40), 

and that to the other y = ~ ~ (x + a') — am. By eliminating m 

we have for the required locus x + a -f a' = 0 . 42. Take for the 

equation to the chord y = mx + ; then to find the abscissa of the 

middle point of the diord we must take half the mm of the root* 

of the equation {mx + n)*s= 4ax ; so that the abscissa is 
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Now since the chord touches the parabola y* » 8a (« - c) the equa- 
tion {mx + n)* 8a (a - c) must have equal roots j by meaus.of this 

condition it can be shewn that = c. 44. The oqua- 

tion to the normal at a point («, y') is {x-x'). If 

Jill 

the normal is to pass through a given point (A, k) we have 
y' f/ * 

k — also x ' Thus we obtain a cubic 

2a ^ ' 4a 

equation for determining y', namely y'® -f 4a (2a - //) y - 8a* A ~ 0. 
By Chapter iii. of the Theory of Eqtmiiom the sum of the roots 
of Hiis cubic equation is zero. The points of inttirsectioii of the 
parabola with a circle (x-^hY + (y found by combining 

the equations to the two curves. Thus we obtain 




which is an equation of the fouHh degree in y. By the Theory 
of Equations the sum of the r(«)ts is zero. If then t]n*eo of the 
roots coincide with those already shewn to have a sum equal to 
zero, the fourth root is zero ; and the corresponding point is there- 
fore the vertex of the parabola. 45. Tln^ hingents of the 
inclinations to the axis of x of the three normals that can bo 
. drawn through a j)oint (x, y) are determined by the C(piatioa 

See Art. 135. Suj)pf».se 7/i,, m,, the 
roots of this cubic, then by Chapter iii. of the Theory of Equations 


IMj 

- 0 , A- = 2 - , 


y • 

a * 


if two of the normals are at right angles w'e may put 1 ; 

from these equations by eliminating 7 / 1 ^, and we find 
y*~a(x— 3a). 46. By the length is meant the lengtli of the 

common chord ; by the breadth is meant the distance between 
the two tangents which are parallel to the common chord. 


A*-4aA 

V(l*+4a*)‘ 


55. 


The equation y=:7fMJ+~ repre- 


47. 
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Bents a tangent to the parabola ; if this passes through the point 
Ve have also where (a?, y) is any 

point on the tangent ; thus k - h = i give 

the first form of the equation. The second form may be deduced 
from the first ; the student will see hereafter what suggested the 
second form; see Arts. 341 and 343. 56. The equation 

y* = 4aaj represents the parabola ; and the equation hy — 2aaj = 2a7i 
represents the chord of contact; hence it follows that the equa- 
tion 4aa;(%- 2aa;) = 2a/iy represents some locus passing through 
the intersection of the parabola and chord ; then see Art. 

67. X = ^ - , y = a + - V If the equation to the third 

\m^ mj ^ 

tangent is y = m^x -f — the required ordinate is 

/111 1 \ 
a( — + — + + ). 

CHArTEK IX. 

1, 2. y + 6X = a; the intercept on the axis of 

»Jo 

d X 

« = ; and the intercept on the axis of y = a. 3. y + ae* = - . 
€ e 

4. The excentricity is determined by c^-f e*= 1. 6. y~^^ {x + a); 

d 

b^x h 

^ ~ a*e ’ straight lines are parallel if 2e* ~ 1. 6. y ~ ^ (a* - oc) ; 

2<x(j 

the abscissa of the point of intersection is -r- — o . 

^ 1 +e“ 

/I . \/ \ X -1 ^ o 2a*e-uaj'(l*4-c*) 

7. y = - (1 4 - e)(« - a) ; tan * = y. 8. —p : — , . 

l+e+e* a(l +e*)->2ex- 


9. The co-ordinates of the point are x = 


a* 6* 

V(a*+5*)’ 


10. The co-ordinates of the point are x = 


72’ 


y= 


n/5- 
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19. It will be found that the circle falls entirely without the 
ellipse if the inclination of the two parallel straight lines to tlio 


major axis be greater than tan*“* 


-co8^ + '^sin<^~ 1. 


25. The co-ordinates of the required point are 

y ; the straight lines are parallel when 6^ 4* e* = 1. 

28. x*+y*-x(ae-\’x')-‘‘^y -k-aex'- O. 30. If the punt (A, /•) be 

2n^b* 

between the directrices, the sum of the pcri)cn(liciilars is - ; n i v t 

w At tO n ) 

if tiii point (/*, k) be not between the directrices, tlie sum of the per- 
pendiculars is ± » the upjvor or lower sign being taken 

,J\(l K + 0 n) 

according as h is positive or negative. 31. A circle having its 
centre at the centre of tlie ellipse and radius = a + b. 

32. y ± a; sfc J{a* + 5*). See Art. 171. 34. liocus is the 

circle ~ a* + 6* ; this may be ded\iced from the second part 

of Example 33. 35. See remark on Ex. 55 of (3hiip. viii. 

42. The first part of this Example may bo solved by finding the 
equation to the straight line passing through the points of inter- 
section of the two elli[)SC8. 45. x* + y* =- (a* + 5“)^ (x + y). 

46. Let A, k be the co-ordinates of an external |H)int ; the eqiuv- 
tion to the corresponding chord of conbiet is a^ky -f b^hx a'6* ; 
tlio equation to the straight lino through (A, k) p?rpmdicular to 
the chord is (y -- k) b^h ~ a^k (x - h). Wo require that the latter 
straight lino shall be a tangent to the ellipse ; tlie neco^ssary condi- 
tion may be found by comparing this equation with the equation 
y" 7 nx+ ^(m V 4- 5*) ; thus w’e shall obtain for tho condition 
Fa* 4- A*6* = h^k^ (a* - A*)*. 48. a* (/ 4- 2yA) 4- A» (F + 2xh) = 0. 

51. Transferring the origin to tho vertex of the ollii>so the equa- 
tion becomes 

y = m (x - a) -I- ■fA*) = ?n«-ma4-wa^l4- ^ 

^mx-ma^ma{\ 4*— -7 — where c = (l ~e)a. 

( vva ) ' 
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Expand the equane root by the Binomial Theorem; then ulti- 

* ^ 

mately whea e = 1 and a is infinite, we Lave y = mx + — . 

7H 

52. An ellipse. 53. The locus is an ellipse ; if A be 
the origin, AB the axis of x, each of the co-ordinates of the focus 

is equal to half the radius of the circle. 54. 55. Put 

a cos for x and h sin ^ for y in the preceding result (Art. 1G8); 

then the greatest value is . 57. Let P denote a point on 


the ellipse, and Q the centre of the circle inscribed in the triangle 
II j then it 2 / be the ordinate of P it may be shewn tbit the 

rmlius of the circle which = • this 
seiiliperiiiieter of triangle I + e^ 

is the oniiiiato of Q. Let x be the abscissa of P, then it may 
bo shewn that the abscissa of Q is ex; thus it will be found that 
the required locus is an ellipse. 58. Find the point at which 
moots the nonnal at P; also find the point at which II2' 
moots the normal at it will then apjiear that the j>oints coin- 
cide. GO. See Example 12 of Chapter vii. 


CHAPTER X. 

1. *6 (&C — rty ) + ya (ny' + ) = a V. 2. Refer the ellipse 

to the diameter and its conjugate as axes. ,1. See Art. 11. 
8. r (a* sin’ e + b’ cos* 0) = 2ab‘ cos 0. 9 and 1 0. Use the re- 
sult of 8. 1 2. Result the same as that in Ex. 11. 13. Tliey 

intersect when « 0 and when 5 = " . 14. The equations to 

the tangents at the ends of the latera recta are (Art. 205) 
r(eco8fl + 8ine)r=o(l-e*)j r(sin5-«co80) = o(l +6*); 
r (eoostf-sm 5) = o (!-«•); r (sinS + ecose) = -a(l +e»). 
The equations to the tangents at the ends of the minor axis are 
r8in^ = &; rsintfs — 5. 15. A straight line through S. 

See Art 205. 17. oo8S = -i^„ r = a(l +<»'). 18. Be- 
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tween - and ? . 20. See Art. 208. 22. The sine of the 

a 0 * 

angle between tlie radius vector from the centre and the tangent 
is ^ , where (a* + 6*- r®) = by Art. 19G ; then the least value 

of^^gmaybe shewn to be when 29. It may be 

shewn that the axis of the parabola must coincide witli one 
of the axes of the ellipse, hence the latua rectum will l»e either 
2a* 26* 

„ -r:.-; Or cllipSC. 32. Au clllpSO. 

35. ^se the ])ohir equations to PQ and pq ; see Art. 205. 
38. Two of the sides of tlic parallolognini are dcbu’inined by the 

equations - cos sin * 1, and the other two by ilio 
a 0 

. .T V * 

equations cos + ‘^ sin 1 ; st*e Example 22 of Cliap. ix. 

It may b(‘ .shewn that the diagonals of tla? ]»arallelogra!n inter- 
sect at the centre of the ellij)se ; th(*u if the c(‘ntrc of the ellipse 
be joined with two adjacent corner.s of the ])arallelognim the 
triangle thus formed is one fourth of the parallelogram ; and 
the area of the triangle is known by Examj)le 7 of (.‘haj). i. 

41. Tlie abscis.sa is , and the ordinate . 42. The 

0 a 

co-ordinates of the intci*Hection of the tangents are found in 
Ex. 41 ; call them h and then use the second form given in 
Ex. 35 of Chap. ix. 44. The greatot value may 

be found by substituting for x' and p tlnur vabuis from Art, 1G8 ; 
it is o6(^2-l). 48. An ellipse rebiiTcd to its 

equal conjugate diameters. 51. This may be solved by means 
of Ex. 50. Or we may take the usual axes, then if y be the 

co-ordinates of P those of 31 will be and — ; 

a +6* a + 6* ' 

those of A will be and * Hence the solu- 

a* a + 6* 

tion can be completed. 52. See Art. 208. 
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CHAPTER XI. 

1. ~ 3aj* ~ — 3a*. 2. A straight line. 

Arts. 178 and 228. 


7. See 


CHAPTER XII. 

3. Lot a straight line be drawn through the focus meeting the 

hyperbola at P and p and the asymptotes at Q and q ; then it may 

- , X r. 2 a(c*-l) 2 a sin* a ^ 2 a sin a sin 6 > 

be shewn that Pp = — -r, — , ' 7 , = - « » » W = t » 

^ 1 -ccosd cos a — cos 0 ^ cos*a-cos 6^ 

and the required length is half the difference of Pp an«i.‘ Qq, 

4. Take the centre of the circle as the origin, AB as tlie axis 

of a:, and a diameter parallel to PQ as the axis of y ; then the 

locus is given by the equation and is therefore a 

rectangular hyperbola referred to conjugate diameters. 9. By 

Uk^ - 4aA) 

Example 53 of Chapter viii, wo shall obtain tan a = ^ ^ ^ ^ ' ; 

thus (A + a)® tan* a = P - iah ; therefore {h + a)® sec® a - V + (4 - a)*. 
10. Both the diameters must meet the curve ; it will be found 
that this requires the conjugate axis to be greater than the trans- 
verse axis. 


CHAPTER XIII. 


1. Tlio equation may be written {x - 2 ?/) (x-2y- 2a) = 0, and 
therefore represents two parallel straight lines; a straight line par- 
allel to them, and midway between them, will be a line of centres. 
4 c 

2. 4 ^ , k= . 3. Two parallel straight lines. 4. A 

o 

parabola. 5. An hyperbola if the angle A is less than 
an ellipse if it is greater than ^ , a straight line if it is equal to ^ . 


6 , The equation to the hyperbola is a*y* = a*4* - ^aVx -h 34*a;* ; the 
asymptotes are determined by the equations ay = * ^a; - h 
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8. The locus is then a straight line which coiuciJos witji tlie 

equal axes. 10. Use Art. 205. 11. ^ . 13. Tan"' | . 

4 6 

14. {ay + * V Wl' - Sa^S^x - a» 08 + y + = 0. 

17. (1) A circle about the otlior focus of tlio given cllijise tui 

centre; (-) an ellipse about the other focus of the given ellipse 
as focus, and having the same excentricity as the given ellipse. 
18. The equation is (y - + 1) (y - 2x + 4) = 0, and therefore 

represents two straight lines. 21. Use the result given in 

Exj^ple 5G of Chap. viir. 2G. The equation may be written 
{J + y -f- xy J'2 - a*) (a;* + y“ - :ry J2 - a*) 0. 

27. Take AB and AC as axes of x and y. Let the angle 
BBA and the angle Pi A bo each t^qual to a, and the angle 
BAC ^ 0 ). Let X and y be the co-ordinates of P \ then 
y sin (II xsinoi^ 

siiitt ’ sin a 


And BC^ = BP^ + CP^ - 2BP . CP cos BPC. 28. Take the 

given ]K)iut as the origin, the common tangent at that point us 
tlie axis of y, and tlie diau\et(.T thro\igh that ]K>int as the tixis of 
X. Tlu‘ii the equation to the j»anibola will b(t of the form y*--- 4ca;, 

sAnd the equation to the other tangent y - nix + -J- , wliere ni is con- 

fitJfht for all the parulx)la8. Wliatever lie the value of c tho jwiiiit 
of contact is on the locus - Axm {y - mx)j which is olitainod 
by eliminating c; that is on the locus (y- 2nixy - 0. 2i), Wo 

// 

may take for the equation to the ellijisc y*»*- - (2aa;-a;*). Let 

Ut 

{x\ y') be a jioint on it ; then the equation to one of the straight 

^ ^ 2bx 

lines IS y + 2o = — ^ x\ ])ut y ~ 0, then 

the length of one segment. The length of the segment at the 

qP\ 

other end of the major axis will be ~ “ • • and therefor# 

y-vlo 

the length of the third segment • 


30. Take one of 
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the ellipses, and refer it to its equal conjugate diameters as axes, 
the axis of x being that which passes through the fixed point. 
Let C be the centre of the ellipse, P the point of contact of the 
tangent from the fixed point, PJf the ordinate of P : then it 
may be shewn that M ia a fixed point and JfP a constant length. 


and 


31. 

7/P 


/PPY_ 


SP.IIP 


HQ 
by Art. 158. 


by Arts. 208 and 193. Also f ^ = 


PR 

QR’ 


32. 


SQ 

Refer the ellipse to rect- 


PP' 

HQ ^ QM^ 

angular axes with P as origin and PK as the axis of x. The 
equation will be of the form aaj** 4 - hxy + cif dx + e.y = 0. -xnen 
the equations to PQ and PR will be of the form y = mx and 
y = mx. The equation to QR can now be obtained ; it will be 
found to be 


X {ehm^ — edm^ - dci) + y (fiot - 5(7 + eem^) + — P = 0. 

This may be written in the form 

{.'c {eh - at) + yec + c®} 7 / 1 * ~ {xda ■¥y{hd- ea) + d^\ 0, 

80 that the straight line always passes through the point de- 
termined by X {eh - cd) + yec + ^ 0 and xda, + y (6c5 - ea) + P = 0. 

See Art. 77. 


CHAPTER XIV. 

2. Each locus is an ellipse. 4, 5, G. Use the equation 

in Art. 294. 7. The equation to the ellqise is “j + n ^ i 

a 0 

the equation to the choixi of contact ^ ^ = 1 i hence the 

flC* 

equation *^8 represents some locus passing through 

the points of contact. 10. The equation to the hyperbola 
ia (y - A*) 6*x = (x — A) o*y. 12. Let y\ y" denote the two ordi- 
nates which correspond to the same abscissa x'; then 

y' « - 5x' + V(5 V - ax'* -/), y " * - 5x' - ,y(6 V* - ax'* -/)• 
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The equations to the normals are, by Art. 284, 

(y - y') (ax' + by) = (y + hx) (x - «'), and 

(y - y") + %") = (y ' + - «') ; 

by addition (a - h^) x (y + 26a;') + 6/= 0. . .(1) ; 
by subtraction 6 (y + hx) - (a - 6*) x - x - a;', 
therefore a;' (1 + 26'^ - a) = a? - 6y (2). 

Substitute the value of x from (2) in (1) and the rcquiivd equa- 
tion will be obtained. The locus is an hypt'rlmla. 1.3. Locus 
a <\jiic section, which passes throuj^h // and 7/, and thronj^h the 
intersection of the fixed straight lines. IH. A circle having its 
centre on the straight line joining the two ]>oiuts. l‘.». Two 
loci, an ellipse, and a ]«\rabola. 20. A circle. 2.3. See 
Art. 29.3. 2(). Use the ecpiation to the parabola givim in 

Art. 294, and the equation ti» the cinde given in Kxanq)le 2 1 to 
Chap. VI. 29. rsin2d = c. 30. a*. .32. See 

lllxainple 30 to ( 3iaj). x. 35. An elli[>s('. 37. In tlie first case 
the locus is a circle ; in the second it is a stiaiglit luie. 38. A 

circle having its centre at 77. 44. *. + , , = 1, 40. llie 

° a 0 


equation is y* - 4a (jc - 8ci). 50. The straiglit line ^ ^ •“ 0, 

bisects the chord of contact, and is tluTcforo parallel to tln} axis 
of the pambola ; if through the point (a, 0) a straight line Ikj 
drawn making tho sanio angle with the tangent at that j>oint 
as the axis makes, the focits must bo in this straight line : 
y(a + 2b con co) + 6 (x - a) 0 is the equation to this straight line. 
Similarly we can draw a straight lino through tho [H)int (0, b) 
which will also contain the focus. 52. Wo may take for tho 
equation to one normal y = mz — am - aw*, and for the other 
X9m'y-am'--am'^; also Then by addition y+x=m(x^y). 

Substitute for m in the first equation and reduce ; thus we obtain 
2a (* + y) = (^ ~ y)* S3. We have to eliminate m between 
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Square and add j we shall obtain after reduction 

y- + (1). 

aVU-ij +(a‘ + b‘y 


Also (y - mx)* (a* + m*i®) (my + xy (m^a‘ + b^) ; 
by reduction we obtain 

(a*y * - 6*03®) ^m - = - 2a;y (a® + 6®) (2). 

From (1) and (2) 

(a® + 6*) (oj® + y®) (a®y® + 6®03®)® = (a* - 6®)® (a®y® - 6®a:®)®. . 

54. Suppose the figure in Art. 192 to represent the ellipse 
and the conjugate diameters. Take the equation in Example 23 
of Chapter ix. for the equation to the normal at P, and an ana- 
logous equation for the equation to the normal at 2>. Let Q 
denote the point of intersection of these normals, and x, y its co- 
ordinates. Then it will be found that 


aa; = (d&® - 6®) sin cos (sin - cos 

by = (6® - a*) sin cos (sin + cos <^). 


Similarly we can determine the co-ordinates of the point of inter- 
section of the normals at P' and D ; denote this point by P. Then 
express the area of the triangle CQR, which is one-fourth of the 
required area. 

55. Take tlie centre of the square as the origin, and the axes 
parallel to the sides of the square. Then for the equation to the 
circle take a:* + y® = 2a®, and for the ecjuation to the conic take 
y* - a* = X (a;® - a*). The equation to the tangent to the circle at 
the jx)int (a3i, y^) is The equation to the tangent 

to the conic at the point (x\ y') is yy' - Xxx' = a® (1 - X). These 
equations must represent the same straight line. Hence elimi- 
nating X and x^ and y^ we shall arrive at an equation which deter- 
mines the required locus. It will be found that this equation 
may be written {(a/* + y'® - 2a*)} {a® («" + y *) - 2a;'® y'*} = 0. 


56. The former part follows firom Art. 288. For the latter 
pert proceed thus; Let a pei'pendicular bo drawn from H on 
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tlie tangent TQ^ and let R denote the interBoction of this jx>r- 
pendicuiar with SQ produced. Then SR = SQ. + Qli = 2a f and 
2R -TIL We have to find the value of the i>erpeiidicular from 
T on SR ; denote it by r ; then r*2a = twice the an>a of tlu? tri- 
angle TSR, Let 'RS—c^i and TR or then by using the 

known expression for the area of a triangle in tc^rins of its sidt\s, 
we have 4ra = V + ~ - Iba^). Tliis will 

lead to the required result. Or thus : Let ^ denote tliii angle 

between HR and TP ; then we shall have r = TP sin ~ TP x f , 

\jf u 

wl^re CD is conjugate to CP \ see Arts. 181 and 193. And it 

\ /7»/>v9 

ifiay be shewn by Art. 208 that ^ 

58. Determine the co-ordinates of the |K>ints of interaoction 
of the tangents by Art. 288 ; it will be seen that they satisfy the 
^ven equation. 


CHAPTER XV. 

\/a + = 0. 10. The equation to the conic sec- 

ticm being ^/?y -f mya + nap 0, that to A'Ji is (m + /i) a + /y ~ 0, 
that to A'C is (m + n) a + ip -^0, and that to A'B* is 
(m +n) a {I + n) P — ny - 0. 1 3. Imn + 1 -- 0. 


n. — y 

21'i* •* 


- 


nit 


- m, 


“ 0 , 


^(1 + 0 y(i+<) ./(i + 0./(i + «<.') 

or (1 + ••• = 

24. Suppose the focus ^ is to lie on the straight lino 
la^mP+ny^O. Let a', y denote the values of o, /?, y re- 

spectively for the other focus H of one of the ellij)S(is. Then, by 
^t. 181, oa=/3)3'=yy'= the square of the semi-axis minor. Hence, 

substituting in the given equation we obtain ~ ^ ^ = 0, that 

a. p y 

is, l^y + my a! + ■>vaP = 0. Tliis shews that the locus of // is a 
conic section i)a8sing through the angular points of the triangle, 

‘23 


T.C.S. 
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25 . It will be found that the conic sections may be repre- 
sented' by the equatioxis 

(1) i9y-a*»0, (2) ya~iS*-0, (3) a^-/=0. 

Now, (l)maybe written 2a)- (a- )8)®=0, 

( 2 ) may be written y (a + 7 - 2 ^) - (j 8 -y)* = 0 , 

( 3 ) may be written a (^ + a — 2 y) — (y — a)* = 0 ; 

this shews that the tangents to the conic sections at the common 
point are given by 

y + )3 - 2a = 0, a + y - 2^ = 0, ^ + a - 2y = 0 ; y 

these three straight lines intersect respectively the straight lines 
a=0, ^-0, 7 = 0 , 

at three points which all lie on the straight line a + + y = 0 . 

Again, (1) may be written (y + 4a + 4)8) - (a + 2)8)* = 0, and (2) 

may bo written a (y + 4a + 4)3) - ()8 + 2a)* = 0 ; and this shews that 
y + 4a + 4)8 = 0isa common tangent of (1) and (2), and this com- 
mon tangent meets 7 = 0 at the point where )8 + a - 2 y = 0 meets 
it. And so on. 

A 

2G. The equation to the first hyperbola is )8y = sin* — ; 

JL 

similarly for the others. 27. See Art. 274. 


28 and 29. These may be solved by taking oblique axes coin- 
ciding with the sides of the triangle. For instance, consider 29. 
We have aa + 6)3 cy = - a 6 sin C. Thus the equation may be 
written cnap — (1J3 + fna) {ah sin C + aa -t- 6 ) 8 ) = 0 ; and taking CA 
for the axis of «, and CB for the axis of y, we have a = a sin C, 
)3 = y sin (7. Substitute for a and )8 and then to the equation in 
X and y we may apply the ordinary test; see Aiis. 272 and 278. 

"^^2 A 

30. S (oa + 6)8 + cy)*, where S denotes a* cos^ T) + ♦ • • J 

a 2 

see Art. 334. 


31. u (mn - i»'n) «* v {nt - nl) = w {Im' - Tm). 
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32^ Let ^1 = 0 be the equation to tiieinecnbedcirole^^wO 
the equation to the circumscribed (drdiei these equations not being 
necessarily in their simplest forms ; see Art 110. Then, if i 
a suitable constant, -•A<S', = 0 will represent the straight line 
required. In this way we shall have 

a*cos^^ 4-)3 *cos^~ + /cos^^ - 2)8yco8*~ cos*^ 

- 2ya cos* ^ cos® ~ - 2a)S cos* ~ cos* ^ 

‘ -^(;5ysinA + yasin/? + ajSsin (7) 

= (aa + i/? + cy) (la -f mP -f ny), 


where Z, wi, n, are to be found. Then by comparing like terms we 
can find If m, n. 


33. It may be shewn that the equation a= 

represents a diameter; for this equation reprosonts a stmight lino 

{):issing tlirougli the intersection of the tengonts at A ami /I, an<l 

through the middle point of AB. Hence the ccmtiv of tlie conic 

. , ^ . 1 n3+my ^y + wa ma + /)8 , . 

section IS determined by = ; and then 

^ a 0 c 

the required equation can be found. It is 


/3 ^ y ^ 

m (cd — bm + c«) n {al + bm — ch) 

34. Assume for the required equation y = constant, that is 
y - k (aa •hbp+ cy). Then by applying tbe result of Art. 322 we 
shall obtain for the required equation (lb + fMt) (aa + 6j8) ~ nahy = 0. 
.36. It may be shewn that the equation to the conic section is 

= 0 : then apply the condition given in Example 29. 

a b c 

.37. The Example depends chiefly on the fact that a straight line 
can be drawn through the intersection of PR and QS so as to bisect 
botb PQ and RS, 38. It may bo shewn that the equation 
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to the secant through the points (t\ v\ and {t\ u\. vf\ te'') 
is (t ~ t') {u — w ') — (v — v') {w — te") - tu — vw ; from this we can ob- 
tain the eqiiation to the tangent. 39. Since the conic 

section touches a as 0, /S = 0, and y = 0, we may assume for its 
equation + J{mp) + J{ny) ~ 0 ; then apply the conditions 

given in Art. 322 under which the conic section touches the other 
sides. 40. It may be shewn that the expression for the 

length of the perpndicular on DE from the point (a, jS, y) is 

a sin yl + /? sin /i - y sin C rr x* j. x • vx 

^ * 6* . Hence the equation to the straight 

line which bisects the angle EDF is 

a sin sin - y sin (7 _ a sin - jS sin /? + y sin (7 
2 sin C 2 sin JJ 

41. tj(aa) + J(bl3) + s/(^) ” “^2. The equation to the conic 

section may be taken to be a^«Iy*; and the equation to the 
stmight line FQ will be a — - 0. The equation to the chord 

will bo o-)3 = ^'y. Thus k(a-py~k'^aP will represent the 
straight linos joining P with the points of intersection of the chord 
and the conic section. From the symmetrical fonn of the last 
cKiuation w'c infer that one straight line makes the same angle 
with the straight line a==0 which the other makes with the 
straight line /3 = 0. 


CHAPTER XVI. 

1 . See Example 35 of Chajiter xiv. 2. Suppose the conic 
section to be an ellipse. Let S denote the jKiint of contact of the 
plane with tho sphere which is between the plane and the vertex 
of the cone ; and let Jf denote the point of contact of the plane 
witli tho sphere which is on tlie other side of the plane. Join any 
point F of the conic section with S and If and w’ith the vertex 0 : 
then "we shall shew that JSP-hFJI is constant. Since all tan- 
gents to a sphere from a given point are of equal length, PS is 
♦Hjual to that jwrtion of PO whicli is betw'een P and that 
))oint of PO which is common to the smaller sphere and the cone. 
Similarly PH is equal to that portion of OP produced which is 
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betvre^ P and that jwint of OP produced which is common to 
the larger sphere and the cone. Thus SP + PII is equal to tfie jmrt 
of a geneniting line of tlie cone which is terminated by the two 
spheres, and is therefore^ constant. 

Next, let.d bt» that vertex of the elli[)So w'hich is the nearer to 
/S’. Jjct T be the jaunt in OA when' the cone is touched by the 
smaller sj/here, X the intersection of ^A j)roducod with the jdane 
of contact of the smaller 8phei*c and cone. Then AS and -d^^are 
equal, being tangents from A to the ajihere. And with the 

n^'tiition of Art. 344 w'c have , « - . Tliero- 

^ A T cos (tt + e 


fore A X - - 


AS 


Tims X is the intei*section of the axis of the conic 


section 'with the directrix corresjionding to S, In a similar man- 
ner the oth(*r directrix is determiiuxl. 

If the conic section is an hyjwrbola the demonstnition remains 
Fubstjintially the same. For the history of this theorem see 
Hutton’s Course of Mathematics by T. R l)avi(;s, Vol. n. pag«i 208. 

3. In Art. 344 if the section bo a j>nrabola, it 'w ill bo found 
that the latus rectum varies as OA. Hence so long Jis w(^ koej) to 
sections j>ei*i)endiculur to the sjime jdane OBC, th(< required locus 
consists of two straight lines jaissing through 0. Thus on the 
.whole the locus is the surface of a ceHnin right cone which has 
the same axis and vertex as the given cone. 

6. Py cos + ya cos /? + ajS cos C ~ 0. 7. Take the figure of 

Art. 292. I.»et m= 0 denote ^4(7, v = 0 denote liD^ w = 0dennt<? 


EF\ then we may a.s8ume + ns the (*quation to FG^ 

and /</ + Twr + nto = 0 as the equation to FA. Then by Arts. 358 
and 359, the equation to FB is lu-\-mv-nw « 0. It may now be 
shewn that lu - mt? + nic - 0 denotes ECy and that mv + nto - lu - 0 
denotes EB. 


CHAI'TER XVII. 

2. It is easDy seen that the triangle KCL is the projection 
of a triangle of constant area in a circle. Since the area of a 
tiiangle is half the product of the base into the perpendicular 
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from the vertex on the base, the result maj be put in thig form : 
the length of the perpendicular from (7 on PD varies inversiBly as 
the semidiameter parallel to PD, 8. Tliis is to be considered 
in the first place with respect to concentric circles and rectangles. 
Let G denote the centre of the circles, L a comer of the in- 
scribed rectangle, so that L is on the circumference of the inner 
circle. Let r be the radius of this circle, and R the radius of the 
outer circle ; let x and y be tlie co-ordinates of L, Draw through 
L a stniight line parallel to the axis of x meeting the outer 
circumference at A/, and a straight line parallel to the axis of y 
meeting the outer circumference at N, Complett} the rect^rgle 
of which LM and LN are adjacent aides ; and let P denote the 
other corner of this rectangle. Then the abscissa of AT is 
J{iP ~ y“), and the ordinate of N is ~ «*) ; and these are 

the co-ordinates of P, Thus CP^ - A*® - a* + R* - y® = 2/?® - r* ; so 
that the locus of P is a concentric circle, the radius of which 
is independent of the original rectangle. 


THE END. 


CAai>2iU>G£ : rZUN'lT.O lix C. J. clay, M.A. at TUL VNlVLltSlTV PKU&S, 
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